Presented  to  the 

LIBRARY  of  the 

UNIVERSITY  OF  TORONTO 

by 
H.    LUKIN  ROBINSON 


THEORY 


OF 


DIFFERENTIAL    EQUATIONS. 


CAMBRIDGE   UNIVERSITY   PRESS   WAREHOUSE, 

C.   F.   CLAY,   MANAGER. 

3LonDon:    FETTER  LANE,   B.C. 

©laegofo:    50,  WELLINGTON  STREET. 


Eetpjtg:    P.  A.  BROCKHAUS. 
#efo  gorfe:  G.  P.  PUTNAM'S  SONS. 
Bombag  anD  Calcutta:   MACMILLAN  AND  CO.,  LTD. 


[All  Rights  reserved.] 


THEORY 


OF 


DIFFERENTIAL    EQUATIONS, 


PAET   IV. 
PARTIAL  DIFFERENTIAL  EQUATIONS. 


BY 


ANDREW  RUSSELL   FORSYTE, 

Sc.D.,  LL.D.,  MATH.D.,  F.E.S., 

8ADLERIAN   PROFESSOR   OF    PURE    MATHEMATICS, 
FELLOW   OF    TRIXITY   COLLEGE,    CAMBRIDGE. 


VOL.   V. 


CAMBRIDGE: 
AT  THE  UNIVERSITY   PRESS. 

1906 


PRINTED    BY    JOHN    CLAY,    M.A. 
AT   THE    UNIVERSITY   PRESS. 


PREFACE. 

THESE  two  volumes,  now  published  as  Part  IV  of 
the  present  work,  are  my  final  contribution  towards  the 
fulfilment  of  a  promise  made  twenty-one  years  ago.  They 
are  devoted  to  the  theory  of  partial  differential  equations. 

Though  the  work  thus  is  completed,  no  claim  is  made 
that  every  topic  of  importance  has  been  discussed.  In 
the  earlier  volumes,  indications  of  omissions  from  other 
portions  of  the  whole  subject  were  given  and  need  not 
now  be  repeated  :  here  also,  there  have  been  definite 
omissions.  Nothing,  for  instance,  is  said  concerning  the 
researches  of  Picard  and  Dini  on  the  method  of  successive 
approximations  for  the  construction  of  an  integral  which 
obeys  assigned  conditions ;  these  investigations  limit  the 
variables  to  real  values,  and  throughout  the  treatise  I 
have  dealt  with  variables  having  complex  values.  Formal 
questions,  such  as  those  which  arise  out  of  the  appli- 
cation of  the  theory  of  groups,  are  hardly  mentioned ; 
here,  as  in  the  preceding  volumes,  I  have  concerned 
myself  with  organic  properties,  given  by  applications 
of  the  theory  of  functions,  rather  than  with  formal 
properties.  Again,  the  subject  of  boundary  problems 
is  not  dealt  with ;  it  appears  to  me  to  belong  to  the 
theory  of  functions  in  its  applications  to  mathematical 
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physics  rather  than  to  the  theory  of  differential  equa- 
tions. In  the  branches  of  the  subject  that  are  discussed, 
I  have  tried  to  deal  as  completely  as  possible  with  what 
seems  to  me  to  be  essential :  and  I  have  omitted  what 
are  purely  formal  extensions,  to  equations  of  general 
order,  of  the  properties  of  equations  of  the  second  order 
when  such  extensions  contain  no  intrinsic  novelty. 

In  the  preparation  of  the  volumes,  I  have  consulted 
the  works  of  many  writers ;  and  references  are  freely 
given.  My  aim  has  been  to  make  these  references  relate 
to  the  main  issues ;  riot  a  few  results,  extracted  from 
memoirs,  have  been  used  to  construct  examples ;  and  the 
name  of  the  author  is  (I  hope)  given  in  every  such  case. 
But  I  have  not  attempted  to  select  and  arrange  the 
references,  so  that  they  might  make  the  framework  of  a 
history  of  the  subject ;  had  the  latter  been  my  purpose, 
names  such  as  Lagrange,  Cauchy,  Jacobi,  whose  work 
is  now  the  common  possession  of  all  writers,  would  have 
received  more  frequent  specific  references  in  my  pages.  It 
will  be  seen  that  Darboux's  treatise,  Theorie  generate  des 
surfaces,  and  Goursat's  three  volumes,  Lemons  sur  Vin- 
tegration  des  equations  aux  derivees  partielles,  have  been 
frequently  quoted  :  I  wish  to  make  also  a  comprehensive 
acknowledgement  of  my  indebtedness  to  those  works. 

The  earlier  of  the  two  volumes  is  devoted  mainly 
to  equations  of  the  first  order.  The  theory  of  these 
equations  may  be  regarded  as  almost  complete,  because 
the  actual  integration  of  the  equations  is  made  to  depend 
solely  upon  the  solution  of  difficulties  which  occur  in 
connection  with  a  system  of  ordinary  equations  of  the 
first  order. 
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An  introduction  to  the  subject  is  provided  by 
Cauchy's  existence-theorem ;  it  is  discussed  in  the  first 
two  chapters.  The  next  chapter  is  specially  concerned 
with  linear  equations  and  linear  systems ;  these  admit 
of  a  separate  and  special  mode  of  treatment.  The  fourth 
chapter  gives  an  exposition  of  what,  on  the  whole,  I 
regard  as  the  most  effective  method  of  integration  for 
non-linear  equations  :  it  contains  what  is  usually  called 
Jacobi's  second  method,  with  Mayer's  developments.  In 
the  succeeding  chapter  will  be  found  Lagrange's  classifi- 
cation of  integrals,  based  upon  the  process  of  variation 
of  parameters  :  but  something  still  remains  to  be  done  in 
this  branch  of  the  subject,  because  even  simple  examples 
shew  that  the  customary  classes  may  fail  to  be  entirely 
comprehensive.  The  next  three  chapters  are  devoted  to 
Cauchy's  method  of  characteristics,  alike  for  two  and 
for  any  number  of  independent  variables,  and  to  the 
geometrical  associations  in  the  case  of  two  independent 
variables.  Then  follows  a  chapter  dealing  with  Lie's 
methods,  based  upon  contact-transformations  and  upon 
the  properties  of  groups  of  functions :  it  was  possible 
to  abbreviate  this  chapter,  because  PfafFs  problem  had 
already  been  discussed  in  the  first  volume  of  this  work. 
A  chapter  has  been  added  dealing  with  the  equations 
of  theoretical  dynamics,  partly  because  of  their  intrinsic 
connection  with  partial  equations,  yet  mainly  in  order 
to  shew  the  origin  of  what  is  usually  called  Jacobi's 
first  method  of  integration  of  partial  equations.  The 
concluding  chapter  of  this  volume  discusses  those  simul- 
taneous equations  of  the  first  order,  involving  more  than 
one  dependent  variable,  which  can  be  integrated  by 
operations  of  the  same  class  as  those  in  any  of  the 
methods  mentioned. 
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The  later  of  these  two  volumes  is  devoted  to  the 
consideration  of  partial  equations  of  the  second  order 
and  of  higher  orders,  mainly  (though  not  entirely)  in- 
volving two  independent  variables.  A  perusal  of  the 
volume  will  shew  that,  outside  the  limits  of  Cauchy's 
existence-theorem,  knowledge  is  fragmentary :  the  in- 
version of  operations  of  the  second  order  has  not  yet 
been  discovered  and,  accordingly,  any  effective  process 
consists  of  a  succession  of  operations  of  the  first  order. 

After  a  chapter  devoted  to  the  discussion  of  questions 
connected  with  the  existence  of  integrals  and,  in  parti- 
cular, to  the  discussion  of  the  constitution  of  a  general 
integral,  two  chapters  are  occupied  with  Laplace's  method 
(and  with  its  developments,  due  to  Darboux)  for  the 
integration  of  the  homogeneous  linear  equations  of  the 
second  order  :  the  effective  success  of  the  method  de- 
pends upon  the  vanishing  of  some  invariant,  in  one  or 
other  of  two  progressively  constructed  sets  of  functions 
involving  the  coefficients  of  the  original  equation.  The 
result  raises  the  question  of  the  form  of  equations,  the 
primitive  of  which  can  be  expressed  in  finite  terms :  and, 
to  this  matter,  one  chapter  is  assigned. 

In  the  attempt  to  integrate  any  equation  of  the  second 
order,  it  is  natural  to  enquire  whether  an  equation  of  the 
first  order  exists  which  is  its  complete  equivalent :  and 
equations,  characterised  by  this  property,  will  obviously 
constitute  a  distinct  class.  Such,  indeed,  were  the  equa- 
tions of  the  second  order  for  which  integrals  (now  called 
intermediate)  were  first  obtained ;  and  one  method  of 
their  construction  is  due  to  Monge.  Later,  another  (and 
a  more  direct)  method  for  their  construction  was  given 
by  Boole :  but  both  methods  assume  that  a  special  form 


PREFACE  IX 


attaches  to  the  intermediate  integral,  and  the  assumption 
demands  that  a  very  restricted  form  shall  be  possessed 
by  the  original  equation.  Basing  his  argument  entirely 
upon  an  assumed  type  of  integral,  Ampere  devised  an- 
other process  of  integration :  his  method  makes  no 
demand  for  the  existence  of  an  intermediate  integral : 
and  the  result  is  often  effective  when  no  such  integral 
exists.  All  these  three  methods,  (and  another  method 
of  some  generality,  as  given),  require  the  construction 
of  integrable  combinations  of  one  (and  ultimately  the 
same)  set  of  subsidiary  equations,  when  they  are  applied 
to  the  same  original  equation.  But  Ampere's  method  is 
applicable  also  to  equations  of  less  restricted  form. 

It  may,  however,  happen  that  an  equation  of  the 
second  order  is  not  of  the  restricted  form  or,  being  of 
that  form,  does  not  possess  an  intermediate  integral,  or 
is  not  amenable  to  Ampere's  method.  In  that  case,  a 
method  due  to  Darboux  may  be  applicable,  whereby  a 
compatible  equation  of  the  second  order  (or  of  some 
higher  order)  can  be  constructed ;  provided  only  that 
a  compatible  equation  of  finite  order  can  be  obtained,  a 
primitive  of  the  original  equation  can  be  derived.  To 
these  matters,  three  chapters  are  given  :  they  explain 
the  working  processes  that  are  effective  for  the  deter- 
mination of  an  integral  in  finite  terms,  whether  by  a 
single  equation  or  a  set  of  equations. 

One  chapter  is  devoted  to  the  generalisation  of 
integrals  which  involve  some  arbitrary  parameters,  and 
another  to  the  discussion  of  characteristics  of  equations 
of  the  second  order.  The  investigations  in  both  of  these 
chapters  are  clearly  incomplete :  they  could  be  continued 
along  lines  that  lead  to  the  complete  classification  of 
integrals  of  equations  of  the  first  order. 

afi 
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In  the  theory  of  equations  of  the  first  order,  much 
information  is  given  by  Lie's  general  theory  of  contact- 
transformations  :  and  an  obvious  investigation  is  thereby 
suggested  as  to  whether  there  is  a  corresponding  theory 
for  equations  of  order  higher  than  the  first.  The  question 
has  been  considered,  and  partly  solved,  by  Backlund  and 
others :  one  chapter  gives  an  outline  of  their  work : 
it  is  clear  that  much  yet  remains  to  be  done  in  this 
subject. 

In  the  last  three  chapters  of  the  volume,  some  of 
the  preceding  methods  and  theories  are  extended  to 
equations,  which  are  of  order  higher  than  the  second 
or  which  involve  more  than  two  independent  variables. 
Only  the  simplest  extensions  are  discussed  :  they  could 
be  amplified  to  any  extent :  but  the  result  would  be 
merely  an  accumulation  of  formal  theorems  possessing 
neither  individuality  nor  intrinsic  value. 


From  this  brief  sketch  of  the  contents  of  these 
two  volumes,  it  will  be  manifest  that,  in  the  theory 
of  equations  of  order  higher  than  the  first,  there  are 
many  gaps  and  that  the  theory  is  far  from  complete  : 
and  even  a  summary  perusal  of  the  volumes  will  give 
some  indication  of  these  gaps.  It  is  my  intention  to 
point  out,  in  a  presidential  address  which  will  be 
delivered  to  the  London  Mathematical  Society  next 
month,  some  of  the  more  obvious  and  practicable 
questions  which  are  waiting  for  solution.  Of  these, 
there  is  no  lack :  it  is  only  the  workers  who  are 
wanted. 
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On  not  a  lew  occasions,  it  has  been  my  privilege  to 
acknowledge  the  help  which  has  been  given  to  me  by 
the  Staff  of  the  University  Press.  Once  more,  an  oppor- 
tunity comes  to  me  :  and  I  gladly  seize  it,  to  express 
my  indebtedness  to  them  all  for  the  care,  the  attention, 
and  the  consideration,  by  which  they  have  lightened 
what  to  me  is  never  an  easy  or  a  simple  duty. 


So  I  pass  from  a  task,  which  has  tilled  the  greater 
part  of  many  years  of  my  life,  which  has  broadened  in 
my  view  as  they  passed,  and  which  has  suffered  inter- 
ruptions that  threatened  to  end  it  before  its  completion. 
Many  of  its  defects  are  known  to  me  :  after  it  has  gone 
from  me,  others  will  become  apparent.  Nevertheless,  my 
hope  is  that  my  work  will  ease  the  labour  of  those  who, 
coming  after  me,  may  desire  to  possess  a  systematic 
account  of  this  branch  of  pure  mathematics. 
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CHAPTER   I. 

INTRODUCTION  :  TWO  EXISTENCE-THEOREMS. 

1.  THE  investigations,  which  constitute  this  Part  of  the  present 
work,  are  devoted  to  the  consideration  of  properties  of  partial 
differential  equations.  In  text-books  which  deal  with  the  modes 
of  constructing  the  integrals  of  such  equations,  several  processes 
are  given,  often  with  the  main  purpose  of  obtaining  the  integrals 
in  finite  terms ;  but  the  processes  are  limited  in  the  scope  of  their 
application,  because  the  equations  which  prove  amenable  to  their 
action  are  few  in  character  and  not  infrequently  have  been  arti- 
ficially constructed.  When  these  processes  either  are  not  applicable 
or  cannot  conveniently  be  completed,  no  information  concerning 
the  solution  of  the  equation  would  then  be  obtained ;  indeed,  they 
offer  no  guarantee  that  an  integral  even  exists. 

Accordingly,  it  is  desirable  to  discuss  the  whole  theory  of 
partial  differential  equations  from  the  foundations  and,  in  the 
course  of  that  discussion,  not  only  to  revise  known  results  but 
also,  so  far  as  may  be  possible,  to  place  them  in  their  fitting 
positions  in  the  ordered  body  of  doctrine.  Such  a  discussion  was 
found  to  be  necessary  for  the  proper  establishment  of  results 
relating  to  ordinary  differential  equations.  It  is  even  more 
necessary  in  the  case  of  partial  differential  equations,  partly  be- 
cause the  inversion  of  simultaneous  partial  differential  operations  is 
more  difficult  than  the  inversion  of  ordinary  differential  operations, 
partly  because  the  suggestions  as  to  the  character  of  an  integral, 
as  offered  by  processes  of  inversion,  are  less  significant  for  partial 
equations  than  for  ordinary  equations. 
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2  GENERAL  [2. 

2.  Two  kinds  of  illustration  should  suffice  for  a  justification  of 
this  last  statement. 

One  mode  of  attempting  to  discover  the  character  of  the  most 
complete  integral  of  a  partial  equation  would  be  by  generalisation 
from  the  case  of  an  ordinary  equation. 

For  an  ordinary  equation,  which  has  y  for  its  dependent  variable 
and  x  for  its  independent  variable,  the  integral  is  made  complete 
by  the  assignment  of  initial  values  to  the  variables ;  that  is,  y  is 
some  function  of  x  and  so,  when  a  constant  value  is  assigned  to  x, 
the  function  y  and  all  its  derivatives  become  constants.  As  the 
equation  is  to  be  satisfied  and  yet  the  integral  is  to  be  as  com- 
plete as  possible,  these  constants  will  be  as  unrestricted  as  possible  : 
and  therefore  it  is  to  be  expected  that  some  at  least  of  them  will 
be  arbitrary 'constants.  There  thus  arises  a  suggestion  that  the 
most  complete  integral  will  be  such  that,  when  some  constant 
value  is  assigned  to  x,  the  function  y  and  some  of  its  derivatives 
acquire  arbitrary  constant  values.  The  suggested  property  has 
been  established  under  appropriate  limitations  and  conditions. 

To  extend  these  results,  if  possible,  to  partial  differential 
equations,  consider  a  single  partial  equation  of  the  first  order, 
having  z  for  its  dependent  variable  and  xl}  ...,  xn  for  its  inde- 
pendent variables.  If  an  integral  exists,  that  integral  must 
determine  z  as  a  function  of  x1}  ...,  xn;  and  so,  when  an  initial 
value  an  is  assigned  to  xn>  the  first  derivatives  of  z  with  respect 
to  #] ,  . . . ,  #n_!  can  be  deduced  from  an  assigned  expression  for  z, 
and  then  (save  in  special  circumstances)  the  partial  equation 
determines  the  first  derivative  with  regard  to  xn.  By  using 
the  equation  in  combination  with  the  expressions  for  the  first 
derivatives,  the  derivatives  of  higher  order  can  be  obtained  for 
the  value  an  of  xn ;  and  thus  no  limitation  appears  to  be  imposed 
on  the  value  of  z  as  an  assigned  function  of  xlt  ...,  #»_i>  when 
xn  =  an.  If  the  integral  is  to  be  as  general  as  possible,  it  is 
reasonable  to  expect  that  the  assigned  function  shall  be  as  general 
as  possible.  But  at  this  stage,  questions  arise  as  to  what  is  the 
most  general  function  admissible?  Is  it  to  be  made  general  by 
possessing  the  greatest  possible  number  of  arbitrary  constants  '. 
Can  the  assigned  function  be  an  arbitrary  function,  subject  possibly 
to  limitations  imposed  by  the  partial  equation  ?  and,  if  so,  must  it 
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be  explicit  or  may  it  be  given  implicitly,  for  example,  by  means  of 
quadratures  which  cannot  be  effected  in  finite  terms?  Or  are  all 
the  modes  indicated  for  securing  the  generality  of  the  integral 
admissible,  so  that  there  are  different  kinds  of  general  integrals  ? 
and  if  so,  are  there  any  relations  among  the  various  integrals  ? 
To  such  questions  the  argument  offers  no  hint  of  an  answer. 

Similarly,  when   a   partial  equation   of  the   second   order  is 
propounded  in  the  same  variables  z,  x1}  ...,  xn,  the  extension  of 

dz 

the  results  obtained  for  ordinary  equations  suggests  that  z  and  = — 

oxn 

should  acquire  assigned  values  as  functions  of  xl}  ...,  xn_ly  when 

d  ^ 

xn  =  an.     For  the  values  of  ^— ,  . . . ,  = ,  when  xn  =  an,  could  be 

C*Z  i  (jXft — i 

'(-Z 

deduced  from  the  value  of  z  ;  and  then  the  values  of  ,  for 

OXrdXf 

r  =  1,  . . . ,  n  —  1,  and  s  =  l,  ...,  n,  could  be  deduced  from  the  values 

-  ^\ 

of  ~— ,  ...,  = —  already  known ;    and  the  partial  equation  would 

OX}  OXn 

(save  in  special  circumstances)  determine  the  value  of  - — - .     As 

oxn~ 

before,  the  values  thus  obtained,  when  combined  with  the  use  of 
the  partial  equation,  lead  to  the  values  of  all  the  derivatives. 
Thus  all  the  quantities  associated  with  z  are  known:  at  the 
utmost,  only  special  limitations  appear  to  be  imposed  upon  the 
assigned  functions  by  the  process  adopted;  and  therefore  it  is 
reasonable  to  expect  that  the  integral  will  become  the  most 
general  possible  when  the  two  assigned  functions  are  as  general 
as  possible.  Again,  at  this  stage,  questions  arise  as  to  the  con- 
stitution of  the  generality  of  these  assigned  functions.  Is  the 
generality  to  be  secured,  by  arranging  that  they  shall  involve 
the  greatest  possible  number  of  arbitrary  constants  ?  or  by  making 
them  independent  arbitrary  functions  of  xl,  ...,  xn_l  ?  or  by 
associating  them  with  a  possibly  even  more  general  function  of 
#1,  ...,  xn  for  the  particular  value  an  of  xnl  If  the  functions  are 
arbitrary,  must  they  be  given  explicitly  or  may  they  be  given 
implicitly  as,  for  example,  by  uncompleted  quadratures  ?  Again, 
are  all  the  modes  admissible  as  alternatives,  so  that  they  lead  to 
different  kinds  of  general  integrals  ?  and  if  so,  what  relations  (if 
any)  subsist  among  the  integrals  ?  As  in  the  former  case,  the 
argument  offers  no  hint  of  answer  to  the  questions. 

1—2 


4  EQUATIONS    AND  [3. 

3.  In  both  the  instances  that  have  been  briefly  considered, 
the  argument  offers  suggestions  and  even  stirs  expectations  :  that 
this  is  the  limit  of  the  attention  to  be  paid  to  it,  can  perhaps  be 
most  simply  seen  by  a  particular  case.  Applied  to  a  couple  of 
simultaneous  partial  equations  determining  a  couple  of  dependent 
variables,  it  would  lead  to  a  suggestion  that  the  most  general 
integral  would  involve  at  least  two  sets  of  general  elements,  what- 
ever be  their  form  ;  yet  the  integral  of  the  simultaneous  equations 


-        --la=i, 

is 

.      da  (as,  y)         da  (a,  y)  \ 

-  - 


.  o^*        .  ^  y) 
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a  being  a  constant  ;  manifestly  it  contains  no  arbitrary  element. 
In  fact,  the  utmost  to  be  inferred  from  the  argument  is  that 
some  kinds  of  equations  may  possess  integrals  involving  arbitrary 
elements  in  their  most  general  forms,  and  that  there  may  be 
different  kinds  of  general  integrals. 

Whether  these  general  integrals  include  all  the  integrals  of  an 
equation  is  a  matter  that  demands  separate  consideration,  to  be 
undertaken  later  in  another  line  of  inquiry:  and,  naturally,  a 
detailed  consideration  of  the  generality  of  integrals  must  also 
be  undertaken  later. 

4.  Another  mode  of  attempting  to  discover  the  character  of 
the  most  complete  integral  of  a  partial  equation  consists  in  com- 
paring differential  equations,  constructed  from  initial  integral 
equations,  with  those  integral  equations:  but  it  is  easily  scni  to 
be  untrustworthy. 

Thus  if  an  integral  equation 
az+  b       ,  , 
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where  ad  —  be  =  1,  be  propounded,  the  result  of  eliminating  the 
constants  bt-tween  the  equation  and  its  derivatives  leads  to  the  set 
of  partial  equations 


where 

dz 


for  ?•  =  1,  ...,  n.  The  process  cannot  be  reversed,  so  as  to  lead  to 
an  inference  that  the  most  general  integral  of  the  set  of  partial 
equations  contains  three  arbitrary  essential  constants:  the  infer- 
ence would  be  incorrect,  for  the  set  of  equations  is  satisfied  by 


where  f(z)  is  any  function  of  z  containing  any  number  of  arbitrary 
constants. 

Again,  if  there  is  given  an  integral  equation 

/fe,  ...,  xn,  z,  Oj,  ...,  a,,,)  =  0, 

it  is  possible  to  construct  a  set  of  partial  equations  with  which  the 
integral  equation  is  consistent,  by  forming  the  n  derived  equations 

Ci  ^ 

which  give  the  values  of  ^—  ,  ...,  =  —  ,  and  then  eliminating  the 

C-'.'i  U*En 

m  constants  a^,  ...,  a™.  For  the  present  purpose,  the  m  constants 
may  be  assumed  to  be  not  reducible  to  a  smaller  number,  and  m 
may  be  assumed  not  greater  than  ?i  ;  also,  when  elimination  takes 
place,  the  number  of  resulting  equations  will  be  not  less  than 
n  +  1  —  m.  It  will  be  assumed  that  the  number  of  such  equations 
in  the  set  is  actually  n+l—m',  each  of  them  is  partial,  and  of  the 
first  order. 

If  m  is  equal  to  n,  there  is  a  single  partial  equation  :  and  the 
argument  suggests  that  a  single  partial  equation  of  the  first  order 
may  possess  an  integral  involving  n  arbitrary  constants  :  it  does  not 
prove  this  result,  for  there  is  nothing  to  shew  that  the  partial 
equation  is  not  of  a  special  form,  arising  from  the  limitation  that 
it  has  been  deduced  from  an  integral  equation  of  specified  form. 
The  argument  offers  no  contribution  to  the  question  as  to  whether, 
if  the  integral  is  possessed  by  the  partial  equation,  it  is  the  most 
general  integral. 

If  77i  is  less  than  n,  there  is  a  set  of  simultaneous  partial 
equations  of  the  first  order:  and  the  argument  might  be  held 
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to  suggest  that  n  + 1  —  m  simultaneous  partial  equations  of  the 
first  order,  involving  one  dependent  variable  and  n  independent 
variables,  may  possess  a  common  integral  involving  m  constants. 
The  result  is,  of  course,  not  proved  and  it  is  not  true  in  general 
fact :  for,  independently  of  the  impossibility  of  reversing  the  process 
of  elimination,  the  n  +  1  —  m  equations  are  affected  by  the  form  of 
the  original  integral  and  therefore  will  have  relations  with  one 
another,  while  such  a  set  of  partial  equations  postulated  initially 
need  not  have  any  relations  with  one  another.  Thus  the  existence 
of  a  common  integral  is  even  more  doubtful  than  in  the  case  of  a 
single  equation :  if  it  exists,  no  inference  as  to  its  generality  can 
be  drawn. 

5.  After  these  explanations  and  criticisms,  it  is  manifest  that 
attempts  to  obtain  information  as  to  the  solution  of  partial  equations 
by  vague  extensions  of  the  knowledge  of  the  solution  of  ordinary 
equations  must  be  abandoned.  The  constructive  process,  that  will 
be  adopted  instead  of  them,  consists  in  the  gradual  establishment 
of  results,  beginning  with  the  proof  of  the  existence  of  integrals 
possessing  definite  assigned  characters.  The  actual  construction  of 
the  integrals  when  their  existence  has  once  been  established,  the 
discussion  of  the  range  of  their  generality,  and  the  possibility  of 
using  them  in  the  derivation  of  integrals  of  other  kinds,  all  are 
matters  for  subsequent  investigation. 

It  will  be  assumed  that,  save  in  special  examples,  the  number 
of  independent  variables  is  n ;  and  they  will  usually  be  denoted  by 
#1,  . ..,  xn.  The  number  of  dependent  variables  may  be  taken  as 
m,  the  simplest  case  arising  when  m  =  1 ;  they  will  be  denoted  by 
zi>  •-•>  zm\  and  when  there  is  only  one  variable,  it  will  be  denoted 
by  z.  For  the  present  purpose,  these  dependent  variables  are  to 
be  determined  by  partial  differential  equations ;  let  the  number  of 
such  equations  in  a  given  set  be  s,  and  suppose  that  the  highest 
derivatives  that  occur  in  them  are  of  order  p. 

Let  derivatives  of  each  of  the  equations  be  constructed,  of  all 
orders  up  to  those  of  order  K  inclusive.  Then  the  total  number  of 
equations  in  the  amplified  set  is 

s  {I  +  n  +  %n  (n  +  1)  +  . . .  to  (K  +  1)  terms} 

(n  +  l)(ro+2)... 
1.2....* 
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say :  and  the  total  number  of  dependent  quantities,  being  the 
dependent  variables  and  their  derivatives  of  all  orders  up  to  p  +  K 
inclusive,  is  (or  can  be,  for  some  of  the  dependent  quantities  may 
not  occur  explicitly) 

m  {1  +  n  +  $n(n  +  I)+  ...  to  (K  +  p  +  1)  terms} 


=  mNK, 

where 

,r  __  (n  4-  K  +  1)  . . .  (re  +  K  +  n) 
(*  +  l)  ...(«+/*) 

The  factor  K  is  obviously  always  greater  than  unity:  and 
therefore  if  s  <  m,  or  if  s  =  m,  the  number  sN  is  less  than  mNK. 
The  number  of  equations  in  the  amplified  set  is  less  than  the 
number  of  dependent  quantities  in  the  amplified  aggregate ;  and 
therefore  it  will  generally  be  impossible  to  eliminate  the  dependent 
quantities  from  among  the  equations.  Were  such  elimination  pos- 
sible, the  results  would  take  the  form  of  relations  between  the 
independent  variables :  and  these,  of  course,  do  not  occur.  There 
is  therefore  nothing  incompatible  with  the  analytical  nature  of  the 
case,  if  s  <  m,  or  if  s  =  m. 

Next,  consider  the  possible  hypothesis  that  s  >  m.  The  factor 
K  is  greater  than  unity ;  but  its  value  decreases  as  K  increases, 
and  it  tends  towards  unity  with  large  increase  of  K.  Let  /Cj  be  the 
earliest  value  of  K  for  which 

TS          S 

K<  —  ; 
m 

then  for  the  value  KI}  and  for  every  value  of  K  which  is  greater 
than  K!,  we  have 

s  >  mK, 
and  therefore 

sN  >  mNK. 

For  such  values  of  K,  the  number  of  equations  in  the  amplified 
system  is  greater  than  the  number  of  dependent  quantities  in  the 
amplified  aggregate.  The  dependent  quantities  could  then,  in 
general,  be  eliminated  from  the  amplified  system  of  equations ; 
the  results  would  take  the  form  of  relations  among  the  inde- 
pendent variables  alone,  and  such  relations  cannot  occur.  Such  a 
conclusion  is,  in  general,  not  compatible  with  the  nature  of  the 
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case :  and  therefore,  in  general,  s  cannot  be  greater  than  m.  If 
however  the  elimination  could  be  performed  for  any  given  set 
of  equations,  amplified  in  the  manner  indicated,  the  final  relations 
would  be  evanescent,  and  the  incompatibility  would  not  appear. 
This  last  event  could  occur  only  if  such  conditions  were  satisfied 
by  the  original  system  and  consequent  conditions  were  satisfied  by 
the  amplified  system,  as  would  reduce  the  number  of  independent 
equations  in  the  amplified  system  so  that,  at  the  utmost,  it 
should  not  be  larger  than  the  number  of  dependent  quantities  in 
the  amplified  aggregate. 

Hence,  in  general,  the  number  of  equations  in  a  given  system 
must  not  be  greater  than  the  number  of  dependent  variables 
involved;  but  the  number  of  equations  may  be  the  greater  in 
particular  systems,  and  the  investigation  of  the  necessary  and 
sufficient  conditions  will  be  a  matter  for  subsequent  discussion. 

It  is  clear  without  detailed  argument  that,  when  s  is  less 
than  m  and  when  the  equations  are  general,  then  m  —  s  of  the 
dependent  variables  can  have  values  assigned  (either  quite  arbi- 
trarily or  arbitrarily  within  proper  limits),  still  leaving  as  many 
equations  as  undetermined  dependent  variables. 

Accordingly,  the  most  general  case  to  be  considered  for  the 
present  is  that  in  which  the  number  of  equations  is  the  same 
as  the  number  of  dependent  variables. 

6.  Two  properties  of  such  a  system  of  equations  may  be 
mentioned;  their  importance  is  mainly  formal,  and  only  a  brief 
consideration  is  needed. 

The  first  of  the  properties  can  be  stated  as  follows :  if  a  system 
of  m  partial  equations  in  m  dependent  variables  involves  derivatives 
of  order  higher  than  the  first,  it  can  be  replaced  by  an  equivalent 
system  of  equations  containing  only  derivatives  of  the  first  order, 
the  number  of  independent  equations  in  the  new  system  brin^- 
the  same  as  the  number  of  dependent  variables  which  it  involves. 

The  property  is  practically  obvious  and  so  hardly  requires 
proof:  it  can  be  seen  in  connection  with  any  particular  example. 
Let  there  be  a  single  equation,  involving  derivatives  of  the  second 
order  as  the  highest:  when  n  new  dependent  variables  an-  intro- 
duced by  the  equations 

dz 
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the  given  equation  can  be  expressed  in  a  form 

/(*,,  .......  ,,*,....,.,&...,?&)-». 

which  involves  only  derivatives  of  the  first  order;  and  the  new 
system  now  contains  n  +  1  equations,  involving  n  +  1  dependent 
variables  with  derivatives  of  the  first  order. 

It  may  be  added  that  the  main  use  of  the  property  lies  in 
deducing  existence-theorems  for  equations  of  order  higher  than 
the  first  from  the  existence-theorems  which  soon  will  be  established 
for  systems  of  equations  of  the  first  order. 

An  extended  form  of  the  property  enables  us,  not  merely  to 
replace  any  given  system  by  a  system  containing  only  derivatives 
of  the  first  order,  but  also  to  secure  that  each  equation,  which 
in  the  new  system  involves  derivatives  of  the  first  order,  is  linear 
in  those  derivatives.  Thus,  in  the  preceding  example,  additional 
dependent  variables  would  be  introduced  by  the  equations 

"  -  dP?- 

a*  *"     fa,  ~q*" 

for  fj.  and  s  =  1,  ...  ,  n  :  the  original  equation  takes  the  form  of  a 
relation 

/(#!,  ...,  xn,  z,  p1}  ...,  pn,  qn,  ...,  qnn)  =  0 

among  the  variables  free  from  derivatives;  and  the  derived 
equations 


are  formed  for  s  =  l,  ...,  n.  All  the  equations  are  linear  in  the 
derivatives  which  are  of  the  first  order;  but  it  should  be  noted 
that  the  number  of  equations  in  the  modified  system  is  larger 
than  the  number  of  dependent  variables,  though  the  conditions 

for  coexistence  are  satisfied. 

When  the  number  of  variables  is  other  than  very  few,  the 
extended  form  of  the  property  tends  to  be  cumbrous.  It  is, 
however,  of  definite  use,  as  will  be  seen  later  (Chap,  xvin),  as  part 
of  a  method  for  obtaining  integrals  of  equations  of  order  higher 
than  the  first  when  they  possess  integrals  that  are  expressible 
in  finite  terms. 
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7.  The  other  of  the  two  properties  indicated  in  §  6  bases  the 
solution  of  a  system  of  m  partial  equations  in  m  dependent  variables 
upon  the  solution  of  one  equation  (or  of  more  than  one  equation) 
in  a  single  dependent  variable  in  association  with  algebraic  pro- 
cesses :  the  substituted  equation  or  equations  usually  (but  not 
universally)  involve  derivatives  of  order  higher  than  those  which 
occurred  in  the  original  system. 

Reverting  to  the  method  adopted  in  §  5,  and  applying  it  for 
the  purpose  of  eliminating  zz,  ...,  zm  and  all  their  derivatives,  we 
should  have  mN  equations  in  the  amplified  set,  while  the  number 
of  dependent  quantities  to  be  eliminated  is  (m  —  1)  NK.  Accord- 
ingly, let  KJ  be  the  least  value  of  K  for  which 

K<  -^, 

m  —  1 

and  therefore 

(m-l}NK<mN. 

The  dependent  quantities,  composed  of  z.2,  ...,  zm  and  their 
derivatives,  can  be  eliminated  from  the  amplified  set  of  equations : 
the  results  of  the  elimination  will  take  the  form  of  one  equation 
or  more  than  one  equation  involving  ^  and  its  derivatives,  the 
latter  being  of  order  higher  than  those  which  occur  in  the  original 
system.  Moreover,  by  the  algebraic  processes,  all  the  dependent 
quantities  that  are  eliminated  are  expressible  in  terms  of  those 
that  survive.  Accordingly,  when  the  solution  of  the  equation  or 
equations  in  zl  is  known,  the  other  dependent  quantities  can  be 
regarded  as  known :  and  then  the  solution  of  the  original  system 
will  have  been  obtained. 

It  should  be  added  that  this  property  is  not  of  importance 
in  the  general  theory-:  its  chief  value  lies  in  the  fact  that  it 
provides  a  method  which  sometimes  is  effective  in  leading  to  the 
solution  of  particular  classes  of  equations. 


PREPARATION  FOR  CAUCHY'S  THEOREM:  THE  FIRST  OF  THE 
SUBSIDIARY  EXISTENCE-THEOREMS. 

8.  We  proceed  now  to  the  establishment  of  some  positive 
results,  in  particular,  to  the  establishment  of  Cauchy's  theorem 
affirming  the  existence  of  integrals  of  a  system  of  partial  equations. 
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The  system  of  equations  contains  the  same  number  of  dependent 
variables  as  of  equations  :  in  form,  it  does  not  include  all  possible 
systems  of  such  a  character,  but  it  will  be  found  to  include  a 
large  selection  of  important  and  representative  systems  ;  and  the 
integrals  will  be  proved  to  exist,  subject  to  an  aggregate  of 
assigned  conditions.  For  the  purpose  in  view,  the  method  devised 
by  Madame  Kowalevsky*  will  be  adopted,  whereby  the  main 
theorem  is  approached  through  two  existence-theorems  belonging 
to  partial  equations  of  comparatively  simple  type. 

The  first  of  these  theorems  can  be  stated  as  follows  :  — 
Let  a  set  of  partial  equations  be  given  in  the  form 


for  values  i  =  1,  .  .  .  ,  m,  being  m  equations  in  m  dependent  variables  ; 
the  coefficients  G^  are  functions  of  z^,  ...,  zm  alone.  Let  c,,  ...,  cm 
be  a  set  of  values  of  zl}  ...,  zm  respectively,  in  the  vicinity  of  which 
each  of  the  functions  Gijr  is  regular  ;  and  let  <£,  ,  .  .  .  ,  <£m  be  a  set  of 
functions  of  ax,,  ...,  srn,  which  acquire  the  values  d,  ...,  cm  respec- 
tively when  a^  =  a2,  .  ..,  xn  =  an,  which  are  regular  in  the  vicinity 
of  these  values  of  ar2,  ...,  xn,  and  which  otherwise  are  arbitrary. 
Then  o  system  of  integrals  of  the  equations  can  be  determined, 
which  are  regular  functions  of  jc1}  ...,  j-n  in  the  vicinity  of  the  values 
Xi  =  Ori,  #2  =  03,  ...,  xn  =  an,  and  which  acquire  the  values  fa,  ...,  <f>m 
when  a-j  =  Oj  ;  moreover,  the  system  of  integrals,  determined  in  accord- 
ance with  these  conditions,  is  the  only  system  of  integrals  that  can  be 
so  determined  as  regular  functions. 

9.  It  is  convenient,  for  the  sake  of  conciseness  in  the  formula?, 
to  write 

x*-a*  =  y*,     zr-cr  =  £r,     <f>r-cr  =  ^r, 

for  s  =  l,  ...,  n,  and  r  =  l,  ...,  m:  and  then  we  have  to  deal  with 
quantities  in  the  vicinity  of  zero  values  of  y  and  £ 

As  the  functions  G  are  .  regular  within  this  vicinity  over  some 
finite  region,  we  select  a  portion  of  the  region  defined  by  the 
ranges 

I&   <R,      &  <R,  ...,  iCm   <%• 

»  Crclle,  t.  LIXX  (1875),  pp.  1—32. 
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and  we  denote  by  M  the  greatest  value  among  the  quantities  |  Gyr  \ 
within  this  portion  of  the  region  selected,  M  being  finite.  The 
functions  G  can  be  expressed  as  power-series  ;  and  if  we  take 


where  the  multiple  summation  is  for  all  integer  values  of  si}  s.2,  ... 
from  zero  upwards,  simultaneous  zeros  being  included,  then* 

M 


^ 


a  fortiori.     Similarly,  within  a  selected  region  of  existence  of  the 
functions  -fy,  defined  by  the  ranges 


we  have 

lfv~SS...4MV4»-y/ltfl'*"i 

where  the  multiple  summation  is  for  all  integer  values  of  yt*2.  fa,  •  •• 
from  zero  upwards,  simultaneous  zeros  being  excluded  ;  and  then, 
if  N  denote  the  greatest  value  among  the  quantities  j  ^^  |  within 
this  region,  we  have 


^ 

< 


a  fortiori. 

If  functions  ^  exist  possessing  the  character  required  in  the 
theorem,  they  can  be  expanded  as  series  of  powers  of  yl  in  the 
vicinity  of  the  origin;  having  regard  to  the  value  they  must 
acquire  when  yl  =  0,  we  can  take  them  in  the  form 


where  (as  the  functions  £  are  to  be  regular  in  all  their  variables) 
the  coefficients  i/r^,  ^Jr^,  ...  must  be  regular  functions  of  y2,  y-A,  ... 
within  the  selected  region  of  existence,  and  they  do  not  involve  yt. 
These  functions  £  if  they  exist,  are  to  satisfy  the  differential 
equations  :  we  substitute  them  therein,  and  compare  the  coefficients 
of  the  various  powers  of  yl  and,  from  the  fact  that  the  derivatives 

*  See  rny  Theory  of  Functions,  (Second  edition),  hereafter  quoted   as  T.  F., 
§  22. 


9.]  EXI.STEXCE-THEOEE.MS  13 

with  regard  to  ^  (and  consequently  of  yj)  occur  on  the  left-hand 
sides  of  the  equations  only,  we  find  relations  of  the  form 


where  the  number  of  terms  in  the  summation  on  the  right-hand 
side  is  finite.  Each  term  Z  is  the  product  of  four  factors  : 

(i)      a  coefficient  a  from  the  expansion  of  the  functions  G  : 

(ii)     a  product  of  the  functions  ty^,  the   second   subscript 
index  X  being  less  than  p: 

(iii)     a  first  derivative  of  one  of  the  functions  ^x,  the  second 
subscript  index  X  being  less  than  p  : 

(iv)     a  positive  integer. 

X«>w  all  the  functions  -Jr^  having  their  second  subscript  index 
zero,  are  the  functions  ^r1}  ...,  ^rm:  and  their  expressions  as 
regular  functions  of  y2,  .  .  .  ,  yn  are  known.  Hence  the  relations 


give  a  formal  determination  of  the  functions  ^p  in  succession; 
they  appear  as  power-series  in  yt,  ...,  yn,  the  coefficients  in  which 
involve  the  constants  a  from  the  expansion  of  the  functions  G,  the 
constants  c  from  the  expansion  of  the  functions  tylt  ...,  ^m,  and 
positive  numerical  factors. 

When  these  values  are  substituted  in  the  ^-expansions  of 
fi)  •••»  £n>  expressions  result  which  formally  satisfy  the  differential 
equations.  In  order  that  they  may  possess  functional  significance, 
these  multiple  series  must  converge;  this  necessary  convergence 
can  be  proved  as  follows. 

10.  We  consider  variation  in  a  more  restricted  range  for  the 
quantities  £,  given  by 

R  Ii  R 

?'    <5'       6I<£"-     l«-l<£- 
so  that 

C,  +  &+...  +  £„    <£: 

and  we  construct  a  dominant  function*  G  in  the  form 

v      fo  +  s,  +  ...)!        M 

s,\s,\...      E'^+-^  ^   -' 

*  T.  F.,  §  23. 
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where  the  multiple  summation  is  for  all  integer  values  of  slt  s2,  ... 
from  zero  upwards,  simultaneous  zeros  being  included.  Then  the 
modulus  of  any  term  in  G  is  at  least  as  great  as  the  modulus  of 
the  corresponding  term  in  Gijr  having  the  same  combination  of  the 
variables.  Moreover,  in  the  region  of  variation  considered,  G  can 
be  expressed  in  finite  terms :  we  have 

M 


We  also  consider  variation  in  a  more  restricted  range  for  the 
quantities  y2,  ...,  yn,  given  by 


so  that 

and  we  construct  another  dominant  function  i/r  in  the  form 

(fr  +  IH+...)l__N_ 
/*,!  A*,!...      p*+i*+~ya   ys 

where  the  multiple  summation  is  for  all  integer  values  of  //,2,  f*3,... 
from  zero  upwards,  simultaneous  zeros  being  excluded.  Then  the 
modulus  of  any  term  in  ty  is  at  least  as  great  as  the  modulus 
of  the  corresponding  term  in  ^  having  the  same  combination 
of  the  variables.  Moreover,  in  the  region  of  variation  considered, 
i/r  can  be  expressed  in  finite  terms  ;  writing 


we  have 

Ny      1 
^•-—2  - 

P   i-U- 
p 


p-y 

and  the  range  for  the  variable  y  is  given  by 

!  y  \  <  P- 

11.     By  means  of  these  dominant  functions,  a  dominant  system 
of  partial  equations 

7)7.-         m      n          dZ- 
u    l       v     ^    n  °  J 

—   =    &      2*     (JT     — ' 


11.]  EXISTENCE-THEOREM  15 

is  constructed  :  and  we  assign,  as  conditions,  that  each  of  the 
quantities  Z,-  shall  acquire  the  value  ty  when  y^  =  0.  Taking 
G  and  ty  in  their  expanded  forms  as  power-series,  and  applying  to 
these  equations  the  process  applied  to  the  original  system,  we 
obtain  equations  of  precisely  the  same  form  as  before,  to  determine 
the  successive  coefficients  in  the  expressions  for  the  variables  Z  as 
power-series  in  the  variables  yly  yz,  ...,  yn:  and  the  successive 
operations  for  the  construction  of  these  coefficients  are  the  same 
as  before.  In  these  new  operations,  all  the  terms  in  the  expression 
for  any  coefficient  are  positive  ;  the  modulus  of  each  term  is  at 
least  as  great  as  was  the  modulus  of  the  corresponding  term 
in  the  former  operations;  and  therefore,  if 

z*  =  ^  +  y^r'^i  +  y^'>*  +  •  •  •  > 

we  have 

'  P¥W    ^    P^»P\> 
that  is, 

\^TM>  .<  ^'w  !• 

Hence  the  series  for  ^  will  certainly  converge  if  the  series  for  Z^ 
converges. 

The  values  of  Zl}  ...,  Zm,  and  their  consequent  expressions  as 
converging  series,  can  be  otherwise  obtained.  Returning  to  the 
dominant  system  and  using  the  finite  forms  for  G  and  ty,  we  have 
to  determine  values  of  Zlt  ...,  Zm,  satisfying  the  equations 

dZi  =  _  £  _  »    »   dZj 

**      l-J«+...+J^f-i*/ 

and  such  that 


- 
'    P-y' 

when  i/i  =  0.     Thus  Z^,  a  function  of  all  the  variables,  is  a  function 
of  the  combination  of  them  represented  by  y,  say  a  function  of  y 

7\7 

alone,  when  y^  =  0  ;  and  therefore  -—-  ,  for  r  =•  2,  .  .  .  ,  n,  is  also  a 

oyr 

function  of  y  alone  when  yl  =  0.     The  differential  equations  then 

?)? 

shew  that   -~   is   a   function   of  y   alone    when   yl  =  0.     Again, 

differentiating  all  the  equations  with  regard  to  y1}  noting  that  the 
quantities  Z  and  all  their  first  derivatives  are  functions  of  y  alone 

&Z 
when  y±  =•  0,  and  applying  a  similar  argument,  we  find  that  ^  —  - 
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is   a   function   of  y   alone   when   yl  =  0.     Similarly,   for  all   the 
derivatives  in  succession.     Inserting  their  forms  in 

+  .  .  .  , 


we  see  that  Z^,  if  it  exists,  is  expressible  as  a  function  of  yl  and  ?/. 
Now  from  the  equations,  we  have 


and  therefore,  taking  account  of  the  conditions  that 

7  -7  -     -7     Ny 

°i  —  «i  —  •  •  •  —  **m  —  > 

p-y 

when  y1  =  0,  we  have 

Z1  =  Z2  =  ...  =Zm, 

in  general.  Denote  this  common  value  by  Z,  which  now  is  a 
function  of  yl  and  y  ;  then  all  the  equations  in  the  dominant 
system  are  satisfied,  provided  Z  can  be  determined  to  satisfy  the 
equation 

az       M  ^z 

(n  —  1)  ^- 


and  is  such  that  it  acquires  the  value  —  —  when  Vi  =  0.     It  is 

p-y 

easy  to  verify  that  the  equation  is  satisfied  by  a  relation 
f  1  -  m  |  )  y  +  Mm  (n  -  1)  y,  =f(Z), 

\  -Ll/ 

where  f  is  any  function  whatever  of  Z:   and  therefore  all   the 
requirements  will  be  met  if  /  can  be  chosen  so  as  to  allow  Z  to 

Ny 
acquire  the  value  -      -  when  y±  =  0.     For  this  purpose,  the  two 

p    y 

equations 


p-y 

must  be  the  same.     The  latter  gives 

pu 
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which,  substituted  in  the  former,  gives 

r,    x         f-.  U 

/(«)=(!  -m- 


being  the  appropriate  expression  of  the  function  y!  Thus  all  the 
requirements  are  met  by  a  value  or  values  of  Z  determined  by 
the  integral  relation 

/  7\         r\7 

-I-  Mm  (n  —  l)y1  =  [l  —  m  ^ )  ^f- — ^ . 
V  HJ  _/V  +  Zi 


This  quadratic  equation  has  two  roots.     One  of  the  two   roots 

•p 
becomes  —  when  yt  —  0,  and  must  be  discarded  as  not  satisfying 

the  imposed  condition  when  y1  =  0.     The  other  root  is  given  in 
the  form 


it  can  be  expanded  in  powers  of  y1  in  the  series 


p-y 

y  p-y-m-^y 

+  higher  powers  of  yt. 

It  is  clear  from  this  expression  for  Z  obtained  in  finite  form  that 
Z  can  be  expanded  in  a  series  of  powers  of  y  and  ylt  which  con- 
verges in  a  non-infinitesimal  range  round  y  =  0  and  y1  =  0.  When 
y  is  replaced  by  its  value  y2  +  y3+  ...  +yn,  the  modified  power- 
series  in  y1}  7/2,  ...,  yn  still  converges  in  a  non-evanescent  range 
round  y1  =  0,  y.2  =  Q,  ...,  yn=Q',  consequently,  the  quantity  Z  of 
the  required  type  does  exist. 

It  therefore  follows  that  the  quantities  Zl}  ...,  Zm  exist  as 
determined  by  the  equations  in  the  dominant  system  ;  and  there- 
fore integrals  of  the  original  equations  exist  satisfying  the  pre- 
scribed conditions. 

12.     The  preceding  investigation  establishes  the  existence  of 
integrals  which   are   regular   functions   of  the    variables   in   the 
F.  v.  2 
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selected  region;  it  is  easy  to  see  that  they  are  the  only  set  of 
integrals  which,  satisfying  the  prescribed  conditions,  are  regular 
functions  of  the  variables.  If  any  other  set  existed,  being  regular 
functions  and  satisfying  the  prescribed  conditions,  they  would  be 
expressible  in  a  form 


when  these  are  substituted  in  the  differential  equations,  they  would 
lead  to  relations 


for  the  determination  of  the  coefficients,  similar  to  the  relations 


When  p  =  l,  no  double-suffix  function  occurs  in  Z',  which  then  is 
the  same  as  Z,  because  the  term  in  £'M  independent  of  yr  is  the 
same  as  the  corresponding  term  in  f  ^  :  hence 

^a-^Vi. 

When  p  =  2,  the  only  double-suffix  functions  that  can  occur  in  Z' 
are  the  functions  ^'M,  which  have  been  shewn  to  be  the  same 
as  -^rXl  ;  hence,  for  this  value,  Z'  =  Z,  and  therefore 

^Va  =  ^M2- 

Similarly  for  all  the  coefficients  in  succession  :  we  find 

£  M  ==   bM  J 

for  all  the  values  of  p  ;  and  therefore  the  set  of  regular  integrals 
obtained,  subject  to  the  prescribed  conditions,  are  unique  regular 
integrals. 

As  an  example  illustrating  the  general  theorem,  we  require  the  integrals  of 
the  simultaneous  equations 

du      Oclu 

_  —  rtiii  _ 

3#         dy  ' 

dv  .    .  8« 

5_  =  (M2_M+V) 

9#  '  oy 

such  that,  when  #=0, 


The  equations  are  amenable  to  the  ordinary  practical  methods.     The  most 
general  integral  of  the  first  equation  is  easily  found  to  be 
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where  /  is  arbitrary  so  far  as  the  equation  is  concerned.    Also 
9»     9w     .        ,  <hi 

5  --  5-  =  0?-MJ  5~ 

<)x     cj-  'dy 

.  1  8-w 
=(v-u)-z  5-, 

'  V?   OX 

and  therefore 


v-u=e 
where  g  is  arbitrary  so  far  as  the  equation  is  concerned. 

To  determine  these  arbitrary  functions,  the  imposed  conditions  are  used. 
As 

and  as  u=R  (y)  when  #=0,  we  have 
and  therefore,  generally, 


Laplace's  theorem  in  expansion  can  be  used  to  give  the  explicit  expression  for 
u  in  terms  of  x  and  y  :  this  is 


where  T(x,  y)  is  a  series  of  powers  of  x,  the  coefficients  being  functions  of  y 
which  vanish  if  R  (y)  vanishes  identically. 

Again,  as  v=S(y)  when  x=0,  we  have 

i 

S(y)-R(y)=e~~ 
so  that,  generally, 


The  apparent  singularity  can  be  removed  ;  for 

xT(*> 


__ 

R(y)     u 

where  the  function  on  the  right-hand  side  is  regular  in  the  vicinity  of  #=0, 
y=0.     Thus  the  required  integrals  are 

u  =  R(y){l+xR(y)T(x,y)}, 

*T(x,  y) 


Tn  particular,  if  the  imposed  conditions  should  be  that  «=0  and  v=S  (y) 
when  #=0,  then  as  R(y)  vanishes  identically,  T(x,  y)  vanishes.  The  full 
expressions  for  the  integrals  are 


these  are  easily  obtainable  directly  from  the  differential  equations  but  not 
from  the  integrals  which  involve  the  arbitrary  functions  /  and  g. 

2—2 


20  REGULAR   INTEGRALS  [13. 

13.  It  should  be  observed  that,  throughout  the  foregoing  proof, 
there  has  been  a  complete  restriction  to  regular  functions.  The 
possibility  of  non-regular  functions,  satisfying  the  equations  and 
obeying  the  prescribed  conditions,  has  nowhere  been  taken  into 
account  and  the  proof  does  not  shew  that  it  should  be  rejected  as 
inadmissible ;  what  is  established  is  that  a  unique  set  of  regular 
integrals  exists.  In  the  statement  of  the  argument,  it  is  practically 
assumed  that  the  integrals  are  regular.  Thus  zl  is  made  to  acquire 
the  value  of  a  regular  function  of  x2,  . . . ,  xn  when  x^  =  al',  and  this 
could  be  secured  when  z±  is  a  uniform  function  of  xl}  even  if  x^  is 
an  essential  singularity,  provided  xl  then  be  allowed  to  approach  a^ 
by  an  appropriate  path*.  If  however  z-^  is  made  to  acquire  its 
value  when  x1  =  a1>  quite  independently  of  the  path  by  which  x^ 
approaches  the  position  a1}  and  so  also  for  the  other  dependent 
variables,  then  it  is  not  difficult  to  see  that  the  integrals  must 
be  regular  under  the  assigned  conditions.  For  the  differential 

(J2!  (12! 

equations  then  make  ~^ ,  ...,  -^  regular  functions  of  x2,  ...,xn, 

(jOC-[  QQC± 

whatever  be  the  a^-path  of  approach  to  a-^ ;  when  derivatives  of  the 
equations  are  formed  and  suitably  combined,  it  could  be  inferred 

d2z  d2z 

that  — ^ ,  . . . ,  -;r— ^ ,  in  like  circumstances,  become  regular  functions 

oxf  dx^ 

of  xz,  ...,  xn;  and  so  on,  for  the  derivatives  in  succession.  The 
inference  that  zl,  ...,  zm  are  regular  functions  of  x1}  x2,  . . . ,  xn  is 
then  immediate. 

The  assumption  made  by  ignoring  the  path  of  approach  of  x±  to 
«!  may  fairly  be  described  as  a  customary  assumption :  it  does,  in 
effect,  exclude  the  consideration  of  the  possibility  that  aj  is  an 
essential  singularity  of  a  uniform  function,  and  it  may  exclude  the 
consideration  of  other  possibilities  of  deviation  from  regularity. 
Yet  it  is  not  inconceivable  that,  in  particular  instances,  such  as  the 
stability  of  a  system  in  a  critical  condition,  the  excluded  possibilities 
are  of  importance^ :  in  such  an  instance,  it  might  be  actually  the 
fact  that  the  variable  must  approach  its  value  by  a  specific  path 
and  is  not  permitted  an  unrestricted  approach  to  the  value. 

*  See  T.  F.,  p.  57  (second  edition),  Ex.  4. 

+  The  same  considerations  occur  in  connection  with  the  integrals  of  an  ordinary 
equation  of  the  first  order :  Bee  §§  28 — 34  in  volume  n  of  this  work,  where  (§  34)  the 
condition  given  for  that  case  by  Fuchs  is  explained. 
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THE  SECOXD  OF  THE  SUBSIDIARY  EXISTEXCE-THEOREMS. 

14.  In  the  preceding  theorem,  the  only  variables  which  occur 
explicitly  in  the  set  of  partial  equations  are  the  dependent  variables  : 
it  can,  however,  be  extended  so  as  to  allow  the  explicit  occurrence 
of  all  the  variables.  The  extended  theorem  is  as  follows  :  — 

Let  a  set  of  partial  equations  be  given  in  the  form 

3~.        m     n  a~. 

'  —  S    S   ft-       •>  -i-  ft- 

~  lJT+   " 


for  values  i  =  1,  ...,  m,  being  m  equations  in  m  dependent  variables  ; 
the  coefficients  G^  and  the  quantities  Gi  are  functions  of  all  the 
variables,  dependent  and  independent.  Let  clf  ...,  cm,  a^,  ...,  an  be 
a  set  of  values  of  zl,  ...,  zm,  x1}  ...,  xn  respectively,  in  the  vicinity 
of  which  all  the  functions  G^  and  Gi  are  regular;  and  let  <f>lt  ..., 
(f>m  be  a  set  of  functions  of  x.2)  ...,  xn,  which  acquire  values  Cj,  ..., 
cm  respectively  when  x.2  =  az,  ...,  xn  =  an,  which  are  regular  in  the 
vicinity  of  these  values  of  x2,  ...,  xn,  and  which  otherwise  are 
arbitrary.  Then  a  system  of  integrals  of  the  equations  can  be  determ- 
ined, ivhich  ore  regular  functions  of  #,,  ...,  xn  in  the  vicinity  of  the 
values  xl  =  al,  x2  =  a2,  ...,  xn  =  an,  and  ivhich  acquire  the  values 
<f>i,  ••-,  <$>m  when  xl  =  a^  ;  moreover,  the  system  of  integrals,  determined 
in  accordance  with  these  conditions,  is  the  only  system  of  integrals 
that  can  be  thus  determined  as  regular  functions. 

The  establishment  of  this  theorem  can  be  derived  from  the 
former  theorem  in  a  simple  manner.  Let  n  new  dependent 
variables  ^,  ...,  tn  be  introduced,  defined  by  equations 


and  by  the  conditions  that,  when  x^  =  Oj  , 

t\~   Orl,        t%   =   X%,         ...,        tn    =    Xn. 

From  the  last  n  —  1  of  these  equations,  combined  with  the  imposed 
conditions,  it  is  clear  that    . 


in  general.     Then 
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so  that 

tl  =  a;1  +  function  of  x2,  ...,  xn 

=  ®i, 
on  applying  the  imposed  condition. 

We  replace  as1}  ...,  xn  in  Gyr  and  in  G{  by  t1}  ...,  tn,  and  denote 
the  functions  resulting  after  the  change  by  H^  and  Hi.     Also, 

7)t 
noting  the  fact  that  ~  is  unity,  we  take  an  amplified  system  of 

CX% 

equations 

£)*•.         m      n  3~.  2* 

CZ*  —  V     V     W      OZJ  i     VT  Cl* 

o       —  -^     ^    •"  y>  o  r  -tz  i  5      , 
<Wa       .7=1  r=2            OXr  OXZ 


for  i=  1,  ...,m,  and  /A  =  2,  ...,  ?i;  and  the  imposed  conditions  are 
that,  when  x1  =  o1, 


The  coefficients  in  the  modified  system  are  functions  of  the  de- 
pendent variables;  the  properties  of  the  modified  system,  when 
account  is  taken  of  the  imposed  conditions,  are  the  properties  of 
the  systems  to  which  the  former  theorem  applies.  Hence,  by  that 
former  theorem,  a  set  of  integrals 

zi  —  Yt  V*l>  X2>  •••>  xn)> 

uu,  —  *^ii  j 

for  i  =  1,  .  .  .  ,  m  and  //,  ==  1,  .  .  .  ,  n,  exists;  the  functions  fa  are  regular 
functions  of  the  variables  x,  and  when  a^  =  a1}  the  functions  fa,  .  .  .  , 
•y\»  reduce  to  fa  ,  .  .  .  ,  <f)m  respectively  ;  and  these  regular  integrals 
are  the  only  set  of  regular  integrals  which  satisfy  the  imposed 
conditions. 

When  we  substitute  t1  =  x1,  ty  =  x2,  ...,  tn  =  xn  in  the  modified 
system,  we  return  to  the  original  system  :  the  results  just  obtained 
constitute  the  theorem  required. 

Note.  There  is  the  same  kind  of  limitation  as  in  the  former 
case  (§  13)  :  it  is  possible  that,  for  reasons  connected  with  essential 
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singularities  such  as  particular  modes  of  the  approach  of  xl  to  Oj, 
there  may  be  non-regular  integrals  of  the  equations  satisfying  the 
imposed  conditions. 

Ex.  1.     Obtain  the  integral  of  the  equations 


- 

oy 

to  «N  dv  .  dv 

5T=  (M-2t?-^)57  + 

ox  'oy 

subject  to  the  initial  conditions  that,  when  x=0, 


(where  a  is  a  constant),  in  the  form 

(Riquier.) 
Ex.  2.     Integrate  similarly  the  equations 

re 


subject  to  the  initial  conditions  that,  when  x=Q,  the  variables  «,  v,  <,  ZP, 
respectively  acquire  the  values 

-»,       v=y*+z*,       t=l,       w=2 


(Riquier.) 

Ex.  3.     As  an  example  of  the  general  theorem,  let  it  be  required  to  obtain 
the  integral  of  the  equation 

cz  y2         "bz  _ 

*  cy~ 


which  acquires  the  value  y  when  x=l. 

After  the  explanations  that  have  been  given,  it  will  be  of  the  form 
z=y-(x-l)y1  +  (x-I)*y2-...  ; 

in  order  that  this  may  satisfy  the  differential  equation,  the  coefficients  yi,yo,  ... 
are  determined  by  the  relation 

y2     fyn-i  |      y2      fo*-2  1      y2      fy»-3  , 

y"       *~  +2-2  ^*-  3 
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as  may  be  verified  by  substituting  the  expression  for  z  and  comparing 
coefficients  of  powers  of  x—  1.     In  particular, 


and  so  on. 

The  equation  is  amenable  to  the  ordinary  practical  method.     The  most 
general  integral  is  found  to  be 


where  /  is  an  arbitrary  function,  to  be  rendered  definite  by  means  of  the 
assigned  condition,  which  is  that  z  must  acquire   the  value  y  when  x=\. 

Hence 

i 


and  therefore 

i 

(!-*)«*-/(*), 

so  that  the  required  integral  is  given  by  the  equation 

i_  i 

(l-z)eg=(x-y)ev  . 

But  in  connection  with  this  equation,  it  must  be  specified  as  that  value 
of  z  which  acquires  the  value  y  when  x  —  1  ;  it  is  not  enough  to  take  any  root 
of  the  equation  for  the  integral,  because  (when  x—V)  there  is  an  infinitude  of 
values  of  z  as  functions  of  y,  and  only  one  of  these  is  actually  equal  to  y.  In 
fact,  the  finite  form  of  the  equation,  though  it  includes  the  required  integral, 
does  not  give  a  unique  expression  for  z. 

Note.     It  sometimes  is  convenient*  to  associate  an  ordinary  equation 

£-/<*  » 

with  a  partial  differential  equation 


It  is  known  that  integrals  of  the  respective  equations  exist.     Taking  the 
equation  just  discussed,  so  as  to  have 


the  only  regular  integral  of  the  ordinary  equation,  acquiring  a  value  zero  when 
x=l,  is  given  by 


*  Picard,  Traitt  d'  'Analyse,  t.  n,  ch.  xi,  §  15. 
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Now  taking  the  partial  equation  and  supposing  an  integral  of  the  ordinary 
equation,  assumed  to  exist  in  the  same  regular  field  of  variation,  to  be  substi- 
tuted in  z,  we  have 

<k  +  ^^=o 

"bx     8y  dx 

that  is,  z=  A,  a  constant,  for  that  substitution  :  and  the  constant  A  manifestly 
can  be  made  zero.  Conversely, 

2  =  0 

clearly  gives  the  regular  integral  of  the  ordinary  equation  in  the  form 


We  can  also,  by  quadratures,  obtain  the  complete  primitive  of  the  ordinary 
equation  in  the  form 


where  c  is  an  arbitrary  constant.     This  cannot  be  obtained  from  the  regular 
integral  of  the  partial  equation,  by  taking 


for  any  value  of  A,  if  we  take  unlimited  variation  of  y;  because  y=0  is  an 
essential  singularity  for  one  equation  and  an  ordinary  point  for  the  other. 
But  it  can  be  obtained  from  the  non-regular  integral 

i 
(v-jr)  «'«*/(*), 

by  taking  z=A  :  the  appropriate  value  of  c  is 


CHAPTER   II. 

CAUCHY'S  THEOREM. 

THE  main  results  in  this  chapter  are  associated  with  theorems  establishing 
the  existence,  under  assigned  conditions,  of  integrals  of  systems  of  partial 
equations,  the  number  of  equations  in  a  system  being  the  same  as  the  number 
of  dependent  variables :  they  are  conveniently  described  as  Cauchy's  Theorem, 
because  they  have  their  origin  in  Cauchy's  investigations*  on  the  subject. 
The  method  adopted  is  based  upon  the  memoir  of  Madame  Kowalevsky, 
quoted  in  the  preceding  chapter  (p.  11) ;  reference  may  also  be  made  to  the 
expositions  given  by  Jordan,  Cours  cFAnalyse,  t.  in  (1896),  ch.  in,  §  1,  and 
by  Goursat,  Lepons  sur  ^integration  des  equations  aux  derivees  partielles  du 
premier  ordre,  (1891),  ch.  I.' 

15.  The  existence-theorems  established  in  the  preceding 
chapter  can  be  applied  to  equations,  and  to  systems  of  equations, 
of  representative  types ;  and  to  such  applications  we  now  proceed. 
But  some  passing  remarks  must  be  made  upon  the  limitations 
that  have  been  imposed.  All  the  equations  are  linear  in  the 
derivatives  of  the  dependent  variables :  this  character,  if  not 
initially  possessed,  frequently  (though  not  universally)  can  be 
secured  by  appropriate  transformations.  All  the  coefficients  of 
the  derivatives  in  the  equations  have  been  assumed  to  be  regular 
functions  of  the  independent  variables  (and,  in  the  case  of  the 
earlier  theorem,  of  the  dependent  variables)  within  the  fields  of 
variation  considered:  no  result  as  to  the  character,  or  even  the 
existence,  of  integrals  has  been  obtained  when  there  is  any 
deviation  from  the  postulated  regularity.  The  imposed  initial 
conditions  are  of  a  similar  type,  because  they  require  the  assump- 
tion, as  values,  of  arbitrary  functions  of  a  regular  character  for  a 

*  (Euvres  de  Cauchy,  1™  Se"r.,  t.  vn,  p.  17,  and  elsewhere.  These  memoirs  were 
published  in  the  Comptes  Rendus  in  1842  ;  his  earliest  researches  on  the  subject  date 
back  to  1819. 
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chosen  value  of  a  particular  variable :  but  no  result  is  established 
if  these  assigned  arbitrary  functions  are  not  regular,  in  any  form 
of  deviation  from  regularity.  It  may  be  possible  (and  frequently 
it  is  possible)  to  transform  the  equations  in  such  a  manner  that 
another  particular  variable  may  be  selected  as  the  pivot  of  initial 
conditions,  with  the  appropriate  modification  as  to  the  arguments 
of  the  functions  in  the  assigned  initial  conditions ;  and  the 
existence-theorems  establish  no  relation  between  the  integrals 
proved  to  exist  in  the  respective  cases.  Moreover,  the  integrals 
considered  are  functions  which  are  regular  within  the  fields  of 
variation;  the  limitation  to  uniformity,  instead  of  to  regularity 
so  as  to  exclude  essential  singularities,  is  (for  the  almost  complete 
part)  excluded  from  discussion  in  the  present  state  of  knowledge. 

Even  within  these  restrictions,  the  existence-theorems  already 
proved  have  a  wide  range  of  important  applications;  some  of 
these  applications  will  now  be  taken  in  succession. 


CAUCHY'S  THEOREM  FOR  EQUATIONS  OF  THE  FIRST  ORDER. 

16.  We  begin  with  the  simplest  case,  being  that  of  a  single 
equation  of  the  first  order  in  one  dependent  variable  and  two 
independent  variables;  taking  the  latter  to  be  a?  and  y,  and 
denoting  the  first  derivatives  of  z  with  regard  to  these  variables 
by  p  and  q  respectively,  we  may  consider  the  equation  in  the  form 

f(x,  y,  z,  p,  q)  =  0, 

where  f  will  be  taken  to  be  regular  in  its  arguments :  and  we 
shall  assume  that  the  equation  is  irreducible.  Let  x  =  a,  y  =  b, 
z  =  c,  p  =  \,  q  =  p,  be  a  set  of  values  satisfying  the  equation  /=  0 ; 

?)f 
then  unless  the  quantity  ^-  vanishes  for  these  values,  the  equation 

can  be  resolved  so  as  to  express  p  in  terms  of  the  remaining 
arguments  in  a  form 

p-\  =  g(x-a,y-b,  z-c,  q-  p), 
say 

p = 9  (x>  y>  z>  q)> 

where  g  is  a  regular  analytic  function  of  its  arguments.     Now,  as 

rif 

~-  usually  involves  the  variables  that  occur  (or  some  of  them),  it 
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7\f 

usually  is  possible  to  choose  initial  values  so  that  ~-   does  not 

vanish  :  and  then  the  analytic  resolution  of  the  original  equation 
is  possible.  But  it  may  happen  that  values  of  z  (if  any)  and  of  its 
derivatives  which  satisfy  the  original  equation  /=  0,  that  is,  which 
make  f  vanish  consistently  with  a  relation  between  z,  x,  y  and 

?)/" 

with  derivatives  from  that  integral  relation,  also  make  ~-  vanish 

dp 

similarly:  the  suggested  resolution  of  the  original  equation  is 
then  impossible,  so  that  p  could  not  be  expressed  as  a  regular 
analytic  function  of  x,  y,  z,  q. 

17.      As   a   first  alternative,  we  assume  that  the  resolution 
with  regard  to  p  is  possible  in  the  form 


where  g  is  regular  in  the  vicinity  of  x  =  a,  y  =  b,  z  =  c,  q  =  p,.  We 
can  apply  the  existence-theorems,  already  established,  to  prove 
that  an  integral  z  of  the  equation  exists,  having  the  properties  :  — 

(i)      it  is  a  regular  function   of  x   and   y  within  fields   of 
variation  round  x  =  a  and  y  =  b  given  by 


x  — 


—  b 


where  r  is  not  infinitesimal  : 

(ii)  when  x  =  a,  the  integral  z  reduces  to  $  (y),  where  <f>  (y}  is 
a  regular  function  of  y  within  the  field  y  —  b  ^r, 
acquiring  the  value  c  when  y  =  b,  and  otherwise  arbi- 
trary ; 

(iii)  ike  integral  z,  as  determined  by  these  conditions,  is  unique 
as  a  regular  integral. 

In  order  to  deduce  "this  result  from  the  former  theorems,  we 
consider  a  system 

a*_ 

dx     P 

dq  _dp 
dx      dy 


dx     dx     dz         dq  dy   ' 

regarding  it  as  a  system   in  three  dependent  variables  z,  p,  q. 
Applying  the  second  of  the  existence-theorems  (§  14),  we  infer 
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that  integrals  of  this  system  of  equations  exist  which  are  regular 
in  the  vicinity  of  x  =  a,  y  =  b,  and,  when  x  =  a,  are  such  that 


where  <f>(y)  is  the  foregoing  regular  function  of  y  acquiring  the 
value  c  when  y  =  b,  and  ,  is  therefore  also  regular,  acquiring 

the  value  p.  when  y  =  b ;  moreover,  this  set  of  regular  integrals  is 
unique.  Let  the  set  of  integrals  of  the  system,  thus  known  to 
exist,  be  denoted  by 

9  —  ^  (  r    ti  I         11  — *   r^  (  nr    u\         n  —  It  f  -T    ti\  • 

*  —  "  \J:'  y)>     P  —  •*   \a>  yh     *l  —  V  v**7'  y) ) 

we  proceed  to  prove  that  z  =  Z(x,  y)  satisfies  the  original  equation 
so  that,  owing  to  its  other  properties,  it  is  the  announced  integral. 

As  these  quantities  Z,  P,  Q  satisfy  the  amplified  system  of 
equations,  we  have 

dz=p 

dx 
from  the  first  of  those  equations,  so  that 

d_z  = 

Again,  we  have 

9.c      dy 
from  the  second  of  those  equations,  so  that 

dx     dy  \dx) ' 
and  therefore 


Hence  ^ Q  is  a  function  of  y  only,  and  its  value  is  the  same 

whatever  value  be  assigned  to  x.     When  x  =  a,  we  have 
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from  the  assigned  value  of  Z,  and 


-     dy 
from  the  assigned  value  of  Q;   hence,  when  x  =  a,  the  value  of 

--  Q  is  zero,  andftherefore 
dy 

£-«-« 

dy 
generally,  that  is, 

dz 


Again,  denoting  P  —  g  (x,  y,  Z,  Q)  by  u,  we  have 

du  =  dP__dg_dgdZ_fydQ 
dx      due      dx     dZ  da      dQ  dx 

=  ^_fy_fyp_a£9P 

dx      dx     dZ         dQ  dy 
=  0, 

by  the  third  equation  of  the  system.     Thus  u  is  independent  of  as  ; 
when  x  =  a,  its  value  is 


on  inserting  the  values  acquired  by  Z,  Q,  P  when  x  =  a:   this  is 
zero,  and  therefore  u  =  0  generally,  that  is, 

P  =  g(x,y,Z,Q), 
and  therefore 

P=g(x>  y,  z,  q). 
We  thus  have 

dz  dz 


in  association  with  z  =  Z(x,  y),  that  is,  z  —  Z  (x,  y)  satisfies  the 
equation 

dz        (  dz 


which  is  the  original  equation.  Owing  to  its  other  properties,  by 
which  it  obeys  the  assigned  conditions,  z  =  Z(x,  y)  is  the  integral 
required. 
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18.     Passing  now  to  the  other  alternative,  under  which  the 
equation  f=Q  cannot  be  resolved  with  regard  to  p  because  the 

rtf 

magnitude  ~-  vanishes  for  values  of  the  variables  that  make  f 

vanish,  we  consider  the  resolubility  of  the  equation  f—0  with 
regard  to  q.  This  resolution  will  be  possible  unless  the  magnitude 

^-  vanishes  for  values  of  the  variables  that  make  /  vanish  ;  when 
dq 

it  is  possible,  the  resolved  form  will  be 

q=h(x,  y,  z,  p), 

where  h  is  a  regular  function  of  its  arguments,  in  the  vicinity  of 
values  (say)  x  =  a,y  =  b,  z  =  c.  An  integral  of  the  equation  exists 
having  the  properties: — 

(i)      it  is  a  regular  function   of  x   and   y   within  fields   of 
variation  round  x  =  a  and  y  =  b  given  by 


x  —  a 


y  -  b  .  <  r, 


where  r  is  not  infinitesimal: 

(ii)  when  y  =  b,  the  integral  z  reduces  to  ty  (x),  where  i/r  (x)  is 
a  regular  function  of  x  within  the  field  \  x  —  a  \  <  r, 
acquiring  a  value  c  when  y  =  b,  and  othei*wise  arbitrary : 

(iii)  the  integral  z,  as  determined  by  these  conditions,  is  unique 
as  a  regular  integral. 

The  proof  of  this  proposition  is  similar  to  the  proof  of  the 
proposition  in  the  case  when  the  equation  /=  0  was  resolved 
with  regard  to  p;  it  will  not  be  set  out  in  detail. 

19.  Combining  these  results,  it  follows  that  an  irreducible 
equation  f=0  possesses  a  regular  integral  with  assigned  condi- 
tions if  it  is  resoluble  with  regard  to  p,  that  it  possesses  another 
regular  integral  with  other  assigned  conditions  if  it  is  resoluble 
with  regard  to  q,  and  that  each  of  these  integrals  is  unique  under 
its  conditions.  These  integrals  have  been  obtained  from  equations 

p  =  g O> y, ?,q),    q=h (x, y, z, p\ 

respectively,  which  arise  from  the  resolution  of  /=0  in  the 
respective  cases :  but  they  do  not  generally  represent  the  whole 
of  the  equation  /=  0,  for  if/  were  of  degree  m  in  p  and  n  in  q, 
there  would  generally  be  m  equations  of  the  former  type  and  n  of 
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the  latter,  distinct  from  one  another  in  their  respective  sets.  Each 
such  equation  determines  a  unique  regular  integral  under  the 
assigned  conditions,  which  may  be  made  the  same  for  each  equa- 
tion in  the  set.  If  for  the  m  equations,  the  respective  regular 
integrals  are 

z  =  9l(x,y\    z=ez(x,y},    ...,    z  =  6m(x,  y}, 
then  clearly  the  equation 

{z  -  9l  (as,  y)}  {z  -  e.,(x,  y)}...{z-  6m(x,  y)}  =  0 
gives  the  integrals  of  the  equation 

f(x,  y,  z,  p,  q)  =  0, 

supposed  of  degree  m  in  p  and  resoluble  with  regard  to  p,  such 
that  when  x  =  a,  z  assumes  the  assigned  functional  value  $(y). 
Similarly,  if 

f(as,  y,  z,  p,q)  =  0 

be  of  degree  n  in  q  and  be  resoluble  with  regard  to  q,  an  equation 

{z-^(as,  y)}  {z-*2(x,  y)}  ...  {*-*„(*?,  2/)}  =  0 
gives  the  integrals  of  the  equation  such  that,  when  y  =  b,z  assumes 
the  assigned  functional  value  -\/r  (x). 

But  it  may  happen  that  the  equation 
f(x,  y,  z,  p,q)  =  0 

is  not  resoluble  with  regard  either  to  p  or  to  q,  that  is  to  say,  it 

3^*          ^.f 
may  happen  that  the  magnitudes  —.  an(j  2.  vanish  for  values  of 

the  variables  which  make  /  vanish.  The  existence-theorem  cannot 
then  be  applied,  and  so  it  provides  no  information  as  regards 
integrals  of  the  equation.  We  must  then  investigate  independently 
the  character  of  those  integrals  (if  any)  of  the  equation 

f(x,  y,  z,  p,  q)  =  0, 
which  at  the  same  time  are  such  as  to  satisfy  the  equations 

§f-0,     ^  =  0. 

op  oq 

This  discussion  will  come  later. 

20.  The  initial  conditions  imposed  upon  the  integrals,  in  the 
cases  where  existence  has  been  established,  are  associated  with 
particular  values  of  the  variable  x  or  of  the  variable  y :  a  more 
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general  form  can  be  given  to  the  theorems,  by  a  change  in  the 
independent  variables.  Let  these  be  changed  from  x  and  y  to 
X  and  F,  where 

X  =  X(x,y\     7=Y(x,y\ 

and  denote  by  P  and  Q  the  derivatives  of  z  with  regard  to  X  and 
F  respectively.  Then  if  the  transformed  equation  is  resoluble 
with  regard  to  P,  it  possesses  an  integral  z  (which  therefore  is  an 
integral  of  the  original  equation)  characterised  by  the  following 
properties : 

(i)  it  is  a  regular  function  of  a;  and  y  within  domains  that 
are  not  infinitesimal: 

(ii)  when  X  (x,  y}  =  a,  the  integral  acquires  a  value  6  (x,  y), 
which  is  a  regular  function  within  the  domains  con- 
sidered, which  is  not  expressible  in  terms  of  X  alone, 
and  which  otherwise  is  arbitrary: 

(iii)  the  regular  integral  thus  determined  is  unique  for  the 
branch  of  the  equation  given  by  the  resolution  with 
regard  to  P. 

Note  1.  When  the  equation  f(x,  y,  z,  p,  <?)  =  0  is  resoluble 
with  regard  both  to  p  and  to  q,  regular  integrals  are  obtained 
each  of  which  is  unique  under  the  initial  conditions  imposed. 
Such  integrals  are,  in  general,  independent  of  one  another ;  if  an 
integral  possessed  by  the  equation  resolved  with  respect  to  p 
proved  to  be  the  same  as  the  integral  possessed  by  the  equation 
resolved  with  respect  to  q,  there  must  be  relations  between  the 
two  sets  of  initial  conditions. 

Note  2.  In  each  set  of  initial  conditions,  a  single  function 
occurs  which,  within  certain  very  broad  limitations,  is  arbitrary: 
subject  to  the  associated  conditions,  this  arbitrary  function  deter- 
mines a  regular  integral  uniquely.  We  may  therefore  expect 
that,  when  classes  of  integrals  of  partial  equations  of  the  first 
order  are  being  discussed,  one  class  will  emerge  characterised  by 
the  occurrence  of  a  single  arbitrary  function. 

This  result  will  be  found  to  be  a  special  case  of  a  more  general 
result. 

Note  3.     The  equation  f(x,  y,  z,  p,  q)  =  0  has  been  described  as 
irreducible;  the  property  has  been  tacitly  used,  though  explicit 
F.  v.  3 
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reference  to  the  irreducibility  has  not  been  made  after  the  first 
statement. 

The  reason  for  assuming  the  property  is  practically  obvious. 
If  f(oc,  y,z,p,q)  can  be  expressed  as  the  product  of  independent 
regular  factors,  say  F  and  G,  and  if,  in  considering  integrals  of 
/=  0,  we  begin  with  the  integrals  of  F  =  0,  we  have 

df=0-      ¥=Gd- 
dp          dp  '     dq          dq' 

so  that,  as  G  is  not  zero,  the  critical  quantities  for  the  resolution 

rtJ?  f)Jf 

of  the  equation  are  •=-  and  ^— .     We  thus,  in  effect,  do  consider 
dp  dq 

separately  the  integrals  of  F  =  0  and  G  =  0 ;  and  therefore  no 
generality  is  lost  by  assuming  the  equation  as  irreducible  in  this 
case. 

21.  We  shall  frequently  have  recourse  to  geometrical  illus- 
trations, particularly  in  the  case  of  equations  involving  one  de- 
pendent variable  and  two  independent  variables.  Such  illustrations 
limit  the  range  of  variation  of  the  variables  to  real  quantities ; 
they  will,  however,  be  found  an  occasionally  convenient  method  of 
statement. 

Thus  consider  the  equation  f(x,  y,  z,  p,  gr)  =  0:  an  integral  is 
a  relation  between  x,  y,  and  z,  and  this  can  conveniently  be  inter- 
preted as  the  equation  of  a  surface.  We  have  seen  that,  under 
conditions  which  do  not  need  restatement  for  the  present  purpose, 
there  is  an  integral  such  that,  when  x  =  a,  the  integral  acquires  a 

value  <f>  (y).     But 

x  =  a,     z  =  <f>  (y), 

are  the  equations  of  a  plane  curve,  as  arbitrary  as  is  the  function 
</>  (y).  Hence  a  surface  can  be  drawn  that  will  satisfy  the  partial 
equation  and  will  pass  through  a  plane  curve  which  (within 
certain  large  limitations)  can  be  taken  arbitrarily. 

Similarly,  as  regards  the  modified  result  of  §  20 :  the  equations 
X(x,  y)  =  a,     z  =  6(x,  y\ 

are  the  equations  of  a  skew  curve ;  and  therefore  a  surface  can  be 
drawn  that  will  satisfy  the  partial  equation  and  will  pass  through 
a  skew  curve  which  (within  certain  large  limitations)  can  be  taken 
arbitrarily. 
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22.  A  precisely  similar  application  of  the  general  existence- 
theorems  in  the  last  chapter  can  be  made  when  the  differential 
equation  of  the  first  order  involves  n  independent  variables:  it 
\vill  therefore  be  sufficient  to  state  the  results. 

Denoting  the  independent  variables  by  a^,  ...,  xn,  and  the  first 
derivatives  of  z  by  p^,  .  ..,  pn  as  usual,  we  take  the  equation 
in  the  form 

f(a^,  ...,  xn,  z,j>!,  ...,  ^n)  =  0, 

and  we  assume  it  to  be  irreducible:  and  we  have  the  following 
results. 

Except  for  such  values  of  the  variables  (if  any)  as  make  ^- 

vanish  at  the  same  time  as  f,  the  equation  can  be  resolved  with 
regard  to  pr\  and  if  xl  =  a1,  ...,  xn  =  an,  z  =  c,pl  =  \1,  ...,pn  =  \ni 
be  an  ordinary  set  of  values  for  the  equation  /=  0,  so  that  f  is 
regular  in  their  vicinity,  then  the  resolved  expression  for  pr  is 
regular  in  the  vicinity  of  those  values.  Let  <f>r  denote  a  function 
of  tfj,  ...,  xr_i,  xr+l,  ...,  xn,  which  is  regular  in  the  vicinity  of 
&i  =  a*!,  ...,  xn  =  an,  which  at  aa,  ...,  an  acquires  the  value  cr,  and 
which  is  otherwise  arbitrary.  Then  an  integral  of  the  resolved 
equation  exists,  determined  by  the  conditions 

(i)     it  is  a  regular  function  of  the  variables  within  fields  of 
variation  given  by 

la^-oj^p,    ...,   \xn  —  Onl^p, 
where  p  is  not  infinitesimal; 
(ii)     when  xr  =  ar,  the  integral  acquires  the  value  <f>r. 

Moreover,  the  integral  of  the  resolved  equation,  as  determined  by 
these  conditions,  is  unique. 

If  the  original  equation  is  of  degree  /*  in  pr,  there  are  p  re- 

?)f 
solved  equations  equivalent  to  f=  0  save  when  ~-  vanishes  with  f; 

each  such  resolved  equation  determines  a  unique  integral,  subject 
to  the  imposed  conditions;  if  these  be  f,,  ...,  £M,  then  the  equation 


can  be  regarded  as  providing  the  integral  of  f=  0,  subject  to 
the  imposed  conditions. 

3—2 
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The  resolution  of  the  equation  /=  0  is  possible  with  regard  to 

df 

each  of  the  n  quantities  p  in  turn,  except  only  when  ~  vanishes 

with  f\  and  each  such  solution  leads,  under  corresponding  imposed 
conditions  similar  to  those  used  for  the  resolution  with  regard 
to  pr,  to  similar  integrals  of  the  resolved  equations  and  to  a  corre- 
sponding integral  of/=0,  unique  under  the  imposed  conditions. 

Hence,  by  resolving  with  regard  to  one  or  other  of  the 
derivatives  plt  ...,  pn>  we  establish  the  existence  of  integrals  of 
the  equation,  uniquely  determined  by  imposed  conditions  which, 
within  certain  large  limitations,  involve  an  arbitrary  functional 
element. 

This  establishment  of  the  existence  of  integrals  of  the  equation 
/=0  is  effective  except  in  the  single  conjunction  that  all  the 
quantities 

¥     af         ¥_ 

dpi'     dp*'        '   tyn' 

vanish  for  values  of  the  variables  which  make  /"=  0  :  in  that  con- 
junction, if  it  can  occur,  the  existence-theorems  cannot  be  applied. 
There  will  therefore  remain,  as  a  subject  for  separate  consideration, 
the  discussion  of  the  integrals  (if  any)  of  the  equation 

/=0, 

which  simultaneously  satisfy  the  equations 


As  before,  we  can  deduce  the  existence  of  integrals  which  are 
such  that,  when  some  relation 


is  satisfied,  z  acquires  a  value  </>  (xl  ,  .  .  .  ,  #n),  where  p  and  </>  are 
regular  functions,  and  $  is  not  expressible  in  terms  of  p  alone  : 
the  general  condition,  necessary  for  the  existence  of  the  integral,  is 
that  the  quantity 


shall  not  vanish  in  virtue  ofy=0. 
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CAUCHY'S  THEOREM  FOR  EQUATIONS  OF  THE  SECOND  ORDER. 

23.  The  equation,  next  in  simplicity,  to  which  the  existence- 
theorems  can  be  applied,  is  an  irreducible  equation  of  the  second 
order  in  one  dependent  variable  and  two  independent  variables. 
Denoting  the  second  derivatives  of  z  with  regard  to  x  and  y 
by  r,  s,  t,  as  usual,  we  may  take  the  equation  in  the  form 

f(x,  y,  z,  p,  q,  r,  s,  t)  =  0, 

where  f  will  be  assumed  to  be  a  regular  function  of  its  arguments. 
Let  a,  b,  c,  X,  p.,  a,  /3,  7  be  a  set  of  values  of  the  arguments  of  y  in 

/•)/•" 
the  vicinity  of  which  f  is  regular;   then,  unless  ^-  vanishes  for 

those  values,  the  equation  can  be   resolved  so  as   to   express  r 
in  terms  of  the  remaining  quantities  by  an  equation 

r-a  =  g(x-a,  y-b,  z  -  c,  p-\,  q  -  /*,  s-/3,  £-7), 
say 

r  =  g(x,  y,  z,  p,  q,  s,  t), 

?)f 
where  g  is  a  regular  analytic  function.     Now,  as  ^-  usually  in- 

volves at  least  some  of  the  variables,  it  usually  is  possible  to  choose 

r)f 

initial  values  so  that  f-  does  not  vanish  :  and  then  the  resolution 
dr 

of  the  original  equation  can  be  effected.     But  it  might  happen 
that  values  of  z  (if  any)  and  of  its  derivatives,  which  make  /  vanish, 

7\f 
also  make  ^-  vanish  :  the  resolution  of  the  original  equation  with 

regard  to  r  could  not  be  effected,  and  we  should  have  to  proceed 
otherwise. 

When  the  resolution  is  possible,  the  general  theorems  can  be 
applied  to  establish  the  existence  of  an  integral  z  having  the 
properties  : 

(i)     it  is  a  regular  function  of  x  and  y  within  fields  of  variation 
round  a  and  b,  given  by 


where  p  is  not  infinitesimal; 
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dz 
(ii)     when  x  =  a,  then  z  reduces  to  <f>0  (y)  and  r-  reduces  to  fa  (y), 

OOC 

where  fa  (y}  and  fa  (y)  are  regular  functions  of  y  within 
the  domain  y  —  b  ^.  p,  acquiring  the  values  c  and  \ 
respectively  when  y=b,  and  are  otherwise  arbitrary  ; 

(iii)     the  integral  z  as  determined  by  these  conditions  is  unique. 

The  mode  of  establishment  is  similar  to  that  in  the  case  of  the 
equation  of  the  first  order,  and  so  the  exposition  will  be  brief. 
We  consider  a  system  of  equations 

dz 
dx==P  ' 

dp 
—  =  r 

dx 

dq  _dp 
dx     dy' 

ds  _  dr 
dx     dy' 

cft=ds_ 
doc     dy' 

d^==dl  +  d^p  +  dIr  +  d^dP  +  d^?H  +  dldl 
dx     dx     dz  *     dp        dq  dy     ds  dy      dt  dy  ' 

of  the  same  character  as  in  the  general  existence-theorems;  and 
we  regard  the  system  as  involving  six  dependent  variables 
z,  p,  q,  r,  s,  t.  When  the  former  results  are  applied,  we  infer 
the  existence  of  integrals  of  this  system  of  equations,  characterised 
by  the  properties  : 

(i)     they  are  regular  functions  of  x  and  y  within  the  fields  of 
variation 


(ii)     when  x  =  a,  then 

z  =  <f><>  (y\ 


_  d<fa  (y) 
~      dy 


_ 

dy 
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where  <£0  (y)  and  </>i(y)  are  the  foregoing  regular  functions: 

(iii)     the  set  of  integrals  determined  by  these  conditions  is 
unique. 

Let  the  set  of  integrals  thus  determined  be 

z  =  Z  (x,  y),    ^  =  P  (x,  y),     9  =  Q  (a?,  y), 
r  =  R(x,  y},     s  =S  (x,  y),      £  =  T(a:,  y)  ; 

then  z  =  Z(x,y}  is  the  announced  integral  of  the  original  resolved 
equation. 

The  proof  is  simple,  on  the  same  lines  as  before.     From  the 
first  of  the  equations,  we  have 

dZ_p 
dx~ 

and  therefore 

dz__ 

dx~P' 
Similarly 

dp     &z 
r  —  •*•  =  — 
dx     dx*' 

Again,  the  third  equation  gives 

9Q  =  3P 

dx      dy 

_  d-z 

~~ 
so  that 


Thus  ^  --  Q  is  independent  of  x  :  inserting  the  values  of  Z  and  Q 
y 

when  x  —  a,  we  find  the  value  to  be  zero,  so  that 


and  therefore 

dz 
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The  fourth  equation  gives 

dS  =  d_R 

dx      dy 


dP  . 

and  therefore  S  —  ^—  is  independent  of  x :  its  value  is  zero  when 
dy 

x  =  a,  and  so 

$  =  — , 

that  is, 

_dp 


Similarly  from  the  'fifth  equation,  we  have  T—  ^  independent 

c7 

of  a? :  its  value  is  zero  when  x  =  a,  so  that 

T_vz 

dy*' 
that  is, 

d2z 

~W 
Lastly,  writing 

v  =  R-g(x,  y,  Z,  P,  Q,  S,  T), 

the  sixth  equation  shews  that  v  is  independent  of.ar:  its  value  is 
zero  when  x  =  a,  and  so  v  =  0  generally.     Thus 

R-g(x,y,Z,P,Q>S,T)  =  0, 
that  is, 

r-  g  (x,  y,  z,  p,  q,  s,  t)  =  0, 

dz  dz  d*z  d-z  d*z 

where   p  =  ^-  ,   q=  *-,   r  =  ^—,   s  =  ^-r-  ,   t  =  ^—.,  in  association 
dx  dy  da?  dxdy  dy* 

with  z  =  Z(x,  y). 

Owing  to  the  other  properties,  by  which  it  obeys  the  assigned 
conditions,  z  =  Z(ac,  y}  is  the  integral  of  the  original  differential 
equation,  having  the  prescribed  character. 

Thus  the  existence  of  an  integral  of  the  equation 
f(cc,  y,  z,  p,  q,  r,  s,t)  =  0 
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ftf 
is  established,  save  in  the  case  when  ^-  vanishes  for  values  (if  any) 

of  the  variables  simultaneously  with  /.     When  ^-  does  not  thus 

vanish,  the  original  equation  is  analytically  resoluble  :  there  is  one 
such  integral,  subject  to  the  imposed  conditions,  for  each  resolved 
branch  of  the  equation:  and  if  £\,  £>>  •  ••  be  these  integrals,  then 


provides  an  integral  of  the  original  equation. 

Similarly,  if  the  equation  is  resolved  with  regard  to  t  —  and  this 
will  be  possible  except  for  such  values  (if  any)  of  the  variables  as 

df 

make  ~  vanish  simultaneously  with  f  —  and  if  the  resolved  form  is 
ut 

t  =  h(x,  y,  z,  p,  q,  r,  s), 

where  h  is  a  regular  function  of  its  arguments,  then  an  integral  z 
exists,  characterised  by  the  properties  : 

(i)    it  is  a  regular  function  of  x  and  y  within  fields  of  variation 
round  a  and  b,  given  by 


where  p  is  not  infinitesimal  ; 

dz 
(ii)     when  y  =  b,  then  z  reduces  to  I/TO  (x)  and  ^-  reduces  to 

^(x),  where  ^r0(x)  and  ^(ur)  are  regular  functions  of 
x  within  the  domain  \  x  —  a  \  <  p,  acq  Hiring  the  values 
c  and  p  when  x  =  a,  and  are  otherwise  arbitrary  ; 

(iii)     the  integral  z,  determined  by  these  conditions,  is  unique. 

The  proof  is  similar  to  that  of  the  earlier  proposition  and  so  need 
not  be  expounded. 

24.     It  may  happen  that  there  are  values  of  the  variables  for 
which  the  equation  is  not  resoluble  with  regard  either  to  r  or  to  t, 

?}f    7)f 
so  that  *£»  £>  f  vanish  simultaneously  for  such  values  :  yet  for 

these  values  the  equation  /=  0  may  be  resoluble  with  regard  to  s. 
In  that  case,  we  change  the  independent  variables  from  x  and  y  to 
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x'  and  y'  ;  denoting  the  derivatives  with  regard  to  the  new  variables 
by  p',  q',  r',  s',  t',  we  have 

,  idx'V      _  ,  das'  'by       .  fdy'\2       ,  &x        ,  8V  } 

r=r 


,  doc'  doc' 
das  dy 


When  these  are  substituted,  the  new  equation  will  be  resoluble 
with  regard  to  r'  except  for  values  (if  any)  of  the  variables  which 

df 

make  ~>  vanish,  that  is,  which  make 
or 


_ 

dr  \  das)       ds  dx  dy      dt  \  dy 
vanish.     In  the  present  case,  we  can  choose  x'  so  that  it  shall 
involve  x  and  y  ;  and  therefore,  even  though  ~-  and  ~  vanish,  the 

Ol  (Jv 

foregoing  quantity  will  not  vanish  unless  ~  vanishes.     When  ^ 

OS  C/S 

does  not  vanish,  the  equation  can  be  resolved  with  respect  to  r'  : 
and  an  integral  of  the  equation  exists,  uniquely  determined  by 
conditions  similar  to  those  in  former  cases. 

This  transformation,  moreover,  shews  that  the  initial  conditions 
can  be  modified  in  all  the  preceding  cases:  they  can  be  associated 
with  an  initial  value  x'  =  a',  of  course  with  the  appropriate  modi- 
fications, that  is,  they  can  be  associated  with  an  initial  relation 

6  (x,  y)  =  a', 
where  8  is  a  regular  function. 

The  existence  of  an  integral  of  the  equation 
f(x,  y,  z,  p,  q,  r,  s,t)  =  0 

is  thus  established  except  for  such  values  (if  any)  of  the  variables 
as  make  the  equations 

y=0    8/=o    ^=o 

•^  v>        -^     —  v>         ^-1  —  v 

or  ds  dt 

satisfied  simultaneously  with/=  0.  If  this  be  possible,  the  exist- 
ence-theorem does  not  apply  :  and  there  must  be  an  independent 
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discussion  of  these  integrals,  if  any.  This  discussion  will  be 
deferred. 

In  the  case  of  equations  of  the  first  order,  say  in  two  independent  variables 

-if     ~<f 

only,  we  are  accustomed  to  the  existence  of  integrals  such  that  /,  ^-  ,   J- 

vanish  simultaneously.  Without  anticipating  the  discussion  of  the  corre- 
sponding question  for  equations  of  the  second  order,  it  is  to  be  remarked 
that  the  four  equations 

f=0,       V-Q,       |U,       |=0, 
•*  or  fa  ct 

may  coexist  without  rendering  the  elimination  of  r,  s,  t  possible.  An  example 
is  furnished  by  the  equation 


(/•or2  +  2sxy  +  ty*  -  2px  -  2qy  +  Zz}2  -  a*  (r2  +  2**  +  **) 


CAUCHY'S  THEOREM  IN  GENERAL. 

25.     We  now  proceed  to  apply  the  existence-theorems,  in  order 
to  establish  the  existence  of  integrals  of  the  system  of  equations 


^1             F7                v       «&2             n                            \J         *"fll  [•* 

— ^S  £t\)  ^ ^=  fifty    •  •  •  "^ ^—  4*rny 

where  the  quantities  Z^,  Z2>  ...,  Zm  are  regular  functions  of  the 
independent  variables  ar1}  ...,  xn,  of  the  dependent  variables  zl}  ..., 
zm,  and  of  the  derivatives  of  the  latter  of  all  orders  up  to  (and 
including)  rly  ...,  rm  respectively,  except  only  those  derivatives 
which  appear  on  the  left-hand  sides  of  the  equations. 

Let  ctj,  ...,  an  be  values  of  x^,  ...,  xn  within  the  field  of  regular 
existence  of  the  quantities  Zl} . . . ,  Zm ;  and  let  a  number  of  functions 
of  #2,  . ..,  xn  be  chosen,  which  are  regular  in  the  vicinity  of  a2,  ..., 
an,  and  (subject  to  certain  limitations  upon  their  coefficients  about 
to  be  stated)  which  are  otherwise  arbitrary.  These  functions  will 
be  denoted  by  $AM,  for 

\=1,   ^=0,  1,    ...,    rj-1; 
X  =  2,   /*  =  0,1,    ...,    r2-l; 
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Then   a   system  of  integrals  z^,    ...,  zm   of  the   equations   exists, 
characterised  by  the  properties: 

(i)     they   are   regular  functions   of  xlt    ...,   xn   in  fields  of 
variation  given  by 


x-a 


xn  -  a 


where  p  is  not  infinitesimal; 

(ii)     when  xl  =  al,  the  values  acquired  by  the  integrals  and  by 
their  derivatives  are  given  by  the  relations 


for  the  various  values  of  X  and  //.,  it  being  assumed  that 
the  values  of  the  functions  _<fr\n,  when  #2  =  a2,  ...,  xn  =  an, 
are  values  of  the  derivatives  of  zl,  ...,zm  within  the  field 
of  regular  existence  of  the  functions  Z1,  ..,,  Zm  ; 

(iii)     the  system  of  integrals,  thus  determined,  is  unique. 

In  order  to  establish  this  result,  we  merely  generalise  the 
method  applied  in  the  preceding  special  cases  of  the  theorem.  We 
introduce  a  number  of  auxiliary  variables 


assigning  as  initial  conditions  that,  when  3^  =  0^,  the  values  they 
shall  assume  are  given  by  the  relations 


P^roo...  —  $Ar> 

when  r  <  r^,  and  [Z^]  is  the  value  of  Z*.  when  xl  =  al  ;  and  we  con- 
struct the  system  of  equations 


,    *•+!,   0,   0,    ..., 


these  holding  for  r  <  rx,  r  +  s  +  t  +  ...<  r^,  s  >  0,  and  for  all  values 
of  X  ;   the  right-hand  side  of.  the  first  equation  is  the  complete 
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derivative  of  Z^  with  respect  to  #i,  the  derivatives  of  the  included 
arguments  being  modified  by  the  rest  of  the  equations  in  this 
amplified  system. 

The  substituted  system  of  equations  conforms  to  the  type 
specified  in  the  general  existence-theorems,  which  accordingly 
apply.  The  system  possesses  a  set  of  integrals  having  the  pro- 
perties : 

(i)     they  are    regular   functions  of  the  variables  a:,,  ...,  xn 
within  the  specified  fields  of  variation  : 

(ii)     when  x-i  =  al}  the  various  dependent  variables  acquire  the 
respective  assigned  values  : 

(iii)     the  integrals,  thus  determined,  are  unique. 
Let  the  values  of  z,  which  occur  in  this  set  of  integrals,  be 

Zr=^r(x1,  ...,#„), 

for  r  =  1,  .  .  .  ,  m  :  these  values  constitute  the  announced  set  of  integrals 
of  the  original  system  of  equations. 

The  method  of  proceeding  is  the  same  as  for  the  simple  cases. 
Thus  we  have 


direct  from  equations  of  the  substituted  system.     Again,  we  have 


Thus  ^AOIOO...  —  o-^  is  independent  of  x^  ;  its  value  is  zero  when  xl=ali 
ox% 

and  therefore  is  zero  generally,  that  is, 

9^x_ 

55  "*•*-• 

And  so  on,  step  by  step  :  the  last  step  gives 

o 
g^T  Cpxr^oo...  -  ^A)  =  0, 

so  that  PAT^W...  —  Z*.  is  independent  of  x±  :  its  value  is  zero  when 
x1  —  OrL,  owing  to  the  assigned  conditions  ;  and  therefore  the  value 
is  zero  generally,  that  is, 
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and  therefore  we  have 


equations  which,  for  all  the  values  of  X,  constitute  the  original 
system.  These  are  equations  satisfied  by 

ZK  =  -^A  Oi  ,  .  •  •  ,  #„),  (X  =  1,  .  .  .  ,  m), 

which  accordingly  are  the  integrals  of  that  original  system.  The 
properties,  which  they  possess  as  integrals  of  the  substituted 
system,  both  as  regards  regular  character,  values  acquired  when 
xl  =  al,  and  uniqueness,  shew  that  they  obey  the  conditions  imposed 
in  connection  with  the  original  system. 

A  simple  illustration  is  provided  by  the  differential  equation  of  a  vibrating 
plane  membrane,  which  is 


where  A2  is  a  constant  :  an  integral  of  this  equation  is  uniquely  determined  by 
the  condition  of  being  a  regular  function  of  x,  y,  t,  and  by  the  conditions  that, 
when  t=0, 


By  the  nature  of  the  case,  the  boundary  of  the  membrane  is  fixed  ;  hence, 

dz 
along  the  boundary,  z  and  ~-  are  always  zero,  so  that  the  regular  functions 

f(x,  y)  and  g(x,  y)  have  their  otherwise  arbitrary  character  restricted  by 
this  general  condition  attached  to  the  particular  problem.  But  it  follows 
from  the  general  theorem  that,  if  an  integral  can  be  obtained,  in  any  manner, 
satisfying  the  imposed  conditions,  it  is  the  unique  integral,  subject  to  those 
conditions. 

For  example,  let  the  membrane  be  rectangular  in  form,  having  its  sides 
equal  to  a  and  6:  let  the  .equations  of  the  sides  be  y=0,  y  =  b,  #=0,  x—a, 
so  that  /  and  g  must  vanish  for  any  one  of  these  four  relations.  Now  an 
integral  of  the  equation  is  given  by 

z  =  (a  cos  ct  +  ft  sin  cf)  sin  \x  sin  py, 
provided 


and  this  integral  will  vanish  on  the  rectangular  boundary  if 

sin  Xa  =  0,        sin  p,b  =  0. 
The  latter  will  be  satisfied  by  taking 

lit  mn 

X=a'         ^  =  T' 
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where  I  and  m  are  integers  ;  then 


and  the  integral  is 

.    .    lirx   .    miry 
2=(acosc*+/3sin<tf)8in sin— jf- . 

CL  0 

Clearly,  the  sum  of  any  number  of  such  integrals  is  also  an  integral :  so  that 
we  have  an  integral  given  by 

ao    oo  .    .    litx  .    miry 

Z=  ?    2   (almcoscjm*+/3,msinc,m0sin  —  sm~ir'- 
l=i  m=i 

This  quantity  Z  vanishes  on  the  boundary  :  if,  then,  the  coefficients  ajm,  /3jm 
can  be  determined  so  as  to  satisfy  the  imposed  conditions,  we  shall  have  the 
required  integral  Now,  when  <=0, 

_  .    lirx   .    miry 

Z=  2    2   atm  sin sin  — r*  , 

1=1  TO=i  a 

f)Z  .    lirx    .    miry 

—  =  2    2   Cfmfiim  sm sin  ——  ; 

ct     j=i  m=i  a 

and  these  should  be  equal  to  f(x,  y),  g(x,  y),  which  accordingly  impose 
limitations  upon  the  character  of  the  regular  functions.  The  conditions  will 
be  satisfied  if 


lirx   .    miry 


The  required  integral  is  uniquely  given  by  the  expression 

•   *  .    Ittx   .    miry 

2=22   (afa  cos  ctmt  +/3Jm  sin  e^f)  sin  -  sin  —  j-*-  , 

1=1  m=l  a 

with  the  foregoing  values  for  the  coefficients  a  and  /3. 

Note.  It  will  be  noticed  that  the  existence-theorem  provides 
for  the  introduction  of  a  number  of  functions  which,  within  certain 
very  wide  limitations,  are  arbitrary  functions  of  all  the  variables 
but  one,  or  are  arbitrary  functions  of  all  the  variables  subject  to  an 
assigned  relation  among  the  variables.  In  the  case  of  the  system 
of  equations  considered  in  this  section,  the  number  of  these 
functions  is 


being  the  sum  of  the  orders  of  the  highest  derivatives  that  occur. 

In  particular,  if  there  be  only  a  single  dependent  variable  and 
a  single  equation  of  order  r,  the  number  of  arbitrary  functions 
provided  by  the  theorem  for  the  precise  determination  of  the 
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integral  is  r,  the  same  as  the  order  of  the  equation.  Special 
illustrations  have  been  furnished  by  an  equation  of  the  first 
order  and  by  an  equation  of  the  second  order. 

26.     In  the  establishment  of  the  theorem  as  to  the  existence 
of  integrals  of  the  equations 


it  was  assumed  that  no  derivatives  of  zl  of  order  higher  than  r^ 
occur,  and  similarly  for  the  derivatives  of  the  other  dependent 
variables.  This  limitation  is  important  :  it  is  actually  necessary 
in  order  that  the  convergence  of  the  series  (and  therefore  the 
functional  significance  of  the  integrals)  may  be  established. 

The  importance  of  the  condition  may  be  illustrated  by  a  single  example  *. 
Consider  the  equation 

&z  =  dz 

dy*     dx  ' 

which  belongs  to  the  system  when  associated  with  imposed  conditions  to  be 
satisfied  for  an  assigned  value  of  y  ;  but  the  limitation  is  not  obeyed  when  the 
imposed  conditions  are  to  be  satisfied  for  an  assigned  value  of  x.  To  see  the 
effect  of  the  limitation,  let  it  be  required  to  obtain  an  integral  of  the  equation 
which  shall  acquire  a  value  P  '  (y)  when  #=0,  P(y]  being  an  analytic  function 
of  y,  regular  in  the  vicinity  of  y=0.  A.  formal  solution  is  manifestly  given  by 

xn  fllnp 


The  convergence  of  the  series  cannot  be  established  :  indeed,  the  series  in 
general  is  not  a  converging  series.     To  make  the  series  more  precise,  let 


which  satisfies  all  the  conditions  :  then 

xn 


2=   2 

1  2w. ! 

\ ,,      X     . 


Now  it  is  known  t  that  p,  the  radius  of  convergence  of  a  converging  series 
2am.rm,  is  given  by 

1  1 

-  =  Lim|awm|; 

P      m=<x> 

*  Kowalevsky,  Crelle,  t.  LXXX  (1875),  p.  22. 
t  T.  F.,  §  26. 
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hence,  if  p  be  the  radius  of  convergence  of  the  series  for  z  regarded  as  a  power- 
series  in  x,  we  have 

1_        1 

1        T .      4m    2 
-^  Lim  —  2 


I 
'•\m 


I  1-^  i2  m=a 

approximately,  by  the  use  of  Stirling's  theorem;  thus  p  is  zero,  whatever 
finite  value  be  possessed  by  y.  In  other  words,  there  is  no  region  of  con- 
vergence for  z  in  the  case  of  the  assumed  form  of  P(y). 

The  question  thus  suggests  itself:  what  are  the  limitations  upon  P(y)  that 
the  series  for  z  should  converge  ?  To  answer  it,  we  take  the  equation  as 
an  instance  of  the  equations  in  §  23  :  the  theorem  shews  that  a  regular 
integral  exists  determined  uniquely  by  the  conditions  that,  when  y=0, 


=  2  c 
n=0 


-  2 

*=o 


where  Q  (x)  and  R  (x)  are  regular  functions.     The  formal  expression  of  this 
integral  is  easily  found  to  be 


Hence,  when  #=0,  the  value  of  z  is  given  by 
2 


if  the  integral  is  to  be  given  by  the  former  process,  this  must  be  the  value  of 
P  (y)  in  the  assigned  initial  conditions. 

Let  r  denote  the  radius  of  convergence  of  the  power-series  Q(x}  and 


R  (x)  simultaneously  :  then,  because  2  CH-T"  and  2 

»=o  »=o 

when    x  <r,  a,  finite  quantity  G  exists  such  that 


so  that  we  may  take 


are  converging  series 


_Gu  _Gv 

C*~  *  '          "~  -  ' 


where  j  u  \  <  1,  |  v  \  <  1,  while  u  and  v  are  not  zero.     If  p  denote  the  radius  of 
convergence  of  the  series  of  powers  of  y,  then 

i 


-  =  Lim 
p     m=x 

=0, 


ml    Gu 
2m!  r™ 


or  the  power- series  must  converge  over  the  whole  plane.     Consequently,  the 
only  functions  admissible  as  values  of  P  (y)  in  the  earlier  investigation  are 

F.  v.  4. 
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those  which  are  regular  over  the  whole  plane  and,  when  expressed  as  power- 
series,  converge  over  the  whole  plane  in  a  manner  comparable  with  the  series 


Thus  possible  values  of  P(y]  are  given  by 


when  (in  the  last  example)  the  real  part  of  n  is  positive. 

27.  The  equations,  in  §  25,  though  not  of  a  completely  general 
character,  constitute  a  very  extensive  class  ;  and  they  are  even 
more  extensive  than  their  explicit  form  indicates,  because  of  the 
possibilities  of  transformation. 

Suppose  that,  in  a  given  system  of  m  equations,  the  order  of 
the  highest  derivative  of  ZK  is  rA,  for  X  =  1,  ...,  m;  then,  by  trans- 
formation of  the  independent  variables,  it  is  usually  possible  to 
secure  the  explicit  occurrence  of  the  derivatives 


that  is,  of  the  highest  derivatives  with  regard  to  one  and  the 
same  variable.  If  all  these  occur,  no  change  is  needed  ;  if  any  are 
absent,  we  change  the  variables  by  relations 

Xg   r=  CtgiXi  ~r  Ctg%X%  -f~  •  •  •  ~i    ("sn&'ni 

for  s  =  l,  .  .  .  ,  n,  the  constant  coefficients  a  being  at  our  disposal 
provided  their  determinant  is  kept  different  from  zero.  Suppose 
that  the  required  derivative  of  z1  has  not  occurred  in  the  original 

driz 
equations,  but  that  there  is   a   derivative   .  *  u  —  ,  where 

u<K\  03C%  vOC$    •  •  . 

s  +  t  +  u  +  ,  .  .  =  ra  ;    then,  after  the  transformation,  the  derivative 

gr,^ 

.r—  yi   will   occur   unless   On"^^"...   vanishes.     We   can   always 

GXiri 

secure  that  this  negative  provision  is  satisfied;  hence  the  m 
equations  can  be  transformed  so  that  the  required  derivatives 
occur  explicitly. 

But  this  result  is  not  sufficient  to  secure  the  form  of  the 
equations  adopted  for  the  existence-theorem  ;  it  must  further  be 
possible  to  resolve  the  m  equations  with  respect  to  the  m  selected 
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derivatives.     When  the  resolution  is  possible,  the  resolved  equa- 
tions are  of  the  form 

^r>^i_y  &mzm  _  7 

-^'  •••'  ~ 


When  the  resolution  with  regard  to  the  selected  derivatives  is  not 
possible,  and  is  equally  not  possible  with  regard  to  every  set  of 
similarly  selected  derivatives,  the  equations  do  not  belong  to  the 
class  considered. 

As  an  instance  shewing  that  the  form  cannot  be  regarded  as 
one  to  which  all  equations  of  the  type  considered  are  reducible, 
take  the  equations 

p  %z\      p  dz9      p  dz3  _  „ 
J  '  '" 


7?          _i_  7?       2  _i_  7?        3  _  7  • 
-"1  1        T  -"2  -,        T  •*•!  -i        —  "3  j 

dx3          dx3          dx3 
when  the  transformation 


(for  s  =  1,  2,  3)  is  effected,  they  have  the  form 

8^2 


Ci  Cl  ^i 

The  equations  can  be  resolved  for  —  -,,  o~~7>  ^~~^/  (and  therefore 

CW?l       C/iTj       (/^ 

would  be  reducible  to  the  selected  general  form)  if 

j,     P2,     P3 


!,     R2, 

is  not  zero.  But  it  might  very  well  happen  that  the  determinant 
of  the  coefficients  P,  Q,  R  should  vanish  identically  ;  the  resolution 
would  then  be  impossible.  In  that  case,  it  is  equally  impossible 

4—2 
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to  resolve  the  equations  with  regard  to  =-^>,  r-^,,  ^-^,  and  also 

(jQCf^          U3C<£          OOCf^ 

with  regard  to  the  remaining  three  derivatives,  and  so  the 
existence-theorem  cannot  be  applied ;  but  then  it  is  also  necessary 
that  the  relations 


Plt    P2,    P3,    Z, 

H/l  >        H>  2 )         H> 3 )       ^2 


=  0 


be  satisfied. 


Hence  the  form  of  equations  retained  in  §  25  is  not  a  com- 
pletely inclusive  normal  form ;  but,  as  already  stated,  it  includes  a 
very  extensive  class  of  equations*. 

Ex.     Consider  the  equations 

ou     ,  dv      ciX 

a  ~-  +  6  ~-  =  -5  - 

ox       ox      ox 

,du     ,  .cSv      dF 

a  ~-  +  b  =-  =  -~- 

dy       dy      dy 

where  a's  and  6's  are  constants,  X  is  a  function  of  x  alone,  Y  is  a  function  of 
y  alone. 

Effecting  the  transformations,  we  easily  find  that  the  system  can  be 
changed  so  as  to  have  the  normal  form  selected,  provided  ab'-ab  is  not 
zero.  Assuming  this  proviso  satisfied,  the  existence-theorem  applies  and 
the  integrals  certainly  exist :  they  are  most  easily  obtainable  by  quadrature 
from  the  original  equations  in  the  form 


fr-7+f(*).) 

where  /  and  g  are  arbitrary  functions.  To  determine  /  and  g  in  connection 
with  assigned  initial  conditions,  we  take  the  existence-theorem  for  the 
transformed  equations:  it- would  assign  values  (f)(yx  +  8y)  and  ^(yx  +  8y)  to 
u  and  v  respectively  when  ax+fty  is  constant,  say  X,  where  a8  —  @y  is  not 
zero.  Thus 

y\     oS-/3- 


which  determine  /  and  g. 

*  For  a  fuller  discussion  of  this  matter,  see  Bourlet,  Ann.  de  VEc.  Norm.  Sup., 
3me  Ser.,  t.  vni  (1891),  supplement.  The  example  that  follows  is  taken  from  this 
memoir. 
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But  if  ab'  —  a'b=0,  the  resolution  is  not  possible:   and  the  existence- 
theorem  does  not  apply.     The  quadrature  is  still  possible  ;  and  we  find 

au  +  bv=X+f(y\ 
a'i'+b'v=T+ff(x), 

where  f(y}  is  arbitrary  so  far  as  the  first  equation  is  concerned,  and  g(x)  is 
arbitrary  so  far  as  the  second  equation  is  concerned.  Assuming  for  purposes 
of  illustration  that  no  one  of  the  constants  a,  6,  a',  b'  vanishes,  we  have 


hence,  as  there  is  no  relation  between  the  variables  x  and  y,  we  must  have 


-, 

where  c  is  a  constant.  The  two  integral  equations  are  now  equivalent  to  one 
only  ;  hence  they  do  not  precisely  determine  the  two  quantities  u  and  v. 
One  of  these  can  be  taken  at  will,  say 

r  =  d(x,  y); 
and  then 

X      T     be 


a      a       a 

which  accordingly  are  integral  equations  in  the  case  when  ab'  —  a'b=0. 

OTHER  CLASSES  OF  EQUATIONS. 

28.  The  preceding  forms  of  equations  are  thus  not  universally 
inclusive ;  and,  in  recent  years,  investigations  have  been  made  on 
general  differential  systems,  so  as  to  establish  the  existence  of 
integrals  under  assigned  conditions  associated  with  wider  classes 
of  equations.  These  investigations  are  mainly  due  to  Meray, 
Biquier,  Bourlet,  Tresse,  and  Delassus*:  their  formal  complication 
is  elaborate.  There  are  two  main  issues  in  this  development  of 
the  theory ;  one  is  the  construction  of  canonical  forms,  the  other 
is  the  establishment  of  the  existence  of  integrals  of  the  systems  of 
equations,  the  expression  of  which  involves  arbitrary  constants  or 
arbitrary  functions.  And  we  have  seen,  by  a  particular  example, 

*  Many  references  will  be  found  in  von  Weber's  article  on  partial  differential 
equations  in  the  Encyclopadie  der  mathematischen  Wissenschaften,  vol.  11,  pp.  299, 
300.  lu  addition  to  these,  four  memoirs  by  Riquier  may  be  mentioned ;  they  are 
to  be  found  in  the  Acta  Math.,  t.  xxm  (1900),  pp.  203 — 332,  ifc.,  t.  xxv  (1902), 
pp.  297—358,  Ann.  de  I'Ec.  Norm.  Sup.,  3me  Se>.,  t.  xvrn  (1901),  pp.  421—472, 
i&.,  t.  xx  (1903),  pp.  27—73. 
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(§  3),  that  cases  may  occur  in  which  integrals  certainly  exist  and 
cannot  contain  any  arbitrary  element  whatever. 

For  such  investigations,  we  refer  to  the  memoirs  of  the  authors 
quoted ;  and  we  shall  therefore  enter  into  no  further  detail  as  to 
the  existence  of  integrals  of  systems  of  equations  in  number  equal 
to  the  number  of  dependent  variables.  There  still  remain,  for  our 
consideration,  the  discussion  of  the  integrals  (if  any)  of  an  equation 
or  a  system  of  equations  in  the  vicinity  of  values  of  the  variables 
where  the  functions  concerned  are  not  regular,  and  the  discussion 
of  the  integrals  (if  any)  of  systems  of  equations  in  which  the 
number  of  dependent  variables  is  less  than  the  number  of  equa- 
tions. To  the  former,  very  little  space  will  be  devoted  as  the 
subject  is  hardly  begun :  it  certainly  seems  to  have  claimed  no 
attention  from  investigators.  The  latter  is  of  the  utmost  import- 
ance, particularly  in  the  case  when  there  is  only  one  dependent 
variable ;  it  will  be  undertaken  in  a  succeeding  chapter. 


CHAPTER  III. 

LIXEAR  EQUATIONS  AND  COMPLETE  LINEAR  SYSTEMS. 

FOR  the  materials  of  this  chapter,  reference  may  be  made  to  the  authorities 
quoted  in  Part  I,  ch.  n,  of  this  work,  in  particular,  to  Mayer's  memoir,  Math, 
Ann.  t.  v  (1872),  pp.  448 — 470,  and  also  to  chapter  n  of  Goursat's  Legons  sur 
I  'integration  des  equations  avx  derive'es  partielles  du  premier  ordre.  The  chap- 
ter is  devoted  to  linear  equations,  either  single  or  in  simultaneous  systems. 

Single  equations  and  systems  of  simultaneous  equations,  which  are 
homogeneous  and  linear  in  the  differential  elements  of  the  variables,  have 
already  been  discussed.  The  discussion  of  exact  equations  and  exact  systems 
of  this  type  is  given  in  the  first  two  chapters  of  volume  I  of  this  work :  the 
remainder  of  that  volume  is  devoted  to  the  discussion  of  inexact  equations 
(PfafF s  problem)  and  of  inexact  systems. 

n 

THE   LINEAR   EQUATION     2    Z,pf  =  0. 

»=1 

29.  We  proceed  to  a  more  detailed  consideration  of  equations 
of  the  first  order.  Cauchy's  theorem  establishes  the  existence  of 
integrals  having  a  considerable  degree  of  generality :  but  it  does 
not  prove  that  the  integrals  have  the  widest  degree  of  generality 
possible  or  that  they  include  all  integrals  by  the  appropriate 
specification  of  the  arbitrary  elements ;  and  the  only  method  which 
it  provides  for  the  actual  construction  of  the  integrals  leads  to 
expressions  in  power-series.  It  should  be  added,  however,  that 
(save  for  special  classes  of  equations)  the  method  provided  in  the 
proof  of  the  existence-theorem  is  the  only  universal  mode  of  con- 
structing the  integral :  but  for  those  special  classes  of  equations 
simpler  methods  can  be  devised  for  the  construction  of  the  integrals, 
while  further  information  can  be  obtained  as  to  their  relative 
generality  and  their  classification.  In  all  that  follows,  we  are 
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concerned  rather  with  the  theory  in  general  than  with  the  practical 
solution  of  particular  equations  as  expounded  in  text-books*. 

The  simplest  equations  of  all  are  those  which  are  linear  in  the 
derivatives  ;  among  them,  the  simplest  is  the  equation 

X^  +  X2p.2  +  ...  +  Xnpn  =  0, 

when  the  coefficients  Xlt  ...,  Xn  are  functions  of  the  variables 
oc1,  ...,  xn  but  do  not  involve  the  dependent  variable  z.  It  will 
be  seen  later  that  every  linear  equation  can  be  expressed  in  this 
form. 

As  usual,  we  associate  with  the  partial  equation  the  system  of 
ordinary  equations 

dx1  _  dx2  _        _  dxn 
Xi      X2  Xn  ' 

by  the  theory  of  such  equations,  their  integral  equivalent  consists 
of  n  —  1  independent  equations  in  a  form 

ur(x1}  ...,  xn)  =  cr,        (r  =  l,  ...,  n-l). 
Taking  any  one  of  these  integral  equations,  we  have 
dur  7  dur  , 

8^1  +  -+a^  =  0' 

concurrently  with  the  ordinary  differential  equations  ;  hence 


again  an  integral  equation.  Now  there  cannot  be  an  integral 
equation  independent  of  the  set 

HI  =  Cif    Uy,  =  Cg,  .  .  •  j     WH_i  =  Cn—i  , 

so  that  the  new  equation  is  not  independent  of  this  set.  But  it 
does  not  involve  any  of  the  quantities  c  ;  hence,  though  the  equation 
holds,  it  does  not  hold  in  virtue  of  the  integral  set.  It  therefore 
can  only  be  an  identity  ;  so  that  the  equation 

Y  dUr  -u        «-  Y   diir  -  0 
Zl8^  +  -+X"^n- 

is  satisfied  identically.     Consequently,  when  we  put 

z  =  ur 

*  For  instance,  much  of  chapter  ix  in  my  Treatise  on  Differential  Equations, 
(3d.  edn.  1903),  will  be  taken  for  granted. 
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in  the  original  partial  equation,  the  latter  is  satisfied  identically: 
and  therefore  z  —  ur  is  an  integral  of  the  partial  equation. 

Moreover,  this  holds  for  all  values  of  r  ;  and  therefore  there  are 
n  —  1  functionally  distinct  integrals  of  the  equation.  But  there 
are  not  more  than  n  —  1  distinct  integrals  ;  that  is,  every  integral 
can  be  expressed  in  terms  of  these.  Let  any  integral  be  denoted  by 

z=f(x1,  ...,  Xn); 
then  the  equation 

Y  V  i-X    9/-0 

A,  3  --  h  ...  +  An  =  —  =  U 
OXt  OJI.'n 

is  identically  satisfied.     The  equations 


for  /•  =  1,  ...,  ?i  —  l,  are  identically  satisfied:  and  the  quantities 
X1}  ...,  Xn  do  not  all  vanish:    hence 


J=J(J,    "1.    ...,"»-!        =  (X 


The  quantities  u  are  functionally  distinct,  so  that  J  does  not  vanish 
through  an  aggregate  of  vanishing  first  minors.  It  cannot  vanish 
in  virtue  of  z  =f,  for  it  does  not  involve  z.  It  must  therefore 
vanish  identically  ;  and  therefore  some  relation  must  exist  among 
the  quantities  f,  wa,  ...,?*„_!,  the  relation  involving  f  because 
iti,  ...,  wn_!  are  functionally  distinct:  let  it  be 


Hence  the  equation  possesses  exactly  n  —  ~L  functionally  independent 
integrals. 

If  f  denote  the  most  general  integral  of  the  equation,  then 
<f>  must  be  the  most  general  function  possible  :  the  requirement 
is  satisfied  by  making  <f>  a  completely  arbitrary  function  of  its 
arguments.  Hence  if  u-i,  ...,  un_^  be  a  set  of  functionally  inde- 
pendent integrals,  the  most  general  integral  of  the  equation  is 
given  by 


<f>  is  a  completely  arbitrary  function  of  its  arguments. 
The  arbitrary  function  <£,  and  the  functionally  distinct  integrals, 
can  be   determined  so   as   to  satisfy  assigned   initial  conditions 
and  therefore  so  as  to  yield  the  integral  established  by  Cauchy's 


58  HOMOGENEOUS   LINEAR  EQUATIONS  [29. 

theorem.  Let  al}  ...,  an  be  values  of  xly  ...,  xn  in  the  vicinity  of 
which  all  the  quantities  Xlt  .  .  .  ,  Xn  are  regular  ;  and  suppose  that 
some  one  of  these  quantities,  say  X1}  does  not  vanish  for  those 
values,  an  assumption  that  can  always  be  justified  by  an  appropriate 
choice  of  a1(  .  ..,  an.  The  general  initial  conditions  will  be  that  the 
integral  z  is  to  acquire  a  value  f(x2,  ...,  xn),  when  xl  =  al,  the 
function  f  being  regular  in  the  fields  of  variation  considered. 

The  appropriate  arguments  can  easily  be  constructed.  Let  an 
integral  vr^  be  obtained  to  satisfy  the  partial  differential  equation, 
subject  to  the  condition  that  it  shall  acquire  a  value  xr,  when 
#!=«!;  its  value  is 

Vr-i  =  xr  +  (xl  -  ttj)  Pr  (x1  —  ax,  #a  -  Oa,  .  .  .  ,  xn  -  an}, 

where  Pr  is  a  regular  function  of  xl}  .,.,  xn  in  the  vicinity  of  the 
initial  values.  Taking  this  result  for  r  =  2,  .  .  .  ,  n,  we  have  vl  ,  ..., 
vn^i  as  n  —  1  functionally  distinct  integrals  ;  and  then 

z=f(vi>  •••>  vn-i) 

is  clearly  the  integral  of  the  equation  which  acquires  the  assigned 
value  f(x2,  .  .  .  ,  xn),  when  xl  =  al. 

The  appropriate  arguments  can  also  be  constructed  from  the 
associated  ordinary  equations. 

COROLLARY.  After  the  preceding  analysis,  we  can  state  the 
existence-theorem,  in  a  different  but  equivalent  form,  as  follows. 

If  Oi,  ...,««.  are  values  of  x1}  ..,,#„,  in  the  vicinity  of  which  all 
the  coefficients  X'  in  the  equation 

p,  +  Xt'ps  +  X3'  p3  +  .  .  .  4-  Xn'  pn  =  0 

are  regular,  the  equation  possesses  n  —  \  functionally  distinct  inte- 
grals, which  are  regular  in  the  selected  region  and  which  reduce  to 
x2,  ...,  xn  respectively,  when  x^  =  aa  ;  and  if  these  integrals  be  zl  ,  ..., 
2n-i,  any  integral  of  the  equation  can  be  expressed  in  the  form 
z=f(zl,  ...,  ^n-i)  by  appropriate  choice  of  f. 

Ex.  1.     Required  an  integral  of  the  equation 


which  shall  acquire  the  value  6  (#.>,  #3),  when  o?1  =  a1. 

To  obtain  an  integral  v1  which  shall  acquire  the  value  x^  when  ,r:1  =  a1,  we 
take 
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and  we  find 

Vl        a, '  a^"  ' 


so  that 


f        *!-«!  .  ftri-OiV        \ 
^1=^2  "{I 1- 1  )  —  •••f 

I        «1       \  «1   /       J 


We  proceed  similarly  to  obtain  an  integral  r2  which  shall  acquire  the  value 
jr3,  when  .rl=al;  we  find 

_ 

The  required  integral  is  clearly 
z  = 


If  we  proceed  from  the  associated  ordinary  equations,  we  need   two 
integrals  of  the  equations 


these  can  be  taken  in  the  form 


We  then  require  the  form  of  </>  such  that  <f>  (ut,  ti^)  becomes  0(x2,  a-3),  when 
^•1=01  :  hence 


and  therefore 

that  is,  the  integral  is 

Z  =  (f)  (U,,    «,) 

,  0,1*2), 


as  before. 

Ex.  2.     Three  given  functions  u,  r,  w  of  x,  y,  z  are  such  that 
dtt     "bv     SJT 

and  three  other  functions  |,  17,  f  of  the  same  variables  are  defined  by  the 
relations 

~cy     dz'  ~cz     dx*  ~cx     cy' 

Prove  that  the  most  general  values  of  £,  17,  f  are 
.    OF 


where  G  and  H  are  integrals  of  the  equation 

ax       cy        Pi 
and  .Pis  an  arbitrary  function  of  x,  y,  z. 
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THE    LINEAR   EQUATION     2    X^  =  Z. 
i=l 

30.     Next,  we  consider  the  linear  equation 
Xipi  +  •-.  +  Xnpn  =  Z, 

where  Xlt  ...,  Xn,  Z  are  functions  of  the  variables  ac1}  ...,  xn,  z. 
We  shall  assume  that  any  factor,  which  is  common  to  Xly  .  .  .  ,  Xn,  Z, 
has  been  removed  ;  it  will  therefore  be  unnecessary  to  take  account 
of  a  value  of  z  which  simultaneously  satisfies  the  equations 

^  =  0,  ...,  Xn  =  0,    Z=Q, 

the  differential  equation  being  then  satisfied  without  regard  to  the 
derivatives  of  z. 

With  the  linear  equation,  we  associate  the  set  of  ordinary 

equations 

dxl     dxz          _  dxn  _  dz 
Xi      X%  2in      £i 

Now  whether  Xi}  ...,  Xn,  Z  be  uniform  or  not,  we  shall  assume 
that  there  are  values  of  the  variables  in  the  vicinity  of  which 
X1}  ...,  Xn,  Z  behave  regularly;  and  then,  from  the  theory  of 
ordinary  equations,  we  know  that  the  foregoing  set  possesses  n 
functionally  distinct  integrals.  Let  these  be 

(pi  \Xi,  .  ..  ,  Xn,  Z)  =  GI,  .  .  .  ,  <pn  {tt/i,  •  ..  ,  #n>  2)  ==  £»i> 

where  d  ,  .  .  .  ,  cn  are  arbitrary  constants. 
In  the  first  place,  any  equation 

(f)r  =  Cr 

gives  an  integral  of  the  original  equation  if  it  involves  z  explicitly. 
As  it  is  an  integral  of  the  ordinary  equations,  the  relation 


is  consistent  with  those  equations  ;  and  therefore 

Y  Wr  -L         i-  Y    ^r  a-  7  ^r  -  0 

A  j  -~  --  \-  ...  +  An  «  —  •  +  A  -^—  —  U. 

O&i  dxn          oz 

Now  this  is  a  relation  between  the  variables:   it  clearly  is  not 
satisfied  in  virtue  of  <f>r  =  cr;  and  therefore  it  is  satisfied  identically. 
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Taking  <£r  =  cr  as  an  equation  giving  a  value  (or  values)  of  z,  the 
derivatives  are  given  by 

d<f>r    ,    <tyr  _Q 

d^+  dzpm~ 

When  these  values  of  -^  ,  for  m  =  1,  ...,  n,  are  substituted  in  the 
oxm 

foregoing  equation  that  is  identically  satisfied,  it  becomes 


Now  </>,  contains  z.  so  that  -~  is  not  identically  zero:  and  -^ 

dz  fa 

does  not  vanish  because  of  the  equation  </>r  =  cr,  for  it  does  not 

contain  cr:    hence  -^  is  different  from  zero.     Accordingly,  the 
dz 

equation 

Z  —  Xlpl  —  ...  —  Xnpn  =  0 

is  satisfied:  or  the  equation  <£r=cr,  when  <f>r  involves  z  explicitly, 
provides  an  integral  of  the  partial  equation. 

The  same  is  true  for  each  of  the  equations  <£  =  c,  provided  each 
particular  function  <f>  involves  z.  Now  some  of  the  quantities  <£ 
must  involve  z,  even  though  each  of  them  may  not :  for  otherwise 

-^  would  vanish  for  each  value  of  r,  and  the  equations 

oz 


would  be  satisfied  identically,  for  r  =  1,  .  .  .  ,  n  :  we  should  then  have 

.-.6A    o 


satisfied,  but  not  in  virtue  of  <^  =  Cj,  ...,  ^>n  =  c»:  it  must  be 
satisfied  identically  and  therefore,  as  the  functions  fa  ,  ...,  <f>n  do 
not  (under  the  present  hypothesis)  involve  z,  there  would  be  a 
functional  relation  between  them,  contrary  to  the  fact  that  they 
are  functionally  independent.  Hence,  through  the  integral  system 
of  the  ordinary  equations,.  we  find  an  integral  or  integrals  of  the 
partial  equation. 

In  the  second  place,  let  f(<f>i,  ...,  <£„)  denote  any  arbitrary 
function  of  the  quantities  <f>,  and  suppose  that  the  equation 


62  GENERAL   INTEGRAL  OF  [30. 

determines  a  value  or  values  of  z  :  then  f=  0  provides  an  integral 
of  the  differential  equation.     For  the  equations 


Y       r  ,  Y        r      7>r 

•o-  1  5  --  r  •  •  •  +  -A  n  =  --  \-  Z/  -^—  =  U, 

ox1  dxn          dz 

for  r  =  l,  ...,n,  are  satisfied  identically;  as  /  is  arbitrary,  not  all 

7\f  ^\  /• 

the  quantities  5^-  >  •••>  TT~  vanish  ;  and  therefore,  on  multiplying 

0<f>l  0(f)n 

7)f 
by  ~  and  adding  for  all  the  values  of  r,  the  equation 

v<pr 

|_8/8£  £    8/8^  +  ^i    a/3^-0 

•^•J   ^   55     a       T  •••  T^XR  A   ^-7-  ^  --  h^  A    ^-7  —  r  --  U 
r=\o<pr  oaCi  r=iO<prdivn          r=iv<pr  oz 

is  satisfied  identically.    Now  the  derivatives  of  z,  as  determined  by 
y=0,  are  given  by 


for  all  the  values  of  m  :  when  these  are  used,  the  identical  equation 
becomes 


Now  as  /  contains  z,  the  quantity 


does  not  vanish  identically;  and  it  does  not  vanish  in  virtue  of 
f  =  0,  when  /  is  perfectly  arbitrary  :  hence 

Z  -  X,p,  -  ...  -  Xnpn  =  0, 

or  the  equation  is  satisfied.  When  the  values  of  p^  ,  ...,  pn  of  z 
are  determined  by/=  0,  the  equation  is  seen  above  to  be  identically 
satisfied  :  hence  /=  0  provides  an  integral  of  the  equation. 

Of  course,  there  may  be  special  forms  of  /  such  that   the 
equation  /=  0  does  not  determine  z  :   and  there  may  be  special 

forms  of  /,  such  that    2  ^4-  -^  vanishes  in  virtue  of  /=0.     In 
r=i  d<f>r  dz 

what  precedes,  we  are  concerned  with  quite  arbitrary  forms  of  f. 
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31.  The  integral  thus  obtained  is  clearly  of  a  very  general 
character.  A  question  arises  as  to  whether  it  is  completely  inclusive 
of  all  integrals :  that  is,  can  the  functional  form  f  be  so  chosen  as 
to  provide  any  integral  that  the  partial  equation  possesses  ?  Let 
such  an  integral  be  known  to  occur  in  a  form 

^r(*,  a?,,  . ..,#„)  =  (); 

and  let  z  =  c,  x1  =  alt  ...,  xn  =  an  be  a  simultaneous  set  of  values  of 
the  variables,  in  the  vicinity  of  which  ^r  is  a  regular  function. 
Also  suppose  that  these  values  are  such  that,  in  their  vicinity,  the 
functions  fa,  ...,  fa  are  regular,  these  providing  integrals  of  the 
partial  equation  as  before  explained.  Now  the  n  quantities  fa,  ..., 
<j>n  are  functionally  independent  of  one  another :  and  therefore  not 
all  the  determinants 

dfa     cfa  dfa 

Hz'    dV   ""  fan 


*•%        >        *"\         ?*•*?      o 

OZ          OXi  C.i 

vanish  identically.     Two  typical  cases  will  suffice  for  the  general 
discussion:   for  the  first,  it  will  be  assumed  that 


0  (Xi,  X.2,   ...,  Xn) 

does  not  vanish  identically ;  for  the  second,  it  will  be  assumed  that 


,  ...,  xn) 


does  not  vanish  identically. 


32.  In  the  first  place,  when  the  Jacobian  of  fa,  ...,  <f>n  with 
regard  to  x1}  ...,  xn  does  not  vanish  identically,  it  is  possible  to 
choose  the  set  of  values  c,  al}  ...,  an  for  z,  x1}  ...,  xn,  so  that  the 
Jacobian  does  not  vanish  or  become  infinite  for  them,  unless  the 
set  constitute  a  singularity  or  other  non-regular  place  for  one 
or  more  of  the  quantities  0.  Assuming  this  choice  made,  we 
then  can  resolve  the  n  equations 


so  as  to  express  x1}  ...,  xn  as  regular  functions  of  z,  fa,  ..., 
forms 

Xm  =  %m(z,  fa,  ..-,  0n), 


n 
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for  w  =  l,  .  ..,  n.     Let  these  values  for  the  n  variables  be  substi- 
tuted in  ^  =  0,  so  that 

*-0-  *(*&,.  ..,&,) 


and  now  the  given  integral  can  be  taken  in  the  form  %  =  0.     To 
obtain  the  derivatives,  we  have 


Multiply  by  Xm  and  add  for  the  values  m  =  1,  .  .  .  ,  n  :  then 


T    1221  1  4.  122"     S    Y 
*   •A*»5^  I    •**    •"•» 

l  Wm/          d^    Vm=l 

Now  for  the  integral  under  consideration,  we  have 

n 

S  Xmpm  =  Z  } 

m=l 

and  we  also  know  that  the  equation 

V    Y    ^r  -i-  7  a^r  -  A 
2t    Am^  --  1-  £i  -^-  =  U 

OT=i         da;^          oz 

is   satisfied   identically   for   all   values   of  r.      Moreover,   in   the 
vicinities  concerned,  all  the  functions  are   regular,  so   that   the 

quantities  -^-  are  finite  in  the  fields  of  variation  retained.     When 
dfa 

these  relations  are  used,  the  above  equation  becomes 


and  this  equation  must  be  satisfied  in  association  with   %  =  0. 
This  requirement  may  be  met  in  three  ways. 

It  may  happen  that  ~  vanishes  identically  :  then  z  does  not 
occur  explicitly  in  %,  and  the  expression  of  %  then  gives 


that  is,  a  form  of  function  in  the  integral  f(fa,  ...,  fai)  has  been 
obtained  so  that  the  general  integral  becomes  the  given  integral. 

It  may  happen  that  ^  vanishes,  not  indeed  identically  but 
only  in  virtue  of  %  =  0.     Then  z  occurs  explicitly  in  ^  ;   and  the 
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form  of  the  arbitrary  function  cannot  be  determined  so  that  the 
general  integral  becomes  the  given  integral. 

It  may  happen  that  -£•  does  not  vanish.     The  condition  can 

only  be  satisfied,  if  Z=0:  and  this  must  hold  in  association  with 
^  =  0.  Again,  z  occurs  in  %  ;  thus,  once  more,  the  form  of  the 
arbitrary  function  cannot  be  determined  so  that  the  general 
integral  becomes  the  given  integral. 

Of  these  three  alternatives,  it  is  clear  that  the  last  belongs  to 
a  special  set  :  as  the  integral  is  given  by  Z=  0,  we  must  have 


and  then  the  equation 

,,,  cZ 


m 

OX 


_ 

=  0 


must  be  satisfied,  concurrently  with  Z=0.  Moreover,  as  <f>!  =  &i, 
...,  <f>n  =  cn  are  a  set  of  «  independent  integrals  of  the  system 
of  ordinary  equations 

C£TI  _       _  dxn  _  dz 

*/"""**.-*• 

we  have 


where  xr  is  omitted  from  the  deriving  variables  in  Jr,  and 
•r=l,  . ..,  n  in  turn;  hence  as  Z=0  for  the  integral  under  con- 
sideration, Xr  must  vanish  for  the  value  of  z  unless  Jr  should 
vanish  for  the  value.  We  have  assumed  that  not  all  the  quantities 
Z,  Xlt  ...,  Xm  vanish  for  the  same  value  of  z. 

The  second  alternative  may  belong  to  a  less  special  set :  it  will 
be  illustrated  by  examples.  The  first  alternative  provides  the 
most  general  case. 

Integrals,  which  arise  under  the  second  alternative  or  under 
the  third  alternative,  may  be  called  special  integrals*. 

*  Sometimes  they  are  called  singular.  This  term,  however,  is  better  reserved 
for  a  class  of  integrals  belonging  exceptionally  to  equations  of  a  degree  higher  than 
the  first  in  the  derivatives. 

F.  v.  5 
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33.  In  the  second  place,  when  the  Jacobian  of  <f>l}  ...  ,  <$>n  with 
regard  to  z,  x2,  .  ..,  xn  does  not  vanish  identically,  to  take  only  a 
typical  case  when  the  Jacobian  of  those  quantities  with  regard  to 
#i>  #2>  -••)  xn  does  vanish  identically,  it  is  possible  to  choose  the  set 
of  values  c,  al}  ...,  an,  so  that  the  Jacobian  does  not  vanish  or 
become  infinite  for  them  unless  they  constitute  a  singularity  or 
other  non-regular  place  of  one  or  more  of  the  quantities  <j>. 
Assuming  this  done,  we  can  then  resolve  the  n  equations 
(f>r  =  <j>r(z,  Xi,  ...,  xn} 

so  as  to  express  the  variables  z,  x2,  .  ..,  xn  in  terms  of  xlt  fa,  ...,  fa 
in  forms 

z-  £(#!,  fa,  ...,  fa), 

{Kr  =  V)r(xl,  fa,  ...,  <f>n), 

for  r  =  2,  .  .  .  ,  n.    When  these  values  are  substituted  for  z,  #2,  .  .  .  ,  xn 
in  the  equation  ^r  =  0  which  provides  the  given  integral,  it  takes 

the  form 

ty  =  Q  =  ty(z,xl,  ...,xn) 

=  6(xl,  fa,  ...,  #„); 

and  the  given  integral  can  now  be  taken  in  the  form  0  =  0.     The 
derivatives  of  z  are  given  by  the  n  relations 


+  + 

0$i        r=i  d<J 


for  m  =  2,  .  .  .  ,  n.     Multiplying  these  by  X1  and  by  Xm  respectively, 
and  adding  for  the  various  values  of  m,  we  have 


For  the  integral  under  consideration,  we  have 

n 
m=l 

and  we  know  that  the  relation 


is  satisfied  identically.     Moreover,  all  the  functions  are  regular  in 

0/3 

all  the  vicinities  concerned,  so  that  all   the  quantities  «-r-,  for 
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/•  =  !,...,  n,  are  finite  in  the  fields  of  variation  retained.     When 
these  equations  are  used,  the  above  equation  becomes 


and  it  must  be  satisfied  in  association  with  0  =  0.      This  require- 
ment can,  as  in  the  preceding  discussion,  be  met  in  three  ways. 

?)0 
It  may  happen  that  =—  vanishes  identically  ;  then  xt  does  not 

vXi 

occur  explicitly  in  6,  and  the  expression  of  0  gives 


that  is,  a  form  of  function  has  been  obtained  for  f  (fa,  ...,  <£>n)  so 
that  /=  0  has  become  the  given  integral  i/r  =  0. 

rifi 

Or  it  may  happen  that  ^—  vanishes,  not  indeed  identically  but 

OXi 

only  in  virtue  of  0  =  0.  Then  xv  occurs  explicitly  in  0  ;  the  form 
of  the  arbitrary  function  /in  the  general  integral  cannot  be  deter- 
mined so  as  to  particularise  the  general  integral  into  the  given 

integral. 

o/j 

Or  it  may  happen  that  ^  —  does  not  vanish.     The  condition  can 

OXi 

then  only  be  satisfied  if  Xl  =  0  ;  and  this  must  hold  in  association 
with  6  =  0.  Again,  the  variable  ^  occurs  explicitly  in  0  :  thus,  once 
more,  the  form  of  the  arbitrary  function  f  in  the  general  integral 
cannot  be  determined  so  as  to  make  the  general  integral  become 
the  given  integral. 

The  three  alternatives  are  similar  to  those  in  the  former  dis- 
cussion; integrals,  that  arise  in  connection  with  the  second  or 
the  third  of  the  alternatives,  will  be  called  special,  as  before. 

34.  Gathering  together  these  results,  we  can  summarise  them 
as  follows  :  — 

Let  ty(z,  #1,  ...,  ar,,)=0  provide  an  integral  of  the  partial 
differential  equation 

Xlpi  +  ...+  Xnpn  =  Z, 

and  let  f(fa,  ...,  <£>*)  =  0  denote  its  most  general  integral,  f  being  an 
arbitrary  function  ;  then  the  functional  form  off  can  be  chosen  so 
that  f  (fa,  ...,  <f>n)  becomes  ty,  unless  •$>  is  of  the  type  of  integral 
called  special,  or  unless  the  value  of  z  provided  by  ^  =  0  constitutes 

5—2 
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a  singularity  or  other  non-regular  place  for  one  or  more  of  the 
quantities  0. 

It  thus  appears  that  the  general  integral  for  the  linear  non- 
homogeneous  equation,  in  which  the  dependent  variable  occurs 
explicitly,  is  not  so  completely  inclusive  as  is  the  general  integral 
for  the  linear  homogeneous  equation,  in  which  the  dependent 
variable  does  not  occur  explicitly. 

Instances  of  the  principal  portion  of  the  theorem  are  so  frequent 
that  none  need  be  adduced  here  :  a  few  examples  will  be  given  to 
illustrate  the  special  integrals  and  other  exceptions. 

Ex.  1.     Consider  the  equation 


Two  integrals  of  the  associated  equations 

dx  _  dy  __  dz 
x~  y~  z 
can  be  taken  in  the  form 


and  the  most  general  integral  is  given  by 

/(01>    02)  =  0. 

It  is  easy  to  verify  that 

_      A"2_ 
--- 

provides  an  integral  of  the  equation.     Expressing  \^  in  terms  of  </>!,  (f>2,  and  z, 
we  find 

so  that 


o  i  / 

thus  —  —  does  not  vanish  identically  but  only  in  virtue  of  \//=0,  and  then 

only  in  virtue  of  the  factor  1  -  ~  in  ^'.     Thus  the  integral  given  by  ^=0  is 

a  special  integral;  for  the  form  of  /in/^j,  02)  cannot  be  chosen  so  as  to 
make  /(0i,  02)  become  \|/\ 

It  should  be  noted  that  /(0i,  02)  can  be  chosen,  in  a  form  0i2-02, 
so  as  to  vanish  for  the  integral  provided  by  ^=0  :  but  it  does  not  follow 
(and  it  is  not  the  fact)  that /can  be  chosen  so  that/(0l5  $>•>)  becomes  ^. 

Ex.  2.     Consider  the  equation 
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Integrals  of  the  associated  ordinary  equations 


d.r-2     dj;3      dz 


3  _ 

z 


may  be  taken  in  the  form 


and  the  general  integral  is 

/(0i»  02>  0s)  =  0, 
where  /is  an  arbitrary  function. 
It  is  easy  to  verify  that 


provides  an  integral  of  the  equation;  but  the  functional  form  /  cannot  be 
chosen  so  that  f(fa,  02,  fa)  becomes  \(r.     In  fact,  we  have 

_?*!? 

+=zfae     *»  =>//, 
so  that 


\r 

and  -^-  does  not  vanish  identically.     Taking  the  value  of  z  given  by  ^  and 

W 

substituting  it  in  $1?  we  find  ^)!=0:  so  that  -+-  vanishes  in  virtue  of  this 

r  ^, 

result,  that  is,  in  virtue  of  ^'=0.     The  integral  \^=0  is  a  special  integral. 

If,  instead  of  expressing  xlt  .r2,  x3  in  terms  of  the  quantities  z,  fa,  fa,  fa 
with  a  view  to  the  transformation  of  •>//•,  we  express  z,  x-2,  x3  in  terms  of 


and  then  the  requisite  condition  is 


in  association  with  ^'=0.     Xow  ^-   does  not  vanish  identically,  nor  does 

it  vanish  in  virtue  of  ^'=0;  we  must  therefore  have  -1^=0  in  association 
with  ^'=0.  This  is  satisfied:  and  therefore,  as  before,  ^—0  provides  a 
special  integral  of  the  equation. 

Ex.  3.     Consider  the  equation 
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The  associated  ordinary  equations  are 

dx     dy  dz 


x      2y      g  /   _^\2 ' 

\    y) 

of  which  two  independent  integrals  are  given  by 

i 

y ' 

The  most  general  integral  of  the  partial  equation  is 


where  /is  an  arbitrary  function. 
It  is  easy  to  verify  that 


provides  an  integral  of  the  equation  :  but  the  functional  form  /  cannot  be 
chosen  so  as  to  make  /($i,  $2)  become  >//•.  Proceeding  as  in  the  general 
exposition,  we  have 

^=z-<f>i  =  V, 

rl  I  ' 

so  that  -jlp  =  1  and  cannot  vanish,  shewing  that  /  cannot  be  chosen  for  the 

purpose.  But  the  quantity  Z  of  the  general  investigation  vanishes  for  the 
value  of  z  given  by  ^=0. 

It  will  be  noted  that  •»//•'  does  not  involve  $1  :  the  special  integral  is  a 
singularity  of  <£2- 

Ex.  4.     Consider  the  equation* 


The  integrals  of  the  ordinary  equations 

dx  _  dy  _  dz 

l+(z-x-y^~  1  "  2" 
can  be  taken  in  the  form 

and  the  general  integral  is 

It  is  easy  to  verify  that 

ty=z-x-y=Q 

provides  an  integral  of  the  equation  ;  it  is  clear  that  no  form  of/  can  be  found 
which  will  make  the  general  function  /(<£i,  $2)  become  ^.  The  integral 
provided  by  -^  =  0  is  a  special  integral;  and  manifestly  any  set  of  values, 
satisfying  ^=0  and  chosen  as  initial  values,  constitute  a  branch  -place  of  the 
quantity  <£2  and  of  the  coefficient  of  p  in  the  equation. 

As  this  coefficient  is  not  regular  in  the  vicinity,  Cauchy's  theorem  does  not 
apply. 

*  This  example  is  given  by  Chrystal,  Trans.  R.  S.  E.,  t.  xxxvi  (1892),  p.  557. 
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35.     The  discussion  of  the  integrals  of  the  equation 
^ipi  +  ...+Xnpn  =  Z 

can  be  associated  with  the  discussion  of  the  integrals  of  the 
equation,  which  is  without  the  quantity  Z  and  any  explicit  occur- 
rence of  z,  by  means  of  a  simple  transformation.  Let  the  integral 
be  given  by  the  equation 

u  =  u(z,  #!,  ...,  a-n)  =  0, 

where,  in  the  circumstances,  u  involves  z  ;  then  we  have 
du  cu       _ 


<*. 

Now  =-  does  not  vanish  identically,  and  we  shall  assume*  that  it 

vz 

does  not  vanish  in  consequence  of  u  =  0  ;  hence  we  may  resolve 
these  equations  for  p1}  ...,  pn.  Substituting  in  the  original 
equation,  we  have 


Y         _L        j_  Y  u  7       -  0 

A  i  =  --  h  •  •  .  +  A  n  o  —   "*"  ^  ~r~  ~  V, 
OX^  OXn  OZ 

and  this  must  be  satisfied  identically  when  a  value  of  z  given  by 
u  =  0  is  inserted  :  in  other  words,  the  modified  equation  is  satisfied, 
not  identically  but  only  simultaneously  with  u  =  0.  The  modified 
equation  is  of  the  earlier  type  :  the  coefficients  of  the  derivatives 
involve  only  the  independent  variables  but  not  the  dependent 
variable  u.  Of  this  modified  equation,  let 

u  =  6(z,  #,,  .  ..,#») 

be  an  integral  ;  then  obviously  u  =  0  will  give  an  integral  of  the 
original  equation.  But  the  fact  that  6  (z,  a^,  ...,  #„)  is  an  integral 
of  the  modified  equation  means,  as  was  seen  before,  that  when  this 
value  of  u  is  substituted  the  equation  is  satisfied  identically.  This 
limitation  is  additional  to  the  earlier  requirement,  which  was  only 
that  the  equation  should  be  satisfied  simultaneously  with  u  =  0  ;  it 
was  not  necessary  that  the  equation  should  be  satisfied  identically. 
We  cannot  therefore  infer  from  the  argument  that  any  integral  of 
the  original  equation  can  thus  be  obtained  from  an  integral  of  the 

*  The  significance  of  the  assumption,  and  the  limitation  which  it  imposes, 
would  need  to  be  examined  if  the  character  of  the  integrals  were  being  determined 
solely  by  the  present  argument. 
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modified  equation  ;  and  it  is  clear  that  any  integral  so  obtained  is 
a  special  case  of  an  integral  given  by 

0(z,  aelt  ...,  a?B)-a  =  0, 
where  a  is  an  arbitrary  constant*. 

Ex.    As  an  example,  consider  the  equation 


It  clearly  is  satisfied  by  a  value  of  z  given  by  the  equation 


But  effecting  the  transformation  indicated,  viz.  taking 

u=u(z,  x,  y)=0, 
so  that  u  is  a  new  variable,  we  have 

^u      9  du        du 

-  -22 


9  9 

5-  -22  5-  +  v2  •--  =  0. 
o#        dy    •'    82 


Any  integral  of  this  equation,  when  substituted,  is  known  (by  our  earlier 
argument)  to  make  the  equation  satisfied  identically.     If  we  take 


the  equation  is  not  satisfied  identically  ;  it  can  only  be  satisfied  for  this  value 
of  u  simultaneously  with  u  —  0;  but  u=x+y  +  z  is  not  an  integral  of  the  new 
equation. 

On  the  other  hand,  the  original  equation  is  satisfied  by  a  value  of  z  given 
by  the  equation 

where  a  is  a  constant  :  and 

u=y3+z3 

is  an  integral  of  the  modified  equation.  Thus  the  first  integral  is  not  given, 
the  second  integral  is  given,  by  the  method. 

The  distinction  between  the  two  cases  can  be  expressed  simply  by  a 
reference  to  the  theory  of  continuous  groups.     Let 


be  an  infinitesimal  transformation.    . 
We  have 


the  quantity  y3+z3  is  an  invariant  for  the  given  infinitesimal  transformation. 
We  have 


*  The  limitation  was,  I  believe,  first  pointed  out  by  Goursat,  in  §  16  of  the 
work  quoted  on  p.  55. 
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so  that  x+y+z  is  not  an  invariant  for  the  infinitesimal  transformation:  but 
when  we  have 

then,  in  virtue  of  that  equation, 


the  equation  x+y+z=0  is  an  invariant  equation  for  the  transformation. 

36.  It  remains  to  associate  Cauchy's  theorem  with  the  equation; 
for  this  purpose,  we  have  to  obtain  an  integral  which,  when  xl  =  a1, 
reduces  to 

z=g(xz,  ...,#„), 

where  g  is  a  function,  which  is  regular  in  the  domains  of  the 
values  oc.2  =  a.2,  ...,  xn  —  an,  and  otherwise  is  arbitrary. 

Choosing  aa  so  that  Xl  does  not  vanish  there,  the  integrals  of 
the  associated  ordinary  equations 

dx.1  =  ~dxl,     dx3  =  -~dxl,  ...,  dxn  =  ^^dx1,     dz=^y-da\ 
AI  A1  Aj  A1 

can  be  obtained,  subject  to  assigned  conditions  that  #2=0,,.  .  .  ,  xn=On  , 
z  =  g  (a  2,  .  .  .  ,  an)  =  c,  when  a^  =  a^  ;  and  they  have  the  form 


«n  =  xn  +  (%i  —  Oi)vn  =  an, 

where  v1}  ...,  vn  are  regular  functions  of  the  variables  xly  ...,  xn,  z. 
Now  the  general  integral  is 

f(ul}  u.2,  ...,  wn)  =  0; 
or,  changing  the  form  of  the  arbitrary  function,  we  may  take 


as  the  integral,  where  F  also  is   arbitrary.     When  a,\  =  al}  this 
equation  becomes 

z  =  F(xz,  ...,  #n); 

but  the  value  of  z  when  #x=  a-i,  is  to  be  g  (x3,  ...  ,  arn)  :  and  there- 
fore when  the  arbitrary  function  is  chosen  so  that 

F  (#,,  ...,xn)=g(x2,  ...,  xn\ 
and  consequently 
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we  have  an  integral 

which  is  the  integral  in  Cauchy's  theorem. 

Ex.     Required  the  integral  of 

xp+yq=z, 

which,  when  x= a.  is  such  that  z=^—. 

4c 

Two  integrals  of  the  ordinary  equations 

dx  _  dy  _  dz 
x~  y  ~  z 

are  taken  such  that,  when  x=a,  we  have  y  =  b,  and  z=  —  ;  these  are  easily 

seen  to  be 

__az  _  b2 
1     x  ~  4c  ' 

ay 

Uo=—  =  b. 
x 

Thus  the  general  integral  of  the  equation  can  be  taken  in  the  form 


where /is  arbitrary.     When  #=«,  this  equation  becomes 

*-/(?), 

so  that,  for  the  required  integral, 


and  therefore 

Hence  the  required  integral  is  given  by  the  equation 

that  is, 


If,  instead  of  taking  Cauchy's  theorem  in  its  simplest  form  as 
associated  with  an  initial  value  xl  =  al,  we  require  an  integral 
which,  when  a  relation  of  the  form 

f(z,  xlt  ...,  a?n)  =  0 

exists  among  the  variables,  shall  be  given  by  the  equation 
g(z,xl,  ...,#„)  =  0, 
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effectively  what  is  required  is  the  determination  of  the  arbitrary 
functional  form  F  in 


so  that  the  equation  may  be  satisfied  without  any  other  relation 
solely  in  virtue  of  /=  0,  g  =  0. 

As  f=  0  and  g  =  0  are  two  relations  between  n  +  1  quantities, 
n  —  1  of  these  can  be  regarded  as  independent  :  or  we  may  regard 
all  the  72  +  1  variables  as  expressible  in  terms  of  n  —  1  independent 
quantities.  Taking  the  latter  mode  of  representing  them,  let 
their  expressions  be 

z    =r        i.    •••>      n-i> 


for  r  =  l,  ...,  n.     When  these  are  substituted  in  the  quantities 
</h,  .-.,  4>ny  we  have 


=       »((:i,    ••-,    £,»-,)  =  <£»,    Say, 

for  m  =  l,  ...,  n  ;  and  these  n  relations,  expressing  <£j,  ...,  <f>n  in 
terms  of  n  —  1  quantities,  are  satisfied  concurrently  with  the 
relations  f=  0,  g  =  0.  Among  these  n  relations,  let  the  »  —  1 
quantities  £,  ...,  £„_,  be  eliminated,  and  let  the  result  of  the 
elimination  be 

G(k,    -.    4»n)  =  0. 

Now  when/=  0  and  g  =  0,  we  have  <f>m  degenerating  to  ^>OT;  and 
the  general  integral  becomes 


which  coexists  with  f=  0  and  g  =  0,  but,  as  now  it  involves  only 
the  quantities  £1;  ...,  %n-i,  it  is  satisfied  by  itself  and  not  in  virtue 
of  /=  0,  g  =  0.  We  thus  have 


and  therefore  also 

F 
Hence  the  required  integral  is  given  by  the  equation 
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Ex.     In  examples,  the  details  sometimes  are  developed  in  a  different  way. 
Let  it  be  required  to  find  a  surface,  satisfying  the  equation 

and  passing  through  the  curve 

yfi  y2  Z 


The  curve  can  be  expressed  in  the  form 

x=a\      y  =  bp,       z=cv, 
where 

X»+M*+*»-*, 

alK  +  bmp,  +  cnv  =  1. 
Two  integrals  of  the  associated  ordinary  equations  are 

Z  Z 

«=-,      v=-  ; 
#'  y 


hence,  along  the  curve,  we  have 

_     c  v  c  v 

M 


u  —  —     ,       v — j-  -  , 
a  X  b  u. 


so  that 

N      c  v  c  v 

\  =  -  =,         M  =  T  =  > 

a  u  b  v 

whence 


O,''  U* 

cl  .  cm 
v  I  cn-\- 

V 
and  therefore 


/•2  i       (&  i         /;      m       \2 

i+~  +  ^i=c2(i+™+«) . 

a2  w2     62  v-        \u      v        J 


This  equation  corresponds  to  the  equation  6r(<£i,  ...,  <f>n)  —  Q  m  ^ne  Pre" 
ceding  discussion.  In  the  present  case,  the  required  integral  is  accordingly 
given  by 

\u      v 
inserting  the  values  of  u  and  v,  the  equation  of  the  required  surface  is 

**  ,  y*  ,  * 
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37.  Before  passing  to  the  discussion  of  the  most  general 
equation  of  the  first  order  and  of  degree  higher  than  the  first, 
it  is  convenient  to  deal  with  a  system  of  simultaneous  linear 
equations  involving  one  dependent  variable.  If  the  dependent 
variable  occurs  explicitly,  the  equations  can  be  changed,  by  a 
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transformation  as  in  §  35,  so  that  the  new  dependent  variable 
does  not  occur  explicitly;  the  number  of  independent  variables 
is  thus  increased  by  unity.  In  their  transformed  expression, 
the  equations  are  homogeneous  in  the  derivatives;  they  may  be 
written 

du  du  du 


du  du  du 

- 


du  du  du 


where  the  coefficients  amn,  for  m  and  n  =  1,  ...,  s,  are  functions  of 
the  independent  variables  x^  ,  ...,xg  alone.  We  have  to  investigate 
the  conditions  under  which  an  integral  (if  any)  can  be  possessed 
by  the  system  ;  we  have  also  to  devise  means  for  the  construction 
of  an  integral  when  it  is  possessed. 

Equations  of  this  type  have  already,  in  Part  I  (§§  38  —  41)  of 
this  work,  received  some  consideration;  but  there  they  arose  as 
a  class,  associated  with  equations  linear  and  homogeneous  in 
differential  elements  in  the  variables,  and  the  limitations  imposed 
upon  them  were  derived  from  the  originating  equations.  Their 
importance,  not  least  owing  to  their  frequent  occurrence  in  various 
theories,  justifies  an  independent  treatment  ;  the  earlier  discussion 
will  render  some  abbreviation  possible. 

The  fj.  equations  in  the  propounded  system  are  said  to  be 
independent,  when  no  linear  relation  of  the  form 

&A!  (u)  +...  +  &  A  n(u)=0 

exists,  the  quantities  ff1}  ...,  £M  being  functions  of  j:1}  ...,  xg,  and 
the  quantities  A1(u),  ...,  All(ii)  being  merely  the  linear  com- 
binations of  the  derivatives  of  u.  If,  however,  such  a  relation 
or  relations  should  exist,  then  one  or  more  than  one  of  the 
equations  A  (u)  =  0  would  be  dependent  on  the  others  :  an  integral 
of  those  others  would  satisfy  the  dependent  equation  or  equations  ; 
and  so  the  dependent  equations  could  be  ignored  for  the  present 
purpose.  Accordingly,  we  shall  assume  that  the  equations  in  the 
system  are  independent. 
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It  is  clear  that,  if  a  linear  system  in  s  independent  variables 
contains  s  equations  or  more  than  s  equations,  the  equations  can 
only  be  satisfied  by  having 

^=0      —  =  0  —  =0- 

9#i  9#2  9^s 

and  then 

u  =  constant 

is  obviously  the  only  integral  of  the  system.     Having  disposed  of 
systems  for  which  JA^S,  we  shall  now  assume  //.  <  s. 

The  //,  equations  are  independent  ;  but  it  may  be  necessary  to 
associate  other  equations  with  them,  arising  as  consequences  of 
their  coexistence  or  as  conditions  of  their  coexistence.  It  is  clear 
that,  if  the  equations 


possess  a  common  integral,  it  makes  the  left-hand  sides  vanish 
identically  ;  and  therefore  the  equations 

Am(Anu)  =  0,     An(Amu)  =  0, 
and  so  also 

Am  (Anu)  -  An  (Amu)  =  0, 

are  satisfied  for  that  common  integral  ;  that  is,  the  last  equation 
coexists  with  Am(u)=Q  and  An(u')=0,  when  the  two  latter  are 
members  of  a  linear  system.  But  the  new  equation  is  found  also 
to  be  linear  in  the  first  derivatives  of  u:  for  the  coefficient  of 

92M 

=  —  ;r—  in  Am(Anu)  is  akmain  +  aimakn,  when  k  and  I  are  different, 


and  is  ciimciin,  when  k  is   the  same  as  I;   and  the  coefficient  of 

2 

in  An(Amu)  is  alnakm+  aknaim,  when  k  and  I  are  different, 


and  is  a\n  aim,  when  k  is"  the  same  as  I  :  thus  the  derivatives  of  u  of 
the  second  order  disappear,  and  only  derivatives  of  the  first  order 
remain.  The  equation  is 

0  =  Am(Anu)-An(Amu) 

=    2    {Am  (drn)  -  An  (drm)}  -—  . 
r=\  OXr 

Now  this  equation  may  be  evanescent,  because  the  coefficient  of 
each  of  the  derivatives  of  u  vanishes.  Or  it  may  be  satisfied  in 
virtue  of  the  original  set,  as  a  linear  combination  of  them  ;  it  then 
is  not  a  new  independent  equation,  and  consequently  it  need  not 
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be  taken  into  further  account.  Or  it  may  be  not  evanescent,  and 
not  a  linear  combination  of  the  original  equations,  and  yet  it  must 
be  satisfied ;  then  it  is  a  new  equation,  and  it  must  be  associated 
with  the  system. 

Similarly  for  any  pair  of  equations  in  the  system.  Suppose 
that,  by  taking  all  possible  pairs,  r  new  equations  are  obtained  so 
that  there  is  a  system 


Again  we  must  take  all  possible  pairs ;  clearly  it  will  be  sufficient 
to  take  each  of  the  first  fi  with  each  of  the  last  r,  and  all  possible 
pairs  of  the  last  r;  all  new  equations  are  to  be  retained.  And 
so  on,  until  the  process  either  provides  no  new  equation  or  until 
the  number  of  equations  has  come  to  be  s.  The  latter  case  has 
been  dealt  with.  When  the  former  case  occurs,  the  number  of 
equations  being  less  than  s,  the  system  at  that  stage  is  called  a 
complete  linear  system.  Manifestly,  when  there  is  only  one  de- 
pendent variable  and  there  are  several  linear  equations,  we  have  to 
deal  with  complete  linear  systems.  Moreover,  the  only  systems  of 
this  type  that  require  consideration  are  those  in  which  the  number 
of  independent  equations  is  less  than  the  number  of  independent 
variables. 

38.  Two  properties,  possessed  by  complete  linear  systems,  lead 
to  simplification  in  the  analysis :  they  must  be  established. 

In  the  first  place,  when  a  complete  system  is  replaced  by  another, 
which  is  its  algebraic  equivalent,  the  new  system  is  complete.  Let 
a  system 

supposed  complete,  be  replaced  by  a  system 

where 


for  m=l,    ...,  p,  and  the  .quantities  gmn  are  functions  of  the 
variables  xly  ...,  xs  such  that  their  determinant  does  not  vanish. 

It  is  clear  that  the  quantities  An(u)  are  expressible  as  linear 
combinations  of  the  quantities  Bm(u)\  so  that,  algebraically,  the 
two  systems  of  equations  are  equivalent  to  one  another. 
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To  decide  whether  the  new  system  is  complete  or  not,  we 
construct  the  quantities  Bm(Bnu}  —  Bn(Bmu);  and  we  have 

Bm(Bnu}-Bn(Bmu} 

M   r  r  M  )~i      M  r          r  M  )~i 

=  2     %mrAr\  2  %niAi(u)\  \-  2    %niAi\  2  %mrAr(u)\ 

r=l\_  U=l  JJ        i-lL  U=l  JJ 

MM  MM 

=  22  %mrj;niAr(Aiu)+  2  2  fm,.  Ar(%nj)  Ai(u) 

r=H=l  r=li=l 

MM  MM 

*>    y  t     £  .  A  •  ( A    11}  —  i>.    "2.  £  •  A  •(£    \  A    (ti\ 

£t    **   £mr  £m  •"•<  V      »"  "7  —    ^w     ^-*  gjn,  -ilt  ^gwwv       ^  \    /• 
r=lz=l  r=l i=l 

Combining  the  first  summations  in  the  two  lines,  we  have 
Ai(Aru}  —  Ar(AiU)  as  the  coefficient  of  %mr%ni\  this  quantity  is 
a  linear  combination  of  the  quantities  Al(u),  ...,  Afi(u),  because 
the  system  is  complete :  hence  these  two  summations  give  a  linear 
combination  of  the  quantities  A  (u).  Each  of  the  other  two 
summations  is  actually  a  linear  combination  of  these  quantities ; 
hence  the  whole  expression  for  Bm(Bnu)  —  Bn(Bmu}  is  a  linear 
combination  of  the  quantities  A  (u).  Each  of  the  quantities  A  (it} 
is  a  linear  combination  of  the  quantities  B  (u)  •  when  the  values 
are  substituted,  we  find  that  Bm(Bnu}  —  Bn(Bmu)  is  a  linear 
combination  of  the  quantities  B  (u).  As  this  holds  for  all  values 
of  m  and  n,  it  follows  that  the  system  of  equations  B1(u)  =  0,  ..., 
Bp  (u)  =  0  is  complete. 

In  the  second  place,  a  complete  system  remains  complete  for 
any  transformation  of  the  independent  variables.  Let  these 
variables  be  transformed  by  the  relations 

/  /»    /  \ 

/y»        —    f      I  //»  /y»     1 

**T        JT  \**fJ '    *  * '  y  **'*/? 

for  r  =  l,  ...,  s,  the  functions /1;  ...,/„  being  independent  of  one 
another.  Then 

du  _  du  9/i       du  3/2  du  dfs 

^\ 

for  all  values  of  r ;  substituting  in  An  (u)  for  the  quantities  «-— , 

QOCf 

we  have 


and  An'  (u)  is  homogeneous  and  linear  in  the  derivatives 

du  du 
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As  there  is  no  linear  relation  among  the  quantities  An(u), 
there  can  be  none  among  the  quantities  An'(u):  the  equations 
A'  (u)  =  0  are  independent.  Further,  the  operation  An  is  replaced 
by  An',  having  the  modified  coefficients :  thus 

Am  (Anu)  =  Am  (An'u)  =  Am'  (Anu\ 
An  (Amu)  =  An  (Am'u)  =  An'  (Am'u), 
and  therefore 
Am'  (A^u)  -  An'  (Am'u)  =  Am  (Anu)  -An(Amu) 

=  linear  combination  of  A1(u),  ...,  A^u), 
=  4/ («),...,  <<1/ («)> 

for  all   values   of  m   and   n.      Hence   the   system   of  equations 
A1'(u)  =  0,  ...,  Alt'(u)  =  0  is  complete. 

39.  The  first  of  these  properties  is  used  to  express  a  complete 
linear  system  in  a  canonical  form :  the  second  of  them  will  be  used 
in  the  establishment  of  the  existence-theorem. 

As  regards  the  expression  in  a  canonical  form,  let  a  complete 
linear  system  of  m  equations  be  given,  involving  one  dependent 
variable  u  implicitly  through  its  derivatives  and  m  +  n  independent 
variables  xlt  ...,  xm+n.  As  the  m  equations  are  independent  of  one 
another,  they  can  be  resolved  algebraically  so  as  to  express  m  of 

the  derivatives  of  u,  say  5—,  ...,  - — ,  linearly  in  terms  of  the 

0&1  OXm 

remainder ;  let  their  expression  be 

D  .  .      du       m+n    „    du 
B*(u)  =  7^+     2     ^^T  =  0' 

OHH,       *=m+l  OXf 

for  t  =  l,  ...,  m. 

The  system  was  complete  in  its  earlier  expression :  hence,  by 
the  preceding  property,  it  remains  complete  in  the  changed 
expression ;  consequently 

Bi(Bju)-Bj(Biu)=  2  ££*(«), 

A=l 

where  the  quantities  £  do  not  involve  u  or  its  derivatives.     The 
left-hand  side  of  this  relation  is 

m+n  "fa, 

2    {B^UJ-B^U*)}^, 

g=m+l  OXg 

F.  V.  6 
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and  it  does  not  contain  any  of  the  m  derivatives  ~ 

9#!          dxm 

f/7/ 

whereas  the  right-hand  side  does  contain  a  derivative  ^—  unless  %t 

OXt 

is  zero.     Hence,  in  order  that  the  relation  may  be  satisfied,  each  of 
the  quantities  £,  ...,  £m  is  zero;  and  it  then  becomes 

m+n  fin 


Now  the  system  is  complete,  so  that  no  equation  of  this  type  is  to 
be  associated  with  it  which  is  not  satisfied  in  virtue  of  Bl  (u)  =  0, 
...,  Bm(a)  =  0;  consequently,  this  equation  must  be  evanescent  for 
all  values  of  i  and  j,  and  therefore 

BtWJ-B^UJ^O. 

This  relation  involves  the  independent  variables  only;  hence  it 
must  be  satisfied  identically,  for  all  values  of  i,  j,  and  s. 

Conversely,  if  this  relation  be  satisfied  for  all  values  of  i,  j,  and 

s,  then  we  have 

Bi(Bju)-Bj(Biu)  =  Q; 

and  the  system  of  equations  51(w)  =  0,  ...,  Bm(u)  =  0  is  evidently 
complete.  Hence  we  have  the  formal  result  :  — 

A  complete  linear  system  of  m  equations,  involving  one  dependent 
variable  u  and  m  +  n  independent  variables  xl,  ...,  xm+n,  and  such 
that  only  derivatives  of  u  occur,  the  equations  being  homogeneous  in 
those  derivatives,  can  be  expressed  in  the  form 


du       m+n    TT    du 
Bt(u)  =  s-+     1     Ust  5-  =  0, 

oxt      s=m+l        dxg 

for  t  =  l,  ...,  m;  and  the  conditions,  necessary  and  sufficient  to 
secure  that  the  system  should  be  complete,  are  the  aggregate  of  the 
•Jm  (m  —  Y)n  relations  ~ 


for  the  values  of  s,  and  for  the  combinations  of  i  and  j  :  'each  of 
these  relations  must  be  satisfied  identically. 

In  consequence  of  the  conditions,  the  equation 
Bi,(Bju)-Bj(Biu)  =  0 

is  satisfied  identically,  for  all  values  of  i  and  j.     A  set  of  equations 
possessing  this  property  is  frequently  said  to  be  in  involution. 

A  complete  linear  system,  expressed  in  the  above  form,  is  some- 
times called  a  Jacobian  system. 
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40.  The  preceding  investigation  gives  the  formal  conditions 
for  the  coexistence  of  the  equations  :  it  gives  no  information  as  to 
the  integral  or  integrals  (if  any)  of  those  equations.  An  existence- 
theorem,  similar  to  those  in  the  preceding  chapters,  is  as  follows  : 

Let  «!,  ...,  cim+n  be  a  set  of  values  of  the  independent  variables 
in  the  vicinity  of  which  all  the  coefficients  U,  in  the  complete  Jacobian 
system 

Bt(u)  =  j^+  T    tf*^  =  0,  (*=1,  ...,m), 

OXt       ,=m+l  OXg 

are  regular  functions;  then  the  system  possesses  n  functionally  dis- 
tinct integrals,  which  are  regular  functions  in  the  vicinity  of  the 
selected  values  and  which  reduce  respectively  to  values  xm+1,  ...,xm+n, 
when  xl  =  a^  ,  #2  =  a.,,  .  .  .  ,  xm  =  <&„,. 

The  theorem  has  been  established*  when  in  =  1.  The  inductive 
method  will  be  used  for  the  general  case  ;  and  we  shall  prove  that 
it  is  true  for  a  Jacobian  system  of  m  equations  in  m  +  n  independent 
variables,  if  it  is  true  for  a  Jacobian  system  of  TO  —  1  equations  in 
m  +  n  —  I  independent  variables. 

Accordingly,  we  make  the  latter  supposition  that  the  theorem 
is  true  for  a  complete  Jacobian  system  of  TO  —  1  equations  in 
m  +  n  —  I  variables.  For  brevity,  we  make  Oj  =  0,  .  .  .  ,  am+n  =  0  : 
all  that  would  be  necessary  to  secure  this  result  would  be  to  take 
y/i.  =  x^  <ZM. 

The  equation 

£),,  m+n  J)j. 

A  («)  =  !£  +    2     CU£=0 

OXi        *=m+l  OX, 

possesses  m  +  n  —  1  functionally  independent  integrals,  which  are 
regular  functions  of  the  variables  in  finite  fields  of  variation  round 
0,  ...,  0,  and  which  acquire  values  x.2,  x3,  ...,  xm+n  respectively 
at  that  place  ;  this  is  a  theorem  already  proved  (§  29).  Of  these 
integrals,  TO  —  1  clearly  are  given  by 

U  =  X^,  X3,   ...,  Xm 

respectively;  let  the  remainder  be  denoted  by  u  =  ym+l,  ..-, 
respectively,  where 


*  In  §  29,  Corollary. 

6—2 


84  INTEGRALS   OF   A    COMPLETE  [40. 

Rm+s  denoting  a  regular  function  of  the  variables  xlt  ...,  xm+n  in 
the  assigned  vicinity.  Reversing  these  equations  so  as  to  express 
xm+i,  •••,  xm+n>  we  have 

&m-\-s  =  ym+s  T  '%i-Lm+8> 

where  Pm+g  is  a  regular  function  of  the  variables  x1}  . ..,  xm,  ym+i, 
,..,  ym+n  in  the  vicinity  of  0,  . . . ,  0. 

Now  let  the  independent  variables  be  changed  from  x1}  x.2,  ..., 
xm+n  to  a?j,  x.2,  ...,  xm,  ym+l,  ...,  ym+n;  we  know,  from  the  property 
established  in  |  38,  that  the  new  system  of  equations  is  complete. 
Also  let  the  result  of  the  transformation  on  any  integral  u  be 
denoted  by  v.  The  effect  of  the  transformation  upon  Bl  (u)  =  0 
can  be  obtained  at  once  :  as  its  m  +  n  —  1  functionally  independent 
integrals  now  are  xz, . . . ,  xm,  ym+1 ,  ...,  ym+n,  which  are  the  aggregate 
of  independent  variables  other  than  xl}  we  have 


For  the  other  equations,  we  have 

du^  _  dv_       »      dv    dym+s 

for  i  =  2,  . . . ,  m,  and 

du      _   »       dv    dym+s 
•3~~  d».        o—       ' 


for  j  =  1,  .  .  .  ,  n  ;  hence  the  equation  Bt  (u)  =  0  becomes 

7)v  m+n  27. 

%(*)=£•+    z  1^  =  0, 

o%t     s=m+i      oys 
with  new  coefficients  Vst. 

The  properties  of  these  coefficients  could  be  deduced  from  those 
of  the  coefficients  Ugt  :  they  are  most  simply  deduced  by  the  use  of 
the  known  property  that  the  new  system  Sl  (v)  =  0,  .  .  .  ,  Bm  (v)  =  0 
is  complete.  On  account  of  this  property  possessed  by  a  Jacobian 
system  (it  will  be  noticed  that  the  new  system  has  the  form  of  a 
Jacobian  system),  we  have 


for  all  values  of  s  and  j.     Now  all  the  coefficients  Vsl  are  zero,  and 

JJ 

B^  is  ^—  ;  hence  the  foregoing  condition  is 
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that  is,  the  coefficients  F^-  do  not  involve  #,.     We  also  have 
5i(F9)-JB,(Fw-)  =  0, 

for  all  values  of  i  and  j  in  pairs  combined  from  2,  ...,  m,  and 
for  *=m  +  l,  ...,  m  +  n.     The  modified  Jacobian  system  is 

*«-£-* 


for  £  =  2,  .  .  .  ,  m. 

Now  the  last  wi  —  1  equations  constitute  a  complete  Jacobian 
system,  for  the  necessary  and  sufficient  conditions 

*(F4)-4(F4-;0 

are  satisfied  ;  and  they  are  a  system  in  m  +  n  —  1  independent 
variables  #,,  ...,  xm,  yr*+i,  ...,  #«+„,  the  variable  a\  not  occurring. 
Owing  to  B!  (r)  =  0,  it  follows  that  an  integral  of  the  system  of 
TO  equations  cannot  involve  x^  in  the  modified  set  of  variables: 
consequently,  every  integral  of  the  system  of  m  equations  in  the 
m  +  n  independent  variables  is  an  integral  of  the  system  of  m  —  1 
equations  in  in  +  n  —  1  independent  variables,  and  conversely. 

The  coefficients  Va  in  the  Jacobian  system  of  m  —  1  equations 
are  regular  functions  of  the  variables  in  the  vicinity  of  irs,  ...,  a^,, 
3fa+i>  -~,  ym+*  =  0,  ...,  0;  for  they  are  polynomial  combinations  of 
the  coefficients  Ua  and  of  the  derivatives  of  ym+i,  ...,  ym+n  with 
respect  to  the  original  variables,  all  of  which  are  regular  in  the 
assigned  vicinity.  By  the  hypothesis  adopted  for  the  systems  of 
m  —  1  equations,  the  Jacobian  system  of  m  —  1  equations  in  the 
m  +  n  —  1  variables  possesses  n  functionally  independent  integrals 
which  are  regular  functions  of  the  variables  in  the  domain  con- 
sidered and  which  reduce  respectively  to  y«n-i,  ....  ym+n,  when 
#2=0,  ...,  .rm  =  0;  let  these  integrals  be 

v,  =  y,*~*  +  <£«•+«,  (s  =  1,  .  .  .  ,  n), 

where  <f>m+,  is  a  regular  function  of  the  variables  which  vanishes, 
when  x*  =  0,  .  .  .  ,  o*w  =  0.  It  is  clear  that  no  one  of  the  quantities 
i\,  ...,  rn  contains  xlt  so  that  each  of  them  satisfies 


86  NUMBER   OF    INTEGRALS   OF  [40. 

Consequently,   they   are    integrals    of    the    Jacobian    system   of 
m  equations. 

Moreover,  these  integrals  satisfy  the  assigned  conditions;  for 
we  have 


so  that  as  <j>m+s  is  still  a  regular  function  vanishing  when  x2  =  Q, 
...,  xm  =  0,  the  integral  vs  reduces  to  xm+s,  when  we  revert  to  the 
original  variables  and  we  make  xl  =  0,  x2  =  0,  .  .  .  ,  xm  =  0. 

The  theorem  is  thus  true  for  a  complete  Jacobian  system  of 
m  equations  in  m  +  n  variables,  if  it  is  true  for  such  a  system  of 
m-  —  1  equations  in  m+n  —  I  variables.  It  is  known  to  be  true 
for  a  single  equation  in  any  number  of  variables  :  hence  it  is  true 
generally. 

The  existence  of  n  functionally  independent  integrals  has  thus 
been  established.  When  m  =  I,  it  is  known  that  an  equation  in 
n  +  1  independent  variables  possesses  n,  and  not  more  than  n,  such 
integrals  ;  the  course  of  the  preceding  argument  then  shews  that 
a  complete  Jacobian  system  of  m  equations  in  m  +  n  variables 
possesses  n,  and  not  more  than  n,  functionally  independent  integrals. 

41.  The  set  of  integrals,  determined  in  association  with  the 
assigned  conditions  of  §  40  and  reducing  to  xm+l,  ...,  xm+n  for 
assigned  values  of  x^,  .,.,  xm,  is  sometimes  called  &  fundamental 
system  for  the  assigned  vicinity. 

As  in  the  case  of  a  single  equation,  it  can  be  proved  that  any 
integral  can  be  expressed  in  terms  of  any  set  of  n  functionally 
independent  integrals  :  and,  in  particular,  the  expression  in  terms 
of  the  members  of  a  fundamental  system  is  simple. 

To  prove  the  first  of  these  statements,  let  u1}  ...,  un  denote  a 
set  of  functionally  independent  integrals  of  a  Jacobian  system  of 
m  equations  in  m  +  n  independent  variables  ;  so  that,  with  the 
preceding  notation  for  the  system,  the  equations 


for  r  =  1,  .  .  .  ,  n,  and  t  =  \,  .  .  .  ,  m,  are  satisfied.  Moreover,  they  are 
satisfied  identically,  because  the  quantities  Ui,  ...,  un  do  not  occur 
explicitly. 
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Now,  let 

M 

denote  any  integral  of  the  Jacobian  system  :  then  the  equations 


s=m+i 


for  t  =  \,  ...,  m,  are  satisfied;  and  they  are  satisfied  identically, 
because  -fy  does  not  occur  explicitly.     Hence  all  the  determinants 


fe, 


dun 


.     fcci1'          dxm' 
vanish,  in  association  with  the  integral 


but  u  does  not  occur  explicitly  so  that,  as  the  determinants  cannot 
vanish  in  virtue  of  that  integral  equation,  they  must  vanish 
identically.  Accordingly,  some  functional  relation  must  exist 
among  the  quantities  yjr,  1/1,  .  .  .  ,  «n  \  it  cannot  exist  among  u^,  .  .  .  ,  un 
alone,  for  these  are  independent  ;  and  therefore  it  must  involve  i/r. 
Hence  it  may  be  taken  in  the  form 

^=f(ul,  ...,  un), 
where  f  is  some  function  of  its  arguments. 

We  thus  have  a  verification  of  the  proposition  that  the  number 
of  functionally  independent  integrals  in  a  Jacobian  system  of  m 
equations  in  m  +  n  variables  is  exactly  n. 

The  form  of  the  function  f  is  not  difficult  to  obtain  when  -fy-  is 
given,  if  we  take  a  fundamental  system  of  integrals  for  the  set 
HI,  ...,  v^.  In  particular,  let  the  latter  be  v1}  ...,  vn,  where  vt 
(for  s=l,  ...,n)  assumes  the  value  xm+»,  when  a^  =  Oj,  .  .  .  ,  xm  =  am  ; 
it  is  required  to  determine  the  functional  form  g,  such  that 


Let  Xi  = 


...,  xm,  xm+1,  ...,  arm+n)  =  5r(»i,  ...,  vn). 
,  ...,xm  =  am;  this  equation  becomes 
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This  is  true  for  all  variables  independent  of  one  another;   and 
therefore 

^(a1>  ...,  am,  v,,  ...,  vn)=g(vl,  ...,  vn), 
so  that 


ty(x1}  ...,  xm,  xm+1,  ...,  a?m+n)  =  ^r(a,,  ...,  am,  vlt  ...,  vn), 

being  the  required  expression  in  terms  of  a  fundamental  set  of 
integrals. 

COROLLARY.  When  the  preceding  results  are  combined,  the 
following  existence-theorem  is  obvious  :  — 

Let  a1>  ...,  am+n  be  a  set  of  values  of  xl,  ...,  xm+n  such  that, 
in  their  vicinity,  all  the  coefficients  U  in  the  complete  Jacobian 
system 

ri1t         m+n  3*, 

—  4-     S     77-0 

o        '        "*"       u  st  5  —  —  v, 

O&t       s  =  m+l          VXg 

for  t—l,  ...,  m,  are  regular  functions  of  the  variables;  and  let 
h(xm+l,  ...,  xm+n)  denote  any  regular  function  of  its  arguments 
in  the  assigned  region  of  variation,  which  (except  for  the  require- 
ment of  being  regular)  is  arbitrary.  Then  an  integral  of  the 
Jacobian  system  exists,  which  is  a  regular  function  of  the  variables 
in  the  vicinity  of  Oj,  ...,  am+n,  and  which  acquires  the  value 
h(xm+1,  ...,xm+n),  when  xl  =  al,  ...,  xm=  am. 

42.  It  is  a  part  of  Cauchy's  existence-theorem  that  an  integral 
satisfying  the  conditions  : 

(i)  that  it  is  a  regular  function  of  the  variables  within  the 
domain  of  a  set  of  values  where  all  coefficients  in  the 
above  linear  equation  are  regular, 

(ii)  that  it  acquires  the  value  of  an  assigned  regular  function 
for  an  initial  value  of  one  of  the  variables, 

is  a  unique  integral  so  determined.  Hence  the  fundamental  system 
of  integrals  of  the  equation 

Pi  +  X2p*  +  .  •  •  +  Xn+i  Pn+i  =  0, 

required  to  acquire  values  x2,  ...,  xn+l  respectively  when  xl  =  al, 
and  to  be  regular  functions  of  the  variables,  is  unique  as  a  set  of 
integrals. 

The  inductive  proof  of  the  establishment  of  integrals  of  a 
Jacobian  system  shews  that,  if  a  set  of  integrals  satisfying  the 
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assigned  conditions  be  unique  for  a  Jacobian  system  of  m  —  1 
equations,  a  set  of  integrals  satisfying  the  assigned  conditions  is 
unique  for  a  Jacobian  system  of  m  equations.  The  proposition 
just  quoted  indicates  that  a  fundamental  system  is  unique  when 
there  is  a  single  equation :  hence  a  fundamental  set  of  integrals  is 
unique  for  a  Jacobian  system. 

Similarly,  the  integral  at  the  end  of  §  41,  denned  as  an 
integral  of  the  Jacobian  system 

f+™f   £7,^=0, 

OXt       g=m+i          OXg 

for  t  =  1 ,  . . . ,  m,  which  is  a  regular  function  of  the  variables  and 
acquires  the  value  of  an  assigned  regular  function  of  xm+l, ... ,  xm+n 
for  initial  values  of  x1}  ...,  xm,  is  easily  seen  to  be  a  unique 
integral  determined  by  those  conditions. 

The  property  of  uniqueness  of  the  integrals  is  thus  established 
in  connection  with  the  various  existence-theorems  belonging  to 
the  Jacobian  systems.  But  it  must  be  remembered  that  the 
selected  initial  values  of  the  variables  are  such  that  all  the 
coefficients  Ugt  are  regular  in  their  vicinity:  and  only  on  this 
hypothesis  have  the  theorems  been  established.  Separate  investi- 
gation is  necessary  for  the  consideration  of  integrals  (if  any)  of 
the  system  in  the  vicinity  of  a  set  of  selected  initial  values  of  the 
variables,  which  constitute  a  singularity  or  other  non-regular  place 
of  any  of  the  coefficients. 

Two  METHODS  OF  INTEGRATION  OF  COMPLETE  LINEAR  SYSTEMS. 

43.  Xow  that  the  existence  of  integrals  of  a  Jacobian  system 
has  been  established  and  that  the  character  of  the  conditions 
which  limit  an  integral  has  been  indicated,  it  is  desirable  to  have 
some  means  of  actually  constructing  the  integral,  more  especially 
if  there  should  be  an  integral  which  is  expressible  in  finite  terms. 
Two  methods  seem  more  direct  for  this  purpose  than  others :  one 
of  these  is  due  to  Mayer,  the  other  is  based  upon  the  actual  stages 
in  the  establishment  of  the  existence  of  the  integrals. 

Mayer's  method  has  already*  been  expounded:  consequently 
the  discussion  need  not  be  repeated,  but  the  results  will  be  restated 
for  convenience.  It  is  as  follows : — 

*  Vol.  i  of  this  work,  §§  41,  42. 
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To  obtain  a  set   of  n   independent   integrals   of  the   complete 
Jacobian  system 

2?/          m  +  n  a,, 

_  4.      S       TJ  t  _  -  0 
alT  ^     *      u«*  5     —  u» 

0#t       s=w+l  VXS 

for   t=\,  ...,  m,  we   transform   the   variables  xl}   ...,  xm   by  the 
substitutions 

#«  =  ««  +  (y>  -  0)ft  G/i  >  •  ••,  ym), 
and  construct  the  equation 

37/          m  +  n  a.,. 

0    4.    s    y  ow  _  o 

--  '      •*         s   —  ~ 


equations  subsidiary  to  this  single  equation,  viz. 


u  V  V 

*  m+i  •  •*•  m+n 

are  to  be  integrated,  keeping  y2,  ...,  ym  as  invariable  quantities:  let 
the  n  integrals  be 

(j)p  \Xm+i>  '•*>    3-'m+n>    £/*'   •••,    ym)  ==  Constant, 

for  p=l,  ...,  n.  Then  the  set  of  n  independent  integrals  of  the 
Jacobian  system  are  given  by  the  following  process :  in  the  equations 

the  variables  y1}  ...,  ym  are  to  be  replaced  by  their  values  in  terms 
of  the  variables  x1}  ...,  xm,  and  if,  in  any  of  the  equations, 
</>P  (GI,  ...,  cn,  6,  y2,  ...,  ym)  should  be  a  pure  constant,  the  changed 
equation  is 


These  n  equations  are  resolved  so  as  to  give  c,,  ...,  cn  (or  n  inde- 
pendent functional  combinations  of  them)  :  let  the  result  of  the 
resolution  be 

^M\^I>    •••>   •"»«>   •Ein+i>    •••>   &in+n)  =  ^/n>  vA4  ==  *i  •••>  'R')' 

where  Cl}  ...,  Cn  are  n  independent  functions  of  c1}  ...,  cn:  the  n 
integrals  of  the  original  system  are 


Note  .1.     The  simplest  substitutions  for  the  transformation  of 
the  variables  appear  to  be 
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for  t  =  2.  ...,  TO;  the  quantities  Ym+1,  ...,  Tm+n  in  the  subsidiary 
equations  are  given  by 


Note  '2.  If  only  a  single  integral  of  the  Jacobian  system  is 
wanted  and  not  a  full  set,  it  can  certainly  be  obtained  from  any 
one  integral  of  the  subsidiary  system. 

Note  3.  If  any  integrals  of  a  Jacobian  system  are  known,  they 
can  be  used  to  modify  the  system,  so  as  to  reduce  the  amount  of 
integration  necessary  to  complete  the  set.  Thus  let 

u=  yl}  «=#,,  ...,  u=yp, 

be  known  integrals  independent  of  one  another,  where p<n:  and 
use  these p  quantities  to  change  the  variables  from  ^,  ...,  xm+n  to 
(say)  Xj,  ...,  #m+f»_p,  ylt  ...,  yp.  Then  as  yl  is  an  integral  of  the 

system,  the  term  -  -  must  be  absent  from  each  equation  of  the 

y  i 
modified  system:   its  coefficient  must  vanish  in  order  that  the 

d  da 

equation  may  be  satisfied.    Similarly  for  ^—  ,  ...,  - — .    Thus  there 

fya          fyp 

will  be  a  modified  system  of  m  equations :  the  variables  yt ,  ...,  yp 
are  of  the  nature  of  parameters  :  it  involves  m  +  n  —  p  variables 
xl,  ...,  xm+n_p:  and  it  still  is  complete.  It  therefore  possesses 
n  —  p  integrals ;  and  these  can  be  obtained,  as  in  Mayer's  method, 
by  the  integration  of  the  n  —  p  subsidiary  ordinary  equations. 

44.  In  outline,  and  as  regards  the  theoretic  amount  of  inverse 
operations  (such  as  integration)  that  are  required,  Mayer's  method 
for  the  integration  of  complete  linear  systems  is  the  simplest  and 
the  briefest :  but  occasionally,  for  particular  systems,  the  detailed 
operations  can  be  complicated.  An  alternative  method  of  pro- 
ceeding is  provided  by  an  adaptation  of  Jacobi's  method  of  inte- 
grating partial  differential  equations ;  the  details  of  the  adaptation 
are  almost  dictated  by  the  course  of  the  proof  of  the  existence- 
theorem.  In  details,  it  frequently  is  simpler  than  Mayer's  method, 
though  the  number  of  inverse  operations  is  greater :  but  the  mere 
number  of  such  operations,  without  regard  paid  to  their  intrinsic 
difficulty,  is  not  the  only  trustworthy  criterion  of  practical  sim- 
plicity. 
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The  method  may  be  described  as  that  of  successive  reduction. 
Let  the  system  be  taken  in  its  canonical  form,  the  first  equation 
being 


m+n 


This  equation  in  m  +  n  variables  has  m  +  n  —  l  functionally  inde- 
pendent integrals;  of  these,  m  —  1  are  evidently  given  by  a?2, . . . ,  xm, 
and  the  remaining  n  are  provided  by  integrals  of  the  subsidiary 
equations 

dxl  =  ^j         =  . . .  =  -j=         , 

the  quantities  x2,  ...,  xm  being  regarded  as  parametric.  If  the 
integrals  of  these  subsidiary  equations  are 

Up (x-i ,  ...,  xm+n)  =  constant,         (/A  =  1,  . . . ,  n), 
then  the  n  remaining  integrals  of  Bl  (u)  —  0  are  given  by 

Every  integral  of  B1  (u)  =  0  is  a  functional  combination  of  x2,  ..., 
xm,  ult  ...,  un;  the  appropriate  functional  combinations  must  be 
such  as  to  satisfy  the  remaining  equations  of  the  system. 

We  accordingly  make  x2,  ...,  xm,  u1}  ...,  un  the  independent 
variables  for  the  equation  B2(u)  =  0.  If  any  integral  of  this 
equation  be  taken  in  the  form 

/•/  \ 

which  is  also  an  integral  of  Bl  (u)  =  0,  we  have 

Because  the  system  is  complete,  we  have 

but  Bl  (ur)  vanishes  identically,  so  that  B2(Blur)  =  0,  and  therefore 

Hence  B2  (ur)  satisfies  the  equation  Bl  (u)  =  0 ;  it  may  be  zero,  or 
it  may  be  a  pure  constant :  if  it  is  neither  of  these  but  is  variable, 
it  is  an  integral  of  B^  (u)  =  0,  and  therefore  can  be  expressed  in 
terms  of  x2,  ...,  xm,  ult  ...,  un.  Thus  all  the  coefficients  in  the 
transformed  expression  of  B2  (u)  =  0  are  functions  of  the  m  +  n  —  1 
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new  variables  alone.  The  equation  in  this  form  has  m  +  n  —  2 
functionally  independent  integrals  ;  of  these,  m  —  2  are  given  by 
a-3,  ...,  xm  :  and  the  remaining  n  are  provided  by  integrals  of  the 
subsidiary  equations 

du-i  dun 


the  quantities  x3,  ...,  xm  being  regarded  as  parametric.  All  the 
denominators,  if  not  zero  or  pure  constants,  are  functions  of 
x.2,  ...,  xm,  u^,  ...,  un',  let  the  integrals  of  this  set  be 

vp  (>2,  .  .  .  ,  xm,  M!,  .  .  .  ,  un}  =  constant,  (p  =  1,  .  ..  ,  n)  ; 

then  the  n  remaining  integrals  of  B%  (u)  =  0  are 

w  =  t>p(aa,  ...,  xm,  «„  ...,  u»)  =  V 

Each  of  these,  as  a  functional  combination  of  x.2,  ...,  xm,  u^,  ...,  un, 
is  an  integral  of  B^u)  =  0;  and  every  integral,  common  to  B^u)  =0 
and  B.2(u)  =  0,  is  a  functional  combination  of  xs,  ...,  xm,  vlt  ...,  vn. 
The  appropriate  functional  combinations  must  be  chosen  so  as  to 
satisfy  the  remaining  equations  of  the  Jacobian  system. 

We  now  proceed  as  before  :  and  for  the  third  equation,  we 
make  xs,  ...,  xm,  vl}  ...,  vn  the  independent  variables.  If  any 
integral  of  the  equation  B3  (u)  =  0  be 

U  =  (})(X3,  ...,  Xm,  V,,   ...,  Vn\ 

we  have 


But,  as  the  system  is  complete,  we  have 


because  Bl  (vr)  and  B.2  (vr)  vanish  identically  ;  therefore  B3  (vr)  is  a 
simultaneous  integral  of  B1(u)  =  Q  and  B2(u)  =  Q.  Consequently 
B3(vr)  is  either  zero,  or  a  pure  constant,  or  a  function  of  x3,  ..., 
xm,  v\,  •••,  vn',  and  the  coefficients  in  the  modified  form  of  B3(u)=Q 
involve  only  the  variables  which  occur  in  the  derivatives  of  <f>. 
The  position  is  now  the  same  as  in  the  preceding  stage,  except 
that  the  number  of  variables  has  been  decreased  by  unity. 

We  pass  thus  from   stage  to  stage:  the  integrals  at   the  last 
stage  are  n  functionally  independent  integrals  of  the  system. 
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Note.  At  first  sight,  it  would  appear  as  though  the  number  of 
quadratures  of  ordinary  equations,  required  to  make  the  process 
effective,  is  mn,  being  n  for  each  stage.  But  the  number  can  be 
reduced,  often  very  substantially,  except  at  the  last  stage  when  n 
such  quadratures  are  then  certainly  required.  For  example,  let 

u'  (#!,  .  .  .  ,  xm+n)  =  constant 

be  any  integral  of  the  subsidiary  system  of  5X  (u)  —  0  :  then 
u=u'(x1,  ...,  xm+n)  =  u  is  an  integral  of  B1(u)  =  0.  Now  for 
any  value  of  p,  we  have 


because  BI(U')  vanishes  identically  :  hence  Bp(u')  satisfies  B^u)  =  0. 
If  Bp  (u)  is  not  zero  and  is  not  a  pure  constant,  it  is  an  integral  of 
Bl  (u)  =  0  ;  if  it  is  functionally  independent  of  u,  we  may  write 

u"  =  Bp  (u')  ; 

and  we  thus  obtain  a  new  integral  of  Bl  (u)  =  0  without  any 
further  quadrature,  in  the  case  of  each  operator  Bp  that  leads  to  a 
result  of  this  type. 

Again,  each  new  integral  so  obtained  may  be  similarly  treated, 
until  possibly  an  adequate  number  of  integrals  has  been  obtained 
at  the  stage.  The  reduction  in  the  number  of  quadratures  may 
thus  be  made  by  means  of  the  operators  in  the  remaining  equations 
of  the  system  at  any  stage  :  it  clearly  cannot  be  made  at  the  last 
stage  when  no  further  operator  remains  for  consideration. 

Further,  if  Bp(u')  is  zero,  then  u'  is  an  integral  common  to 
_Bj(«)  =  0  and  Bp(u)  —  0;  when  retained  as  a  new  independent 
variable  under  transformation  of  the  variables,  the  integration  of 
Bp  (u)  =  0  will  be  thereby  simplified. 

Again,  if  Bp  (u')  be  a  pure  constant,  =  a  say,  and  if  Bp  (v), 
derived  from  a  functionally  distinct  integral  of  Bl  (u)  =  0,  be  also  a 
pure  constant,  =  b  say,  then 

Bp(bu'-av')  =  0, 

that  is,  bu'  —  av'  is  an  integral  common  to  Bl  (u)  =  0  and  Bp  (u)  =  0; 
it  can  be  used  to  simplify  the  integration  of  Bp  (u)  —  0  at  the 
appropriate  stage. 
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Thus  the  number  of  quadratures  necessary  for  the  method  may 
be  considerably  reduced  :  but  even  in  the  most  favourable  circum- 
stances, their  number  is  greater  than  the  number  in  Mayer's 
method. 

Ex.  1.     As  an  example,  which  will  be  integrated  by  both  methods,  con- 
sider the  system 

Xl  (Z)  =  X\  Pi  -  X-ip-y  +  X3p3  ~X4p4  =  0, 

X2  (z)  =xzpi  -  xipz  =  0, 
X3(z)=x4p.,-.r.,p4=0, 

where  Pi4.  =  =r^-,  for  /*  =  !,  2,  3,  4.     \Ve  have 


so  that  the  system  is  a  complete  linear  system,  being  a  system  in  involution. 
When  expressed  in  a  canonical  form,  it  is 


Adopting  Mayer's  method  of  integration,  we  make  the  transformations 


and  then  the  single  equation  to  be  considered  is 


.., 

*  --  Y  —  =  0, 
dyi         ox^ 

where 


The  subsidiary  equation  is 
and  an  integral  is  found  to  be 


=  constant. 
Accordingly,  by  the  theorem  quoted  in  §  43,  we  construct  the  equation 


the  right-hand  side  being  obtained  by  putting  yt  equal  to  zero  in  the  left  ;  and 
then,  replacing  the  variables  .TI,  x2t  #3,  we  have 
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that  is,  by  the  theorem,  a  common  integral  is 

Z  =  (Xi2  + 

A  more  general  common  integral  is 

where  F  is  any  arbitrary  function. 

Proceeding  by  the  other  method  of  integration,  we  obtain  an  integral, 
other  than  x%  and  x3,  of 

X^    r^  -1. 1-.2 

the  subsidiary  system  is 


an  integral  of  which  is 

(x22  +  #42)  (#j2  +  x32)  =  constant. 


We  take  x2,  x3)  v  as  the  independent  variables,  where 

V  =  (^22  +  ^42)(^l2  +  ^32). 

But  £2  (v)  =  0,  so  that  the  second  equation  becomes 

^  =  0: 
9^2 

and  any  integral  common  to  the  first  two  equations  is  a  function  of  #3  and  v, 

We  take  #3  and  v  as  the  independent  variables  for  the  third  equation. 
But  ^3(v)  =  0,  so  that  the  third  equation  becomes 


The  integral  is  thus  a  function  of  v;  a  common  integral  of  the  system  is, 
as  before, 


If  an  integral  is  required  to  attain  an  assigned  value  g  (#4),  when 
x2=b,  x3=c,  it  is  easily  seen  to  be 

•-'fe-*)'}' 

Ex.  2.     Prove  that  the  system 


is  complete :  and  find  a  system  of  three  common  integrals. 
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COMPLETE  LINEAR  SYSTEMS  THAT  ARE  NOT  HOMOGENEOUS. 

45.  The  complete  linear  systems  that  have  been  considered 
are  homogeneous  in  the  derivatives   of  z:    and   the   dependent 
variable  does  not  explicitly  occur.     But  it  is  possible   to   have 
complete   linear   systems   which   are    not    homogeneous    in    the 
derivatives   and   in   which   the   dependent    variable    does    occur 
explicitly.      This   class   of  equations   is  a  very  special   example 
of  a  system  of  simultaneous  equations  and  can  be   treated   by 
the  general  method  devised  for  general  systems :    the  equations 
can,  however,  be  more  simply  treated  by  being  included  under 
the  class  already  considered.    We  take  a  new  dependent  variable  u 
such  that 

u  =  u(z,Xi,  ...,xn\ 

and  we  transform  the  equations  by  means  of  relations 

du  du  _ 

o~~  Pm    i   5        —  "  • 
CZ r          Oxm 

the  transformed  equations  are  homogeneous  and  u  does  not  occur 
explicitly.  These  are  amenable  to  the  method  already  explained : 
the  conditions  of  coexistence  are  at  once  obtainable ;  and  integrals 
will  be  given  by  equations 

u  =  constant, 
provided  -it  involves  z. 

Note.  The  same  warning  must  be  applied  about  linear  non- 
homogeneous  systems  as  was  applied  to  a  single  non-homogeneous 
equation  (§  35).  The  method  does  not  necessarily  give  all  the 
integrals  of  such  a  system,  for  it  may  fail  to  give  those  which 
belong  to  the  residuary  class  called  special. 

46.  The  conditions  of  the  coexistence  and  the  completeness 
of  the  system  can  be  easily  obtained  from  the  transformed  system. 
Thus  let  a  given  linear  system  be  expressed  in  the  form 

m+n 

£'iO)=Jpi+     2     aslps    =  Zlt 

*=m+l 
m+n 

E3(2}  =  p.2  +     2     anp,    =  Z2, 


m  +  n 

Em  (z)  =  pm+     2     ampa  =  Zm ; 
*=»t+i 


P.  V. 
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and  consider  the  system 


am 
s=m+\ 


the  quantities  aAft  and  Z  being  functions  of  z,  x1}  ...,  a;n.     The 
conditions  of  completeness  of  the  latter  system  are 

Bi(asj)  =  £j(asi), 
Bi(Zj}=Bj(Zi\ 

for  all  pairs  of  values  i,  j=l,  •••,  in,  and  for  s  =  m  +  I,  .  ..,  m  +  n. 
But  for  any  value  of  r,  we  have 


as  a  relation  between  the  operators;   thus  the  above  conditions 
become 


for  all  pairs  of  values  i,  j=l,  ...,m,  and  for  s  =  m  +  l,  ...,  m  +  n. 
These  are  the  conditions,  necessary  and  sufficient  to  secure  the 
coexistence  and  completeness  of  the  system. 

We  know  that  the  system  of  equations  B1(u)  =  0,  ...,  Bm  (u)  =  0, 
being  a  complete  linear  system  of  m  equations  in  in  +  n  +  1 
variables,  possesses  n  +  1  functionally  distinct  integrals.  Let  a 
set  of  these  be  taken  in  the  form  Wj  ,  .  .  .  ,  un+J  ,  some  of  which  will 
certainly  involve  z\  then  any  integral  of  the  transformed  system 
can  be  expressed  in  a  form 

M  =/(«!,...,  Wn+i), 

and  its  most  general  integral  will  be  obtained  by  taking  f  as  a 
completely  arbitrary  function.  It  is  also  obvious  that  an  integral 
of  the  original  system  will  be  provided  by  an  equation 
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if  u  is  an  integral  of  the  transformed  system  which  involves  z', 
hence  a  very  general  integral  of  the  original  system  will  be 
provided  by  the  equation 

f(ult  ...,  «n+,)  =  0. 

But  for  reasons  similar  to  those  adduced  for  a  single  equation  in 
§  35,  we  are  not  in  a  position  to  declare  (and  it  is  not,  in  fact,  true) 
that  every  integral  of  the  original  system  of  equations  is  included 
in  the  equation  /  =  0  for  an  appropriate  form  of  f. 

As  the  quantities  v^,  ...,  un+1,  necessary  for  the  construction  of 
the  function  f,  are  simultaneous  integrals  of  the  system  Bl  (u)  =  0, 
....  Bm  (u)  =  0,  it  is  clear  that  either  of  the  two  methods  (in  §§  43,  44) 
effective  for  the  construction  of  M,,  ...,  un+i  can  be  adopted. 

Ex.     Let  it  be  required  to  find  whether  the  equations 

=0, 


have  any  common  integral. 

Expressing  these  equations  in  the  form 


-~   xf+xf 

and  applying  the  conditions  of  the  text,  we  find  them  satisfied  :  hence  the 
equations  coexist,  and  they  form  a  complete  system. 

To  obtain  the  general  common  integral,  we  construct  the  equations 
du     x 


Btt         XiZ  +  X%Xz    CU 


which  aie  a  Jacobian  system.     It  possesses  two  functionally  distinct  integrals  : 
these  are  found,  by  the  processes  previously  explained,  to  be 


A  general  integral,  common  to  the  two  original  equations,  is  given  by 

XiX3  +  JC*Z  =  <f)  ( 

where  0  is  an  arbitrary  functional  form. 


7—2 


CHAPTER  IV. 

NON-LINEAR  EQUATIONS:  JACOBI'S  SECOND  METHOD, 
WITH  MAYER'S  DEVELOPMENTS. 

FOR   the  material   of  the  present  chapter,  reference   may   be   made  to 

Jacobi's  posthumous  memoir,  "Nova  methodus integrandi,"  Crelle,  t.  LX 

(1862),  pp.  1—181,  Ges.  Werke,  t.  v,  pp.  1—189;  to  Mayer's  memoir,  "Ueber 

unbeschrankt Differentialgleichungen,"  Math.  Ann.,  t.  v  (1872),  pp.  448— 

470;   and  to  Imschenetsky's  memoir  "  Sur  1'integration premier  ordre," 

Grun&rfs  Archiv,  t.  L  (1869),  pp.  278 — 474.  Mention  should  also  be  made  of 
Mansion's  treatise  "  The"orie  des  equations  aux  derivees  partielles  du  premier 
ordre"  (1875),  Book  11;  and  of  the  exposition  given  in  chapters  vi  and  vn  of 
Goursat's  treatise,  already  (p.  55)  quoted. 

47.  We  now  proceed  to  deal  with  single  equations,  and  with 
systems  of  consistent  equations,  of  the  first  order  and  of  general 
degree  in  the  derivatives :  clearly  no  generality  is  lost  by  assuming 
that  the  equations  are  irreducible.  It  will  be  sufficiently  obvious 
from  the  discussion  in  the  last  chapter  that  the  construction  of  an 
integral  of  the  equation  or  of  the  system  of  equations  is  a  process 
of  several  stages,  differing  in  this  respect  from  the  usual  construc- 
tion of  an  integral  of  an  ordinary  equation ;  and  the  difficulty,  in 
general,  is  the  discovery  of  the  effective  inverse  operations  that 
lead  from  stage  to  stage. 

Now,  whatever  equation  or  equations  may  be  assigned  for  the 
determination  of  the  value  or  for  the  limitation  of  the  form  of  a 
dependent  variable,  one  permanent  relation  subsists  between  a 
number  of  independent  variables  #,,  ...,#„,  a  dependent  variable 
z,  and  the  derivatives^,  ...,pn  of  the  latter:  the  relation  is 
dz  =pldxl  +  ...  +pndxn. 

The  quantities  pl}  ...,  pn  are  themselves  dependent  variables  and 
consequently  are  functions  of  ac1}  ...,  xn\  but  it  frequently  happens 
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that  they  arise  as  functions  of  a^,  ...,  xn,  z,  the  last  variable  not 
being  explicitly  known  in  terms  of  the  independent  variables. 
Also,  there  must  be  only  a  single  functional  relation  between  z,  #,, 
...,  xn,  so  that  the  integral  equivalent  of  the  preceding  differential 
relation  is  effectively  a  single  equation  among  the  variables : 
consequently,  the  differential  relation  must  be  an  exact  equation. 
The  conditions  necessary  and  sufficient  to  secure  this  result  are 
known*:  in  the  present  case,  they  are 


for  the  \n (n  —  1)  pairs  of  values  of  m  and  /x  from  the  set  1,  ...,  w. 
Let 

d        9  9 

cta-p     9#p     ^p  dz ' 

so  that  -y—  is  the  complete  derivative  with  regard  to  xp,  account 

being  taken  of  the  explicit  occurrence  of  xp  as  well  as  of  its 
implicit  occurrence  through  z:  the  necessary  and  sufficient  con- 
ditions become 

dp^  _  dpm 

^    in         (.vtxsu 

and  these  conditions  apply,  whatever  be  the  quantity  z  and  how- 
ever its  derivatives plt  ...,  pn  may  be  determined.  When  they  are 
satisfied,  the  relation 

dz=pldxl  +  ...  +pndxn 

is  exact :  when  an  integral  equivalent  is  obtained  by  the  recognised 
processes  of  quadrature,  that  equivalent  is  an  integral  relation 
between  z,  xly  ...,  xn. 

Now  there  are  n  of  these  derivatives  of  z :  when  regarded  for 
the  purpose  of  quadrature,  they  will  most  generally  be  determined 
by  n  equations 

where  Fl}  ...,  Fn  will  be  assumed  to  be  n  regular  functions  of 
a?!,  ...,  xn,  z,  plt  ...,  pn  which,  so  far  as  they  involve  p1}  ...,pn, 
are  functionally  distinct;  consequently  the  Jacobian 


Part  i  of  this  work,  §  11. 
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does  not  vanish  identically.  In  that  case,  the  n  equations  can 
be  resolved  so  as  to  give  expressions  for  p1}  ...,  pn  as  regular 
functions  of  x1}  ...,  xn,  z:  when  these  expressions  are  substituted 
in  the  equations,  the  latter  become  identities.  Taking  two  of 
these  equations,  say  Fr  =  Q  and  F8  =  0,  thus  turned  into  identities, 
we  have,  on  differentiating  with  regard  to  xm> 


= 
dxm     M=!  9/v  dxm 

dFs  t    £  d  Fs  dp»  = 
dxm     M=1  dp,,,  dxm 

and  therefore,  on  the  elimination  of  ~~  , 


_ 

dxm  dpm     dxm  dpm     M  =  1  3  (  pK  ,  pm)  dxm 

This  holds  for  each  value  of  m;  taking  it  then  in  succession  for 
each  value  of  m,  and  adding  all  the  left-hand  sides  together,  we 
have 


m=1  \dxm  dpm     dxm  dpmj     M=i  ^i  9  (pM,  pw)  dxm 

The  last  double  summation  can  be  modified :  the  terms  for  which 
fju  =  m  do  not  occur :  taking  a  pair  of  values  for  //.  and  m  from  the 
set  1,  ...,  n,  and  combining  them,  the  summation  may  be  written 

Jy  d(Fr,  Fs)  fdpn      dpn 

i^m.  9  (Put  Pm)  \d%i>i       dXf, 

Moreover,  it  is  convenient  to  use  a  symbol  to  denote  the  first 
summation :  we  write 

<dFr  dFx      dF, 


\F    ^1= 

m~i  \dxm  dpm      dxm  dp 


and  the  equation  now  becomes 


-- 

pm)\dxm      das,. 
This  holds  for  all  combinations  of  r  arid  s  from  the  set  1,  ...,  n. 
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SIGNIFICANCE  OF  THE  JACOBIAN  RELATIONS. 

48.  Two  inferences  can  be  drawn  from  this  aggregate  of 
relations. 

In  the  first  place,  the  quantities  pl,  ...,  pn,  as  determined  by 
the  equations  Fl  =  0,  .  .  .  ,  Fn  =  0,  have  thus  far  merely  been  re- 
garded as  variable  magnitudes  :  but,  in  addition,  they  are  to  be 
derivatives  of  z.  The  conditions,  necessary  and  sufficient  to  secure 
this  last  property,  are 


_         _ 
dxm      dxp 
hence  we  have 

[Fr,F,-\  =  0, 

for  all  values  of  r  and  s.  These  equations,  ^n(n  —  1)  in  number, 
are  thus  a  necessary  consequence  of  the  hypothesis  that  the  quan- 
tities p  are  the  derivatives  of  z. 

In  the  second  place,  if  these  ^n  (n  —  1)  equations  are  satisfied, 
then  the  quantities  plf  ...,  pn,  determined  by  the  equations 
Fl  =  0,  .  .  .  ,  Fn  =  Q,  are  the  n  first  derivatives  of  z  with  regard  to 
#1,  ...,  xn.  Assuming  the  equations  to  be  satisfied,  the  foregoing 
aggregate  of  relations  becomes 


for  all  combinations  of  r  and  s.     We  thus  have  |n(n  — 1)  equa- 
tions, homogeneous  and  linear  in  the  ^n(n  —  1)  quantities 

dpp      dp,n 

C(J',lt        (HCp, 

Taking  the  equations  in  the  form 

which  is  only  a  rearrangement,  and  writing 
£    dFg  (dp*      dp,n^ 

we  have 


This  equation  holds  for  all  values  of  r  and  of  s :  taking  one  value 
of  s,  and  the  n  values  of  r  in  turn,  we  have  n  equations  which  are 
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linear  and  homogeneous  in  uls,  u.2K,  ...,  uns.  The  determinant  of 
the  coefficients  does  not  vanish,  for  it  is  the  Jacobian  of  the  func- 
tions F1}  ...,  Fn  with  regard  to^1;  ...,  pn;  hence 

Uf.g  =  0, 

for  all  values  of  /*  and  s,  that  is, 

™    dFs  /dpn      dpm\ 

Zj — — I   =  \)f 

t  /ill      \  (i  nr  rl m*     I 

Wi  =  l    ^ r^Jft,     \^*/fct/?7l  W/»X/M  / 

Taking  the  n  values  of  s  in  turn,  we  have  n  equations  which  are 
linear  and  homogeneous  in  the  quantities 

dpn     dpl  dpn     dpn 

Ci  X*  Ci  jT  (l  Jf*  ft  IT 

the  determinant  of  their  coefficients  does  not  vanish,  for  again  it 
is  the  Jacobian  of  F^ ,  . . . ,  Fn  with  regard  to  p1 ,  ...,  pn:  hence 

dpn      dpm  _ 
j          j         ^> 


for  all  values  of  m  and  p.  These  conditions  have  been  proved 
necessary  and  sufficient  to  secure  that  the  quantities  p  are  deriva- 
tives of  z  ;  and  they  are  a  necessary  consequence  of  the  equations 

[Fr.,Fg]  =  0, 

which  therefore  are  sufficient  to  secure  that  the  quantities  p  are 
derivatives  of  z  and  that,  when  their  values  given  by  Fl  =  0,  .  .  .  , 
Fn  =  Q  are  substituted  in  the  equation 

dz  =  p1dxl+  ...  +pndxn, 
this  equation  is  exact. 

If,  in  particular,  z  does  not  occur  explicitly  in  any  of  the 
equations  F=0,  then 


the  equations  become 

-  /a^8^_a/^a^A    0 

m  =  \  \dXrn  3pm        dpm  9«m/ 

and  these  are  frequently  represented  by  the  form 

(Fr,Fg)  =  0. 

Note.    All  these  conditions  will  equally  be  required  if  the  equa- 
tions determining  plt  ...,  pn  occur  in  the  form 

Fl-  a-i,  ...,  Fn  =  an, 
where  a1(  .  ..,  an  are  constants. 
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49.     Again,  suppose  that  n+  1  equations,  involving  p1,  ...,  pn, 
z,  xlt  ...,  xn,  are  given.     Let  them  be 


they  can  be  regarded  as  determining  n+  1  quantities  z,  plf  ...,pn 
in  terms  of  x1  ,  ...,  xn.     We  proceed  to  shew  that  the  conditions 


for  all  combinations  of  r  and  s  from  the  set  1,  ...  ,  n  +1,  must  be 
satisfied,  if  quantities  z,  pi,  -,.,  pn  are  so  related  that 


also,  that  the  conditions  specified  suffice  to  secure  these  relations. 

When  the  values  of  z,  pl}  ...,pn  are  substituted  in  the  equa- 
tions G  =  0,  each  of  them  becomes  an  identity  ;  and  therefore  we 
have,  from  any  equation  Gr  =  0  after  the  substitution, 


so  that 


or  writing 

8  8        d 
\-  pm  —  =  - —  , 

for  all  values  of  in,  we  have 


_r          r_  r_ 

Pm  I  '  i*  *•*     'N         »\         —  "• 

dxm       dz   \dxm 
Similarly 

dfy     W.(dz_  M_ 

r  "S         I  o  A'/rt  I      i  —      ^  ^  —  w. 


Multiplying  the  former  by  ^—  -  ,  the  latter  by  ^—  -  ,  and  subtracting 

"I'm  vpm 

we  have 


_ 
dpm      dxm  cpm      \  dz  dpm       dz  dpm    \dxm 


,^ 

~r    ~    ^-7  —      —  r  ^  —  —  \J. 
M=l  0  (pn,  pm)  CXm 
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Summing  the  left-hand  sides  of  this  equation,  taken  for  all  the  n 
values  of  m  in  succession,  we  have 

tdGr  3GS     dG,  dGr 


m=i  \dxm  dpm     dxm  dp, 

I     d(Gr,Gg)  (dz  \  -       I     d(Gr,   0.)  dP,_ 

i     **      ^  /  —  —  r    I  ^  —    ~  Pm  I    «"•*•»      &    ^~7  —      "~\  o  --  v, 

m=i  o  (z,  pm)  \dxm          J      m=l  M=1  d  (pn,  pm)  dxm 
or,  again  using  [Gr,  Gs]  to  denote  the  first  summation,  we  have 
Q.)(te        ,  U  v    2  a(0r,0.)ap, 

s     I  ^  —     -  pm  I  +    2,      Z    -    ,  —  .   -  -  =  U. 


The  last  summation  can  also  be  written 

^       ^f  Y         *   /  ^Pf-        Opm  \ 

and  therefore  we  have 

r~\   5^      P™ 


If  then  the  quantities  z,  p1}  ...,  pn,  determined  as  functions  of 
#!,  ...,  xn  by  the  w+  1  equations  G  =  Q,  be  such  that  their  values 
satisfy  the  relations 


xm  oxm       xp 

for  all  values  of  m  and  /A,  then  we  must  have 

[0,,  G8]  =  0; 
and  this  holds  for  all  combinations  of  r  and  s. 

Conversely,  if  the  relation  holds  for  all  the  values  of  r  and  s, 
then  the  values  of  z,  p1}  ...,  pn,  as  given  by  the  equations  6r  =  0, 
are  such  that  the  quantities  p  are  equal  to  the  derivatives  of  z 
and  satisfy  the  necessary  relations  of  the  foregoing  type.  When 
[Gr,  Gg]  =  0,  the  equation  becomes 

»  d(Gr,G8)(dz        i\.\*  dGrdG,(dp»     dpm\_ 

*->       «-\  /  —       ~\"    \  ^  —     ""   rtn  I  T    *i       •*•'     5         ^  o  ~       ' 

••i  9('i|>b)'Vm         /     m=i(i=i9pM  opm\oxm     dx^J 
or,  if  we  write 

_d_Gr(dz_     .  \  ,  5  aGr^. 
"'•'"  -  ?' 
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we  have 

30.       a    30. 

-rr^-  +  2  ;r—  ^  =  0, 

O^          ,„  =  !  Op™ 

for  all  values  of  r  and  s.  Taking  the  n  +  1  values  of  s  in  succes- 
sion, and  keeping  one  and  the  same  value  of  r,  we  have  n  + 1 
equations,  homogeneous  and  linear  in  the  n  +  1  magnitudes  vr, 
un,  ...,  urn.  The  determinant  of  the  coefficients  of  these  magni- 
tudes is 

J 

which  does  not  vanish,  because  the  n  -\-  1  equations  G  =  0  are 
presumed  to  determine  z,  p^,  ...,  pn  as  functions  of  the  other 
variables;  hence  all  the  magnitudes  vr,  un,  ...,  um  vanish,  that  is, 


a 

=i  dpm  \dx 


dz 

the  former  holding  for  all  values  of  r,  the  latter  for  all  values  of  r 
and  of  m.  Taking  the  latter  for  a  single  value  of  m  and  for  all 
the  values  of  r,  we  again  have  n  +  \  equations,  homogeneous  and 
linear  in  the  n  +  1  magnitudes 

one  of  which  is  identically  zero;  the  determinant  of  the  co- 
efficients again  is  the  Jacobian  of  G1}  ...,  Gn+i  with  regard  to 
z,  p1 ,  ...,  pn ,  and  so  does  not  vanish :  hence  the  n  +  1  magnitudes 
are  zero,  that  is, 

te__pm  =  0>    dP»      fy'"  =  0. 

Next,  taking  all  the  values  of  m  in  turn,  the  other  set  of  equations 


is  satistieil  without  providing  any  new  condition:  accordingly,  w 
have  the  relations 


=  __  = 

dxm  '   dxm      "bx^  ' 

as  a  necessary  consequence  of  the  equations  [Gr,  Gs]  =  0. 
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Note.     It  will  be  noticed  that,  if  the  n  equations 

#=0,  ....  ^  =  0, 

satisfy  all  the  conditions  [Fr,  Fg]  —  0  necessary  for  coexistence,  the 
determination  of  a  value  of  z  which  satisfies  them  all  requires 
resolution  of  the  equations  and  a  quadrature :  while,  if  the  n+1 
equations 

G-L  =  0,  . . . ,  Gn+i  =  0, 

satisfy  all  the  conditions  [Gr,  Og]  =  0  necessary  for  coexistence,  the 
determination  of  a  value  of  z  which  satisfies  them  all  requires  reso- 
lution of  the  equations  only.  The  former  case  could  be  changed 
into  the  latter  by  the  provision  of  an  additional  appropriate  equa- 
tion :  this  appropriate  equation  is  actually  provided  as  the  result 
of  the  necessary  quadrature,  with  the  added  advantage  that  it 
gives  a  relation  between  z  and  the  variables  xlt  ...,  ccn,  free  from 
the  quantities  pl ,  ...,  pn. 

50.  These  two  theorems  lead  to  various  issues,  as  regards  the 
solution  of  a  single  equation  and  of  a  system  of  compatible  equations. 
We  shall  deal  with  the  latter  first. 

Accordingly,  we  suppose  that  several  equations 

^  =  0,...,^  =  0 

are  given :  after  the  foregoing  explanations,  we  can  suppose  that 
s  is  less  than  n.  It  may  also  be  assumed  that  these  equations  are 
algebraically  independent  of  one  another  and,  at  this  stage,  that 
they  involve  all  the  variables  concerned :  also,  that  it  is  not 
possible  to  eliminate  z,  plt  ...,pn  from  among  them,  so  as  to  lead 
to  a  relation  among  the  independent  variables  alone.  In  order 
that  the  given  equations  may  coexist,  it  is  clear  from  the  preceding 
analysis  that  the  further  equations 

W.fl-o 

must  be  satisfied,  for  all  combinations  of  i  and  j  from  the  set 
1,  ...,  s. 

One,  or  more  than  one,  of  these  further  equations  may  be 
impossible :  the  original  equations  cannot  then  coexist  as  deter- 
mining a  function  z  of  xl ,  . . . ,  xn  which  satisfies  F^  =  0,  . . . ,  Fg  =  0 
simultaneously.  The  case  requires  no  further  consideration. 

One,  or  more  than  one,  of  the  further  equations  may  be  satisfied 
identically:  no  condition  is  thereby  imposed  upon  the  system. 
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Similarly,  no  condition  is  imposed  upon  the  system  when  any  one 
of  the  further  equations  is  satisfied  in  virtue  of  the  original 
equations. 

But  it  may  happen  that  one  of  the  further  equations  is  not 
satisfied,  either  identically  or  in  virtue  of  the  original  equations, 
and  yet  it  must  be  satisfied  :  it  is  a  new  equation,  which  must  be 
associated  with  the  original  system.  Each  such  further  equation, 
not  satisfied  either  identically  or  in  virtue  of  the  original  equations 
or  in  virtue  of  the  newly  associated  equations,  must  be  associated 
with  the  system  :  let  the  additional  aggregate  thus  provided  be 


each  of  which,  as  representing  a  relation  [Fi,  Fj]  =  0,  is  an  equation 
of  the  first  order. 

In  order  that  these  may  coexist  with  the  original  system  and 
with  one  another,  each  of  them  must  be  combined  with  every  other 
and  with  every  member  of  the  original  system  in  the  relation 
[Fi,  Fj]  =  0.  Any  new  equation  thus  arising  is  associated  with 
the  increased  system  :  and  the  process  is  repeated  until  the  system 
is  so  amplified  that  the  relation  is  satisfied  either  identically  or  in 
virtue  of  the  equations  in  the  amplified  system.  Such  a  system,  on 
the  analogy  of  the  earlier  and  simpler  case  in  Chapter  III,  is  called 
complete  :  if  it  be  denoted  by 


the  relation  [Fit  Fj]  —  0  is  satisfied  for  every  combination  of  *  and  j 
from  the  set  1,  ...,  m,  either  identically  or  in  virtue  of  the  members 
of  the  complete  system. 

If  the  original  system  should  be  such  that  z  does  not  occur 
explicitly  in  any  equation,  the  relation  [Fi,  Fj]  =  0  becomes 
(Fi,  Fj)  =  0:  and  then  the  complete  system  is 


being  such  that  the  relation  (Fi}  Fj)  =  Q  is  satisfied  for  every  com- 
bination of  i  and  j  from  the  set  1,  ...,  m,  either  identically  or  in 
virtue  of  the  members  of  the  complete  system.  Moreover,  z  does 
not  occur  explicitly  in  any  member  of  the  complete  system  :  for  it 
is  not  introduced  by  any  of  the  relations  (Fi,  Fj)  =  0. 
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51.     In  §  22,  it  was  established  that  the  equation 
/(#„  ...,xn,  z,pi,  ...,ptl)=0 

possesses  an  integral  with  one  or  other  of  the  assigned  initial 
conditions  for  one  of  the  values  xl  =  al,  ...,  xn  =  an,  except  for 
such  values  (if  any)  of  the  variables  as  satisfy  f=  0  and  also 

#-0         &-0 

r\       —  "»•••>  o       —  "• 

dp,  dpn 

If  these  equations  can  coexist,  we  must  have 

•£  a/- 

- 


for  all  values  of  /*,  r,  s,  in  connection  with  the  n  +  1  equations. 
The  former  condition  is 


__ 

w~i  \dxm  dpm  \dpnJ      dpm  doc  \dpj 

?)f 
but  7^-  =  0  for  all  values  of  m,  and  thus  the  condition  is 


m=l      iffmpmpn 

for  all  values  of  /*,  so  that  we  have  n  relations,  homogeneous 
and  linear  in  the  n  quantities  ~-  ,  ...,  -~-  .     Suppose  now  that, 

GC'wj  \Aj3C.-fo 

if  the  equations  ^-  =  0,  ...,  -^-  =  0  can  coexist  with  f=0,  they 
dp!  3pn 

determine  plt  ...,  pn,  so  that 


dpi'  '" 


X  Pi,   --^Pn  ' 

is  not  zero ;  then  the  preceding  n  relations  can  only  be  satisfied  by 

£=o, 

that  is,  by 


for  m  =  1,  . ..,  n.  These  are  n  additional  relations:  they  must  be 
satisfied  by  the  values  of  pl9  ...,  pn,  z,  provided  by  the  n+l 
equations. 
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It  is  easy  to  see  that  these  relations  must  be  satisfied  whether 

7)f  7)f 

—  =  0,  .  .  .  ,  -^—  =  0  are  independent  of  one  another  or   not,  qua 
dp,  dpn 

equations  in  pl}  ...,  pn.  For  the  value  of  z,  and  the  values  of 
plt  ...,pn  deduced  from  it,  must  make  f=  0  satisfied  identically 
when  they  are  substituted  :  hence 


that  is, 

a/       a/_n 

aaw+^-a*' 
for  all  the  values  of  m,  which  are  the  conditions  in  question. 

The  other  set  of  conditions  is 


82/  1  =  o 


TO=1  \_\das*  (dprJ)dpmdp.      (das*  \dp,J)  dpmdpr 
for  all  values  of  r  and  s. 

When  all  these  conditions  are  satisfied,  and  when  the  n  +  1 

T^f  "f\f 

equations  /=  0,  ^=—  =  0,  ...,  ^—  =  0,   determine  plt  ...,pn,  z   as 

dpi  Opn 

functions  of  x,,  ...,  xn,  the  value  of  z  is  certainly  an  integral  of  the 
original  equation  /=  0.  Clearly,  it  then  is  not  capable  of  obeying 
assigned  initial  conditions:  for  it  possesses  no  arbitrary  element 
which  is  at  our  disposal. 

Such  integrals  are  of  the  class  usually  called  singular  :  we  shall 
recur  to  them  later.  When  they  exist,  they  result  from  the 
elimination  of  pl  ,  ...,  pn  between 


Ex.  1.     As  an  example,  we  may  take 

/=  -z 
the  additional  equations  are 


so  that  evidently  g  must  involve  all  the  quantities  pi,  ...,  pm.     The  relations 
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are  satisfied  identically  ;  likewise  the  other  set  of  relations.     Moreover,  the 
form  of  g  is  known  :  hence,  eliminating  pl  ,  ...,  pn  from  the  equations 


the  value  of  z  given  by  the  resulting  equation  is  an  integral  of  the  original 
equation.     But  it  contains  no  arbitrary  element. 

Ex.  2.  It  must  not  be  supposed  that  elimination  of  pl  ,  .  .  .  ,  pn  is  always 
possible  among  the  n+l  equations.  Taking  n  =  2,  a  simple  instance  is 
provided  by  the  equation 


All  the  equations 
and  all  the  relations 


^L  (?l\  1  (3A  _  d_  /3A  d_  /3/\ 
dx  \dp)  3p  \9gy      dx  \dq}  dp  \dpj 


dW\3_  r%\  _  rf  /8A  1  /8A  =Q 
dy  \dpj  dq  \aqj      dy  \dqj  dq  \dpj 


are  satisfied  by  the  two  equations 


x     y 

attempted  elimination  gives  no  further  equation.    An  integral  for  the  particular 
example  is  clearly  given  by 


where  a  is  an  arbitrary  constant. 

To  equations  having  integrals  of  this  kind,  we  shall  recur  later. 


THE  COMBINANTS  (F,  G),  [F,  G]:  SOME  PROPERTIES. 

52.  Before  passing  to  the  further  consideration  of  a  complete 
system  of  given  equations,  it  is  convenient  to  note  a  property 
of  the  operation,  represented  by  (F,  G)  when  F  and  G  do  not 
involve  z,  and  by  [F,  G]  when  F  and  G  do  involve  z. 

Let  F,  G,  H  be  any  three  independent  functions  of  2n  quantities 
Xi,  ...,  xn,  pi,  ...,  pn;  then  it  is  not  difficult  to  verify  that  the 
equation 

((F, 
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is  satisfied  identically.  From  this  identical  relation,  one  inference 
can  be  made  at  once.  Let  u  =  <f>,  and  u  =  i/r,  where  <f>  and  i/r  are 
functions  of  a^,  ...,  xn,ply  ...,pn,  be  two  independent  integrals  of 

(F,  u)  =  0, 
which  is  a  homogeneous  linear  equation  in  u ;  then 

(F,  <£)  =  0,    (F,  +)  =  0, 
both  equations  being  satisfied  identically.     Hence 

((F,   <£)  ^r)  =  0,      «*,  F)V  =  -  ((F,  VT)  *)  =  0, 
and  therefore 

that  is, 

Thus,  taking 

«  =  (*,*), 
we  have 

(F,  ti)  =  0. 

Now  (<£,  i/r)  may  be  zero  identically,  or  it  may  be  a  pure  constant : 
in  either  case,  the  equation  u  =  (<f>,  \fr)  gives  a  trivial  (and  negli- 
gible) integral  of  the  differential  equation.  But  if  (<f>,  -^)  be  a 
variable  quantity,  then  u  =  ($,  •$•)  gives  an  integral  of  (F,  u)  =  Q: 
and  if  it  be  distinct  from  <£  and  from  i/r,  it  is  a  new  integral.  We 
therefore  have  the  theorem*  : 

Ifu  =  <f>  and  u  =  -fy  are  integrals  of  the  equation 
(F,  u)  =  0, 

then  u  =  (<£,  i/r)  also  satisfies  the  equation :  and  if  (<f>,  -ty)  be  a 
variable  quantity  distinct  from  <£  and  from  -fy,  then  u  =  (<f>,  i/r)  is  a 
new  integral  of  the  equation. 

Another  mode  of  stating  this  result  is  as  follows :  Let /i  =  0, . .. , 
fm  =  0  be  a  complete  system  of  equations  which  do  not  involve  z 
explicitly,  so  that  the  relation 

(/r,/.)  =  0, 

for  all  values  of  r  and  s  from  the  set  1,  ...,  m,  is  satisfied ;  and  let 
u  =  6  be  an  integral  of  the  homogeneous  linear  equation  (fl}  u)  =  0. 
Then  if  the  relation  (fi,fr)  =  0  is  satisfied  identically,  the  quantity 

*  The  theorem  is  customarily  associated  with  Poisson's  name.  It  was  used  by 
Jacobi  without  explicit  indication  of  the  limitations,  though  he  uses  it  only  generally, 
not  universally:  see  Jacobi,  Ges.  TTerke,  t.  v,  pp.  49,  50. 

F.  V.  8 
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u  =  (fr,  0}  also  satisfies  the  equation  (/i,  u)  =  0  ;  and  it  is  a  new 
integral  of  that  equation  if,  being  a  variable  quantity,  it  is  function- 
ally independent  of  6. 

The  result  is  derived,  on  the  lines  of  the  earlier  explanation, 
from  the  relation 

((/-  fr)  0}  +  ((fr,    *)/,)  +  ((0,  /,)/,)  =  0. 

For  (/i  ,  6)  =  0  identically,  and  (/i  ,  fr)  =  0  identically,  so  that 
((/i.  fr)  0)  =  0  and  ((0,  fjfr)  =  0  :  thus  u  =  (fr,  6)  satisfies  the 
equation  (fi  ,  u)  =  0. 

The  relation  (fj  ,  fr)  =  0  must  always  be  satisfied  ;  but  if  it  is 
satisfied  only  in  virtue  of  equations  of  the  system,  the  inference  as 
to  the  significance  of  (fr,  0)  cannot  be  drawn. 

53.  Next,  let  f,  g,  h  be  any  three  independent  functions  of 
2/i+l  magnitudes  XY,  ...,  xn,  z,  pl}  ...,pn',  then  it  is  not  difficult 
to  verify  that  the  equation 


is  satisfied  identically. 

A  corresponding  inference  can  be  drawn  from  this  identity: 
but  it  is  not  so  completely  useful  as  in  the  former  case.  Let  u  —  <j> 
and  u  =  ^r,  where  $  and  -^  are  functions  of  xl,  ...,  xn,  z,  ply  ...  ,  pn> 
be  two  independent  integrals  of 

[/,  u]  =  0, 
which  is  a  homogeneous  linear  equation  in  u  :  then 

[/,  </>]  =  <>>     [/>  *]  =  <> 
are  satisfied  identically.     Hence  also 

[[/  0]  *]  =  0,    [[f  ,  /]</>]  =  -  [[/,  *]  </>]  =  0  ; 
therefore,  taking  <£  =  g  and  i/r  =  h  in  the  above  identity,  and  using 
these  relations,  we  have 


or,  writing 

v  =  [</>, 
we  have 
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Thus,  in  general,  u  =  v  =  [<f>,  ty]  does  not  satisfy  the  equation 

[/,  «]  =  0; 
and  thus,  in  general,  a  new  integral  of  that  equation  is  not  obtained. 

r)f 

If,  however,  f  does  not  explicitly  involve  z,  so  that  ~  is  zero,  then 

[/*]  =  0; 

hence  u  =  v  satisfies  the  equation.  As  before,  [<£,  -ty]  may  be  zero 
identically,  or  it  may  be  a  pure  constant  :  then  u  =  v  gives  a 
trivial  (and  negligible)  integral  of  the  equation.  But  if  [<£,  i/r]  is 
a  variable  quantity,  then  u  =  [<j>,  i/r]  is  an  integral  of  the  equation  : 
and  it  is  a  new  integral  if  distinct  from  <£  and  from  i/r,  that  is,  if 
it  is  not  expressible  in  terms  of  <f>  and  of  i/r  alone.  Hence  we 
have  the  theorem  *  :  — 

Ifu  =  <f>  and  u  =  ty  are  integrals  of  the  equation 
[/«]~0, 

then  u  =  [(f),  -^]  is  a  new  integral  of  that  equation,  only  if  f  does 
not  explicitly  involve  z  and  if  [<f>,  ^]  is  a  variable  quantity  not 
expressible  in  terms  of  <f>  and  -fy-  alone. 

Another  mode  of  stating  the  result  is  as  follows  :  Let  /j  =  0,  .  .  .  , 
fm  =  Q  be  a  complete  system  of  equations,  some  at  least  of  which 
involve  z  explicitly,  so  that  the  relation 


for  all  values  of  r  and  sfrom  the  set  1,  ...,  in,  is  satisfied  ;  and  let 
u  =  ^  be  an  integral  of  the  homogeneous  linear  equation  [f,  w]  =  0. 
Then  if  the  relation  [f\,  fr]  =  0  is  satisfied  identically  and  if  the 
equation  f\  =  0  does  not  involve  z  explicitly,  the  quantity  u  =  [fr,  S-] 
also  satisfies  the  equation  [f1}  w]  =  0;  and  it  is  a  new  integral 
of  that  equation  if,  being  a  variable  quantity,  it  is  functionally 
independent  of  S-. 

The  result  is  derived  from  the  same  identity  as  before.  Taking 
/=/„  g  =fr,  h  =  <$,  we  have  [flt  S]  =  0  identically  and  [/,,/r]  =  0 
also  identically,  so  that 


*  The  correct  statement  of  the  theorem  appears  to  have  been  given  first  by 
Mayer,  Math.  Ann.,  t.  ix  (1876),  p.  370. 
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7)f 
also  ip  =  0,  by  the  hypothesis  adopted  :  thus 


and  so  u  =  [fr,  &]  satisfies  the  equation  [fl}  u~\  =  0. 

The  relation  [/i,/r]  =  0  must  always  be  satisfied:  if  it  is 
satisfied  only  in  virtue  of  the  equations  of  the  system,  the  inference 
as  to  the  significance  of  [fr,  ^]  cannot  be  drawn. 

54.  Now  the  ultimate  object  of  investigations,  connected  with 
a  single  equation  or  with  complete  systems  of  equations,  is  either 
the  construction  of  the  most  general  integral  that  is  possessed 
or  the  formation  of  processes  effective  for  such  construction. 
Moreover,  speaking  generally,  such  processes  will  be  made  simpler 
by  every  reduction  in  the  number  of  inverse  operations  to  be  per- 
formed and  by  every  increase  in  the  number  of  direct  operations. 

It  is  clear,  from  the  two  preceding  sets  of  results,  that  a  direct 
operation  for  the  construction  of  a  new  integral  of  (F1}  u)  =  0  will 
more  frequently  be  effective  than  a  direct  operation  for  the  con- 
struction of  a  new  integral  of  [f1}  u]=Q:  indeed,  the  latter  is 
effective  only  when  the  equation  /i  =  0  is  more  limited  than  is 
generally  permitted  to  the  system  of  equations  in  which  it  is 
included. 

We  know  that  it  is  always  possible,  by  means  of  a  trans- 
formation 

U  =  U  (z,    Xl  ,    .  .  .  ,    <JCn)  =  0, 

to  remove  the  dependent  variable  from  explicit  occurrence  in  an 
equation,  or  in  a  system  of  equations,  involving  only  one  dependent 
variable  :  the  number  x>f  independent  variables  is,  however,  thereby 
increased  by  unity.  When  the  integral  u  of  the  transformed 
system  has  been  obtained  in  the  most  general  form,  which  com- 
prehends all  its  integrals,  a  general  integral  of  the  original  system 
is  at  once  deduced  from  the  equation  w  =  0  ;  but  this  general 
integral  is  not  completely  comprehensive,  for  it  need  not  include 
special  integrals  if  any  such  exist.  But  as  has  been  seen  in  the 
case  of  a  single  equation,  that  is  non-homogeneous  and  of  the  first 
order,  the  processes  adopted  for  the  untransformed  equation  do 
not  lead  to  the  special  integrals,  if  any. 

Thus  there  would  appear  to  be  no  real  loss  of  generality  and  no 
real  diminution  in  the  number  of  integrals  obtainable,  if  we  pass 
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to  a  transformed  system  in  which  the  dependent  variable  does  not 
explicitly  occur.  On  the  other  hand,  there  is  an  added  element  of 
effectiveness,  because  the  quantity  u  =  (Fr,  0)  is  often  an  integral 
of  (Fly  u)  =  0,  whereas  the  quantity  u  =  [fr,  ^]  requires  compliance 
with  an  additional  condition  in  order  that  it  may  be  an  integral  of 

L/i,  «]  =  o. 

Accordingly,  for  the  immediate  present,  it  will  be  assumed 
that  the  dependent  variable  does  not  occur  explicitly:  hence  we 
have  to  deal  with  a  system  of  equations 

^  =  0,  ...,  ^  =  0, 

involving  the  quantities  xlt  ...,  xn,  p^,  ...,  pn.  We  may  further 
assume  that  the  equations  are  linearly  independent  of  one  another, 
so  that  no  one  of  the  quantities  F  can  be  expressed  as  a  linear 
combination  of  the  remainder  with  coefficients  whether  variable  or 
constant.  And  after  the  discussion  in  §  50,  we  shall  assume  that 
the  system  is  complete,  so  that  the  relation 

(Fr,  F*)  =  0 

is  satisfied,  for  all  values  of  r  and  s  from  the  set  1, ...,  m,  either 
identically  or  in  virtue  of  the  equations  of  the  system. 

Moreover,  after  the  same  discussion,  it  will  be  assumed  that 
m  <  n.  What  is  required  is  a  value  of  z  satisfying  all  the  equations 
of  the  system :  in  order  to  proceed  by  quadratures,  other  n  —  in 
compatible  and  independent  equations  are  needed. 

MAYER'S  DEVELOPMENT  OF  JACOBI'S  SECOND  METHOD. 

55.  There  are  various  ways  of  deducing  the  further  n  —  m 
equations  that  are  requisite :  one  of  the  simplest  of  these  ways 
is  Mayer's  development  of  what  is  often  called  Jacobi's  second 
method. 

The  m  equations  in  the  complete  system 
^,  =  0,  ...,  ^  =  0 

are  linearly  independent  of  one  another,  in  the  sense  that  no  one 
of  the  quantities  F  can  be  expressed  as  a  linear  combination  of  the 
remainder:  thus  there  can  be  no  effective  functional  relation  among 
the  quantities  F.  Consequently,  the  m  equations  can  be  resolved 
so  as  to  express  m  of  the  involved  variables  in  terms  of  the  rest. 
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In  the  first  instance,  let  it  be  supposed  that  the  equations  can 
be  resolved  so  as  to  express  m  of  the  variables  p1}  ...,  pn,  say  to 
express  p},  ...,  pm,  in  terms  of  all  the  other  quantities  involved; 
and  let  the  result  of  the  resolution  be  denoted  by 

Pi  —  4>i  (Pm+i,  •  •  -  ,  Pn,  a>i,   •  •  •  ,  %n)  =  0, 

or  by 

Pi-<f>i  =  0, 

for  i  =  1,  ...,  TO.  We  prove,  as  follows,  that  the  resolved  system  of 
equations  is  complete,  the  original  system  being  complete  :  that  is 
to  say,  the  relation 

(Pr  ~  <t>r>   Ps  ~  fa)  =  0 

is  satisfied,  for  all  values  of  r  and  of  s  from  the  set  1,  ...,  m. 

When  the  values  <f>l}  ...,  <£m  for  p1}  .  ..,  pm  respectively  are 
substituted  in  all  the  equations  of  the  original  system,  each  of  the 
latter  becomes  an  identity.  Therefore 

d_F_r+    I    Wrtyt^Q 

d%i      k=i  dpk  d®i 
for  all  values  ofi  =  1,  ...,  n:  that  is, 


for  all  these  values.     Similarly,  we  have 


for  the  values  j  =  m  +  I,  .  .  .  ,  n  ;  that  is, 

W_r=  2  dFrd(pk-<f>k) 
tyj      *=i  dpk        f)pj 
for  these  values.     Also 

d_F_r=  |  dFrd(pk-<t>k) 
dpf      k=l  dpk         dp? 

for  the  values  /  =  1,  ...,  m,  because  for  each  of  these  values;[only  a 
single  term  on  the  right-hand  side  occurs  :  hence 


dpi      k=i  tyk        tyi 

for  the  values  i=l,  ...,  n.     And  these  results  hold  for  all  the 
values  r  =  1,  ...,  m. 
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Substituting  in  (Fr,  F,\  we  find 


_  T    2    1  ^r  fr^t  id  (pt  -  fa)  a  (Pi  -  <f>i) 
i=i  *=i  1=1  dpk  dpi  I       3a\-  9pi 


=  2    S^-^,^-^). 

4=1  ?=i  0/>jfc   Opi 

Now  (/V,  Ft)  =  0,  for  all  values  of  r  and  of  *  from  the  set  1,  .  .  .  ,  m 
hence 


for  all  these  combinations  of  values.  Taking  the  relation  for  one 
value  of  s  and  for  all  the  values  of  r,  we  have  m  equations,  homo- 
geneous and  linear  in  the  m  quantities 


for  k  =  1  ,  .  .  .  ,  w.     The  determinant  of  the   coefficients   of  these 
quantities  in  the  m  equations  is 


<PI, 

which,  by  hypothesis,  does  not  vanish  :  consequently, 
S.  dFs  . 


for  all  the  values  of  s  and  k.  Taking  this  relation  for  all  the  m 
values  of  s,  we  again  have  m  equations,  homogeneous  and  linear  in 
the  m  quantities 

(Pk-<j>k,  Pi~<i>i\ 

for  1  =  1,  ...,  m;  and  the  determinant  of  the  coefficients  of  these 
quantities  in  the  m  equations  is  again 


Pi,  ...,J 
which  does  not  vanish  :  consequently, 

(Pk-<f>k,  pi-<l>i)  =  Q, 
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for  k  and  1=1,  ...,  m.     Hence  the  system  of  equations 

pi-<f>i  =  Q,  (*'  =  !,  ...,  w), 

is  complete. 

It  is  easy  to  see   that   the   completeness   of  the   system   of 
equations 

Pi-<f>i  =  0, 

for  i  =  l,  ...,  m,  is  of  a  special  kind.     The  relation 

(Pk-fa,  pi-<l>i)  =  Q, 
k  and  I  having  any  values  from  the  set  1,  ...,  m,  is 

0  =  _?^  +  ?£*+     2     fdfad±i_dfac) 

' 


This  relation  is  to  be  satisfied,  and  it  clearly  is  not  satisfied  in 
virtue  of  the  equations 

Pi-fa  =  0, 

for  i=l,  ...,  m,  because  it  does  not  involve  any  of  the  quantities 
PI>  •••>  Pm'>  hence  the  relations  for  the  modified  system  are  satisfied 
identically. 

When  the  relations,  necessary  and  sufficient  to  secure  the 
completeness  of  a  system,  are  satisfied  identically,  the  system  is 
said  to  be  in  involution.  The  resolved  system  of  complete  equa- 
tions is  a  system  in  involution,  because  each  of  the  relations 

(Pk-<f>k,  pi-4>i)  =  Q 
is  satisfied  identically*. 

Note.  Even  when  a  complete  system  of  equations  Fl  =  0,  .  .  .  , 
Fm  =  0,  is  such  that  z  occurs  explicitly,  a  corresponding  result  is 
obtainable.  Suppose  that  the  m  equations  can  be  resolved  with 
regard  to  z  and  to  in  —  1  of  the  quantities  p,  say  p^  ,  ...,  pm-\  .  in 
the  form 

z-^  =  0,    pl  -^1  =  0,    ...,    ;;,„,_,  -  T/rm_j  =  0, 

where  ty,  •tyl,  ...,  •^rin_l  do  not  involve  z,  pl,  ...,  pm-\  ;  then  the 
relations 


*  Sometimes,  for  convenience,   the  unresolved  complete  system  is  said  to  be 
in  involution. 


55.]  IXTO   A   SYSTEM   IN   INVOLUTION  121 

are  satisfied  in  virtue  of  the  relations 

for  all  values  of  i  and  j.     When  the  quantities 

[pi  -  +i,  PJ  -  •$•}] 

are  expressed  in  full,  they  contain  none  of  the  variables  z, p1,  ..., 
pm-i',  they  cannot  vanish,  therefore,  in  virtue  of  the  resolved 
equations :  hence  they  must  vanish  identically.  Similarly,  the 
quantity 

vanishes  identically. 

The  resolved  system  can  be  regarded  as  a  system  in  involution. 

56.  In  order  to  obtain  common  integrals  of  the  system,  a 
satisfactory  method  will  be  devised  if,  by  its  means,  other  n  —  m 
equations  are  associated  with  the  m  equations  in  the  system :  and 
the  remaining  stage  will  be  a  quadrature  with  reference  to  the 

variables  j.\,  ...,  j-n,  if  the  Jacobian  of 

(where  uin+l  =  constant,  . . . ,  un  =  constant,  are  the  additional  n  —  m 
equations)  with  regard  to  pli  ...,  pn  does  not  vanish  identically, 
that  is,  if 

/OT+1>  ..., 
«/     


does  not  vanish  identically.  Accordingly,  this  method  requires 
the  determination  of  n  —  m  equations  u  =  constant. 

Each  such  equation,  as  it  is  to  coexist  with  the  equations  of 
the  given  system,  must  satisfy  the  conditions  which  are  necessary 
and  sufficient  to  secure  the  coexistence :  that  is,  it  must  satisfy 
the  relations 

(Pi  —  <f>i,u)  =  Q,  ...,  (pm  —  <f>m,  u)  =  0, 

which,  in  effect,  are  m  equations  for  the  determination  of  u.  Now 
these  equations  constitute  a  complete  system  of  the  type  con- 
sidered in  the  last  chapter.  We  have 

identically ;  also  (pt  -  £„  pr  -  <j>r}  =  0  identically  for  all  values  of  r 
and  s,  so  that  ((pg  -<f)s,pr-  <£r),  ,,)  =  0 :  hence 

(pr  —  ^)r,  (ps  —  (j)g,    U))  =  (p^  —  (f)gj  (pr  —  A>f)    u\) 
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Let 

(pi-<j>i,u)  =  Ai(u\ 

where  Af  is  a  linear  operator  :  the  foregoing  relation  becomes 
Ar(Asu)  =  As(Aru), 

for  all  values  of  r  and  s.  This  aggregate  of  relations  is  necessary 
and  sufficient  to  secure  that  the  system  of  equations  Al(u)  =  Q,  ..., 
Am  («)  =  0,  is  complete. 

Written  in  full,  the  equations  are 

^  +     I     (^  Wl  _  ?!i  W}       v  ^  ?&  =  o 


_  _  0 

9#w.     t=«+i  \3p«  9#f      9#i  9j9j  /     j=l  dpj  dxj 

a  system  of  m  equations  in  the  2n  variables  x1}  ...,xn,  pl}  ...,pn, 
When  any  integral  of  the  system  has  been  obtained  involving  any 
of  the  variables  plt  ...,pm,  the  relations  pi  =  <f>i,  •-,  pm  =  <f>m,  can 
be  used  (without  affecting  its  value  or  its  significance)  so  as  to 
remove  these  variables.  In  the  transformed  expression  for  u,  we 
have 

5^  =  0          —  =  0 
9pi  '  dpm 

that  is,  we  may  take  the  m  equations  in  the  form 
,  du  9<j       du 

^        r 


du    .      3     /9t*  d(f>m      du  d(j>m\  _ 

^ — ^ —  —  ^     "^        —  "« 


The  original  system  of  m  equations  was  complete  :  the  transformed 
system,  with  the  condition  that  the  integrals  u  do  not  involve 
PI,  •••>  Pm,  is  also  complete.  The  number  of  variables  involved  is 
2n  —  m,  being  ac1}  ...,xn,  />m+1,  ...,  pn'-  so  that,  as  the  system  for 
the  quantity  u  is  now  a  complete  Jacobian  system,  it  possesses 
2w  —  2m  integrals*,  which  are  functionally  independent  of  one 
another. 

*  It  is  easy  to  see  that  this  result  comes  also  from  the  earlier  form  of  the 
equations  for  w :  that  form  involves  2n  variables,  and  so  there  are  2n-m  integrals. 
But  M=PJ  -  fa  ,  ...,  u=pm  -  <(>m  are  seen  to  be  m  integrals:  and  therefore  there  are 
other  2n-2m  integrals. 
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Two  limitations  are,  however,  imposed  upon  these  integrals,  so 
that  not  all  of  them  can  be  retained  for  our  purpose.  In  the  first 
place,  the  aggregate  of  n  —  m  equations  required  must  be  such 

that 

jfu^,  ...,«.\ 

\Pm+i,  •",  Pn/ 


does  not  vanish  identically.     In  the  second  place,  let  M,n+1  = 

be  an  integral  of  the  system  :  it  must  involve  one  or  more  of  the 

quantities  pm+i,  ...,/>„,  and  it  must  be  resoluble  with  regard  to 

du  9u 

one  of  them,  because  otherwise  all  the  derivatives  ^  --  ,  .  .  .  ,  5  — 

dpm+i          cp* 

would  vanish  :   let  the  resolved  form  be 


where  <£,n+1  involves  am+l.     Any  other  of  the  2n  —  2m  —  1  remain- 
ing integrals,  say  v,  undoubtedly  satisfies 


but,  for  our  purpose  of  proceeding  to  the  determination  of  the  n 
quantities  p,  it  must  also  satisfy  the  relation 


and  this  relation  will  not,  in  general,  be  satisfied  for  any  one  of  the 
2n  —  2m  —  1  integrals,  selected  at  random.  Accordingly,  it  is  not 
necessary  to  obtain  all  the  2n  —  2m  integrals  of  the  system  though, 
if  they  are  known,  they  can  be  used  in  the  construction  of  v  as  an 
appropriate  functional  combination  of  the  2n  —  2m  —  1  integrals 
other  than  um+1  :  it  is  sufficient  at  this  stage  to  obtain  a  single 
integral  of  the  transformed  system.  Denoting  this  single  integral 
by  *Wi,  we  resolve  the  equation  itm+1  =  0^+1  with  regard  (say)  to 
pm+l  ,  in  the  form  pm+1  =  <f>m+1  :  and  then  any  other  equation 
v  =  constant,  that  can  coexist  with  the  original  system  and  with 
Pm+i  =  <f>m+\,  must  satisfy  the  necessary  and  sufficient  conditions 

(pr-<f>r,v)  =  0, 

for  r  =  1,  ...,  m  +  1.  As  before,  v  may  be  assumed  not  to  contain 
PI,  •••,  Pm'  and  for  reasons  similar  to  those  adduced  before,  it  may 
be  assumed  not  to  contain  pm+l,  so  that 

—  -0  —  -0- 

^     —  ^>  •  •  •  >  ^\         —  "  i 
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and  then  the  system  of  equations  for  v  is 


for  r  —  1,  ...,  in  +  1.  The  system  of  m  +  1  equations  is  complete  : 
it  involves  the  2n  —  m  —  l  variables  #1}  ...,  oen,  pm+2,  ...,  pn',  and 
so  it  possesses  2n  —  2m  —  2  functionally  independent  integrals. 

57.  At  each  stage,  we  have  a  complete  Jacobian  system  for 
the  determination  of  a  quantity  u,  such  that  an  equation  u  —  a  can 
be  associated  with  the  system  of  equations  for  the  variable  z.  The 
theory  of  these  Jacobian  systems,  as  explained  in  the  preceding 
chapter,  shews  that  they  do  possess  a  number  of  integrals;  and 
therefore  quantities  u  of  the  appropriate  type  do  exist,  so  that  we 
require  only  their  explicit  expressions  in  order  to  formulate  the 
successive  equations  u  —  a. 

We  thus  may  pass  from  stage  to  stage  :  at  each  step,  an 
integral  of  a  number  of  simultaneous  equations,  forming  a 
complete  Jacobian  system,  is  required  :  and  as,  at  any  stage,  the 
number  of  equations  has  become  greater  while  the  number  of 
variables  has  become  less  than  at  the  preceding  stage,  the  con- 
struction of  the  integrals  in  succession  is  successively  simpler. 

At  each  stage,  what  is  required  is  a  single  integral  belonging 
to  the  complete  Jacobian  system  then  framed  :  this  integral  must 
involve  one  of  the  variables  p  still  surviving  in  the  system*.  For 
this  purpose,  we  may  use  either  Mayer's  method  or  the  amplified 
Jacobian  method  devised  for  complete  linear  systems;  but  it  is 
not  necessary  to  work  either  method  to  the  complete  issue,  because 
all  that  is  wanted  is  a  single  integral  of  the  simultaneous  system, 
not  the  aggregate  of  functionally  independent  integrals  of  the 
system. 

Each  new  equation  of  the  type  u  =  constant,  associated  with 
the  system  in  its  amplified  condition  before  the  derivation  of  the 
particular  u,  introduces  an  arbitrary  constant.  Thus,  at  the  end  of 
the  series  of  operations  which  result  in  giving  n  equations,  the 
number  of  arbitrary  constants  introduced  is  n  —  m  ;  when  the 

*  In  case,  at  any  stage,  an  appropriate  integral  of  this  type  may  not  con- 
veniently be  obtainable,  while  an  integral  involving  the  variables  x  and  some  of  the 
old  variables  may  be  forthcoming,  a  transformation  similar  to  that  adopted  for 
a  corresponding  difficulty,  hereafter  (§§58,  59)  discussed,  will  be  effective. 
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n  equations  are  fully  resolved  for  ^,  ...,  pn,  the  expressions  for 
these  quantities  involve  x^,  ...,  xn,  Oj,  ...,  an_,,,.  When  these 
values  are  introduced  into  the  equation 

dz  =  p^dxi  +  .  .  .  +pndxn, 

the  right-hand  side  is  an  exact  differential  ;  when  the  quadrature 
of  this  exact  differential  is  effected,  we  have 


where  b  is  an  arbitrary  constant.  This  equation  gives  the  required 
value  of  z  as  an  integral  common  to  the  system  of  equations  :  its 
expression  contains  n  —  m  +  1  constants. 

Ex.     Obtain  a  common  integral  (if  it  exist)  of  the  simultaneous  equations 


We  have 

(^1  ,    FJ 

the  right-hand  side  must  vanish,  and  it  clearly  does  not  vanish  in  virtue  of 
^1=0,  F2=Q;  hence  we  have  a  new  equation  to  be  associated  with  the  first 
two,  and  we  write 


We  now  have 

(Flt  Ft)  =       F3, 

(Flt  ^3)=-  2^i, 
(Ft,  F3)  =     2F,; 

all  the  quantities  of  the  type  (Fr,  Ft)  vanish  in  virtue  of  the  three  equations  ; 
hence  these  equations  are  a  complete  system. 

Resolving  the  three  equations  .^=0,  F2  =  0,  F3  =  Q,  so  as  to  express 
Pit  P%->  Pz  m  terms  of  the  other  variables  that  occur,  we  find  two  systems, 
viz. 


The  second  of  these  two  sets  is  derivable  from  the  first  by  interchanging  the 
variables  xl  and  x-2;  hence  its  integral  must  be  similarly  derivable  from 
the  integral  of  the  first. 

To  obtain  this  integral,  we  need  an  equation  u  =  a,  where  a  is  a  constant 
and  u  must  involve  p±  ;  and  u  is  determined  by  the  equations 
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together  with  the  justifiable  assumption  that  u  is  explicitly  independent  of 
Pit  P-ZI  PS-     These  equations  are 

du      #2  #3  dw 
8#i      jt>42   3^4  ' 

3w  _x±  du     pi  du 
' 


and  the  fact  that  they  are  complete  can  easily  be  verified. 

The  Mayer  solution  of  these  equations  is  as  follows.     We  transform  the 
variables  by  the  relations 


and  we  form  the  single  equation 


du  3u          du 

o  —  r  *  1  5  —  •  T  1  2  5  —  ==  "> 


where 


An  integral  of  the  subsidiary  system 

.        d.Vi     dp* 

dyi  =  ~r=-£-, 
i\      Jj 

where  y2  and  y3  are  arbitrary  parameters,  is  required  involving  pt  :  one  such 
integral  is  clearly  derivable  from 


in  the  form 

v\. 

=  constant. 


Then  an  integral  of  the  original  system  is  given  by 

P\  _c 

ai+(yi-a\)yz    «2' 

that  is,  by 

£tm£ 

Xl        02 

Hence  u=~  is  an  integral  of  the  three  equations  ;  as  it  involves/^,  it  is  of 

#2 

the  required  type. 

To  deduce  the  value  of  z,  we  take 
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and  then  the  values  of  p^  p-2,  pz,  pt  are 


inserting  these  values  in 

dz=pi(Lci 
we  find  that 


is  an  integral  of  the  first  set  of  equations  derived  from  the  resolution  of 
^=0,  F-2—0,  F3=0,  and  therefore  is  an  integral  of  the  original  equations. 

Effecting  upon  this  integral  the  interchange  of  variable  whereby  the  first 
and  the  second  resolved  sets  are  interchanged,  we  find  that 


is  also  an  integral  of  the  original  equations  F1=0,  F»=0 

We  thus  have  two  distinct  integrals,  each  involving  two  arbitrary  con- 
stants: and  they  are  the  only  integrals  that  are  thus  obtainable.  Their 
relation  (if  any)  to  one  another,  and  the  derivation  of  other  integrals  (if  any) 
from  them,  belong  to  a  range  of  subsequent  investigation. 

The  amplified  Jacobian  method  of  solution  is  simple  in  the  present  case 
and  leads  very  directly  to  the  integral 


the  rest  of  the  analysis  is  the  same  as  before. 

58.  The  preceding  investigation  has  rested  on  the  two  as- 
sumptions: (i)  that  the  equations  ^  =  0,  ...,  Fm  =  Q  of  the 
complete  system  can  be  resolved  with  regard  to  m  of  the  variables 
Pi,  •  •  •  >  pn  '•  (ii)  that  the  equations  of  the  complete  amplified  system 
^  =  0,  ...,  Fm  =  Q,  um+i  =  <*m+i,  •••>  un  =  an,  can  be  resolved  with 
regard  to  plt  ...,  pn,  so  that  the  Jacobian 


,  um+l,  ...,  u»\ 


Pn> 

does  not  vanish  identically.  The  latter  assumption  is,  however, 
unnecessary :  and,  as  has  been  proved  by  Mayer*,  it  is  sufficient 
that  the  n  functionally  independent  equations  Fl  =  0,  . . . ,  Fm  —  0, 
um+1  =  am+i,  ...,  un  =  an  should  be  resoluble  with  regard  to  n  of  the 
quantities  which  they  involve. 

*  Math.  Ann.,  t.  vm  (1875),  p.  313. 
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Still  retaining  the  first  assumption,  let  the  ra  equations  F^  =  0, 
...,  Fm  =  0  be  resoluble  with  respect  to  pl}  ...,  prn;  and  let  the 
resolved  set  be 

Pi  -  fa  =  0,  .  .  .,  pm  -  (f)m  =  0. 

Let  X  be  a  function  of  all  the  variables  such  that 


for  r  =  1,  ...,  m',  and  let  £  denote  the  value  of  X  which  results 
from  substituting  fa,  ...,  <f)m  as  the  values  of^a,  ...,  pm  in  X  ;  then 

to--*,  0-o. 

For 

3|==8X+  g  ^<^ 
9#f     3#i     7^1  9/>fc  9#»  ' 
so  that 


for  i  =  1  ,  .  .  .  ,  m  .     Similarly 


forj=m  +  l,  ...,  w;  and  this  last  relation  is  identically  true  for 
j=  1,  ...,  m,  because  neither  £  nor  any  one  of  the  quantities  fa,  ..., 
<f>m,  involves  p1}  ...,  pm',  that  is,  the  relation  is  true  i'orj=  1,  ...,  n. 
Also,  when  the  values  of  p1}  ...,  pm  are  substituted  in  the  equations 
^  =  0,  ...,  Fm  =  0,  these  become  identities:  hence 


for  values  of  t  =  1,  ...,  ?i;  and  (as  above) 


first  for  j=  m  +  1,  ...,  n,  from  the  identical  equation,  and  obviously 
identically  for  j  =•  1,  ...,  m,  that  is,  for  values  of  j  =  l,  ...,  n. 
Hence 

m     f\V  m      in,    ^Tf   ^JT 

(Fr,  Z)  =  2    £f  (ft  -  «k.  D  +  S   S  j        I  (p*  -  <f>h,  Pk  -  fa}. 

h  =  lVph  h  =  \k  =  \vph0pk 

Now  we  have 
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and  bv  hypothesis, 

(*V,X)  =  0, 

for  all  values  of  r  ;  hence 

m  ?>F 

2  E-r(^-^>£)=°> 

A  =  l  Oph 

holding  for  r  =  l,  ...,  m.     But 


Pl,    ..-,pm 

is  not  zero,  because  of  the  assumed  resolubility  of  the  equations 
^  =  0,  ...,  Fm  =  Q  with  respect  to  p1,  ...,pm'.  hence  the  preceding 
m  relations  can  only  be  satisfied  by 

<ffc-**,f)  =  0: 

which  was  to  be  proved. 

Next,  suppose  that  (by  some  method  or  other)   we  possess 
n  —  m  equations 


which  coexist  with  ^  =  0,  ...,  ^  =  0,  and  with  one  another;  the 
n  equations  in  the  aggregate  being  functionally  independent  of  one 
another.  The  original  system  of  m  equations  is  certainly  resoluble 
with  regard  to  p1}  ...,  pm',  the  amplified  system  of  n  equations  is 
resoluble  with  regard  to  n  of  the  variables,  which  can  certainly  be 
chosen  so  as  to  include  plt  ...,  pm  and  may  include  others  of  the 
quantities  p  though  perhaps  not  all  of  them.  Suppose,  then,  that 
the  variables  chosen  for  resolution  include  pl,  ...,  p^,  where 
t*^m,  but  not  more  than  //,  of  the  quantities  p',  the  resolved 
equations  will  be  equivalent  to  /*  equations  of  the  amplified 
system,  say  to 

-^1  =  0,  .  .  .,  Fm  =  0,       Mm+1  =  Oai+i,  ...,UfL  =  CEM. 


In  the  remaining  equations  of  the  system,  let  the  values  of  p1,  ..., 
Pn  be  substituted,  and  suppose  that  they  become 

t'M+i  =  aM+1  ,  .  .  .  ,  vn  =  On, 

these  equations  not  being  resoluble  for  any  of  the  quantities  p^+i, 
...,  pn,  and  consequently  not  involving  any  of  these  quantities. 
Then,  exactly  as  in  the  preceding  case,  we  have. 


F.  v. 
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for  A  =  l,  ...,  fju,  and  k  =  fj,  +  l,  ...,  n:  taking  account  of  the  fact 
that  vk  involves  none  of  the  variables  pl}  ...,  pn,  we  may  write  this 
set  of  equations  in  the  form 

dv*  _     ».     dvk  d4>h  _  0 
9#A      ,-=7+i  9«*  9pi 
for  all  the  values  of  h  and  k. 

The  quantities  vM+1,  ...,  vn  involve  the  variables  xl}  ...,  xn\  we 
prove,  as  follows,  that  they  are  functionally  independent  combina- 
tions of  a?M+1,  ...,  xn.  Otherwise,  there  would  be  some  relation 


which  would  have  to  be  satisfied  identically  when  the  values  of 
VM+I,  ...,  vn  in  terms  of  the  variables  xl}  ...,  xn  are  substituted; 
and  as  it  would  involve  one  or  more  of  the  quantities  v,  it  could  be 
resolved  with  regard  (say)  to  vn  in  the  form 


This  relation  would  also  be  an  identity  when  the  values  of 
...,  vn  in  terms  of  xl}  .  ...  xn  are  substituted.     Now 


substituting  ^r  («i  ,  ...,  «M,  UM+I,  ...,  vn_j)  for-vn,  this  gives 


but 


for  X  =  /*  +  1,  .  .  .,  TO  -  1,  and  therefore 


for  all  the  values  of  h.     Thus  the  above  expression  for  vn  would 
give 


and  the  quantities  VF+IJ  ...,  vn  would  not  be  functionally  inde- 
pendent of  one  another,  contrary  to  the  construction  of  the 
quantities  u.  Hence  VH  =  a,,+1,  ...,  wn  =  «n,  are  functionally 
independent  combinations  of  av+i,  ...,  &v 
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The  equations  vM+1  =  aM+1,  ...,  vn  =  an  can  therefore  be  resolved 
with  regard  to  #M+1,  ...,  xn;  and  consequently  the  system 


can  be  resolved  with  regard  to  p^,  ...,  p^,  a^+i,  ...,#„.     Let  a 
resolved  set  be 


for  A  =  1,  ...,  /i,  and  &  =  yu,+  l,  ...,  fl,  the  functions  6  and  t/r  in- 
volving the  arbitrary  constants. 

59.     Now  take  a  new  dependent  variable  Z,  defined  by  the 
contact-transformation  * 

Z  =  z-  />|i+1a.-fl+1  -  ...  -  pnxn, 
being  a  transformation  of  a  type  first  used  by  Lagrange'f*;   then 

dZ  =  p1dxl  +  ...  +plidxfi  —  x^+l  dp^+i  —  ...  —  xndpn. 
We  write 


respectively,  and  regard  yl}  ...,  yn  as  new  independent  variables: 
then,  denoting  by  <?!,  ...,  qn  the  derivatives  of  the  new  dependent 
variable  with  regard  to  the  new  independent  variables,  we  have 

Ph  =  qh,     *k  =  qk, 
for  h  =  I,  .  .  .  ,  /x,  and  k  =  p,  +  1,  .  .  .  ,  n.     Let 

^Oi,  •••,  %n,pi,  ...,pn)=  Gr(y1,  ...,  yn,  q1}  ...,  qn), 
us(x1}  ...,  xn,plt  ...,pn)  =  wt(yli  ...,  yn,  gr1}  ...,  qn), 
on  effecting  these  changes  :  then  as  the  equations 

F!  =  0,  .  .  .  ,  Fm  =  0,       MM+I  =  am+1  ,  .  .  .  ,  wn  =  an  , 
are  resoluble  with  regard  to  pl}  ...,  p^,  arM+1,  ...,  xn,  the  equations 

Gj  =  0,  .  .  .  ,  (?„  =  0,      ium+l  =  am+l,  ...,wn  =  an, 
are  resoluble  with  regard  to  ql}  ...,  qn.     Moreover,  the  equations 
FI  =  0,  .  .  .  ,  Fm  =  0,      um+l  =  am+l,  .  .  .  ,  Un  =  an, 

*  Called  tangential  transformation  in  Part  i  of  this  work  :  the  phrase  contact- 
transformation  is  now  customary,  and  it  will  be  herein  adopted  whenever  reference 
to  it  is  required. 

t  (Euvres  completes,  t.  iv,  p.  84. 

9—2 
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satisfy  the  relations 

(Fr,Fs)  =  0,     (Fr,Ui)  =  0,     (tti,tt,-)  =  0, 
for  r,  s  =  I,  . . . ,  m,  and  i,j=m+l,  ...,  n.     Now 

dFr  =  dGr   dFr  =  dGr 
dxh  ~  dyh  '   dph  ~  dqh  ' 

df\  =  d_Gr     apr==_  dGr 

dxk      dqk  '      dpk          dyk ' 

for  h=1,  ...,  p,  and  k=fi  +  l,  ...,n;  and  similarly  for  relations 
between  derivatives  of  u  and  w.     Thus 

/jji     it\      •£   /dGrdGs     dGrdGs\ 

f      J<     =  —    - —    ~ 


2 

fc=/M 


r  d_G1_d_Grd_Gj 
t  9gt     9gf  9y 
=  (Gr,  Gg); 


and  similarly 


Consequently 

(Gr,  Gs)  =  0,     (Gr,  Wi)  =  0,    (wi,  Wj)  =  0  ; 
and  the  equations 

Gl  =  0,  .  .  .  ,  Gm  =  0,     w,M+i  =  am+i,  ...,  wn  =  a,l 

are  resoluble  with  regard  io  q1}  ...,  qn>  expressing  these  quantities 
in  terms  of  y1}  ...,  yn,  am+l,  ...,  an.  Moreover,  the  earlier  results 
shew  that  the  values  of  ql}  ...,  qn  thus  given  make 


an  exact  equation  :    when  the  quadrature  is  effected,  the  result 
will  be  of  the  form 


where  b  is  an  arbitrary  constant.     To  obtain  the  value  of  z,  we 
note  that 

=  8^  =  <ty 
Xk  ~  <tyt  ~  dyk  ' 
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for  k  =  /j,  +  1,  ...,  n;  and 

Z  =  Z  —  Xwp^+i  —  ...  —  Xnpn 

hence 


for  A.'  =  /A  4-1,  ...,  n.  Eliminating  y^+i,  ...,  y«  among  these 
•n  —  /4  +  1  relations,  and  resolving  the  eliminant  with  regard  to 
z,  we  have  a  relation 


..,xn,  am+l,  .. 

for  z  occurs  in  the  elimination  only  in  the  combination  z  —  b  ;  this 
relation  is  the  integral  of  the  original  system  of  equations,  and 
it  involves  n  —  m  +  1  constants. 

One  such  integral  will  arise  for  each  resolved  set  of  equations 
arising  out  of  the  resolution  of  the  equations 

^  =  0,  ...,Fm  =  0,    um+1  =  am+l,  ...,    un  =  an; 

the  aggregate  of  these  integrals  includes  all  the  integrals  that  are 
thus  obtainable.  But  other  integrals  may  be  deduced  by  other 
processes,  which  will  form  the  subject  of  subsequent  explanations. 

Consider  an  equation 


An  equation  u  =  a  is  required,  which  may  coexist  with/=0  :  it  is  given  by 

(/,  «)=0, 

an  equation  that  is  homogeneous  and  linear  in  «  :  and  an  integral  is  required 
which  involves  either  p  or  q  or  both.     The  subsidiary  equations  are 

dx  dp  dy  dq 

=  =  =  ~ 


one  integral  of  these  equations  is 

<73.r=  constant  ; 
and  another  integral  is 

V 

•=-*  —x=  constant. 
x<? 

Taking  the  former  integral,  we  have  to  resolve  the  equations 
/=0,     ^=c3, 
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where  c  is  a  constant.     Resolution  with  respect  to  p  and  q  is  simple,  giving 


substituting  in 

dz=pdx+q  dy, 
and  effecting  the  quadrature,  we  find 


which  is  an  integral  involving  two  arbitrary  constants. 

Taking  the  other  integral  of  the  subsidiary  equations,  we  have  to  resolve 
the  equations 


where  a  is  a  constant.  Resolution  with  regard  to  p  and  q  is  possible  :  it  is 
simpler  with  regard  to  p  and  y,  and  with  respect  to  these  variables  gives  the 
relations 


which  satisfy  the  relation  (F,  G)  =  0  identically.  After  the  investigations 
above,  we  take  q  and  x  as  the  new  independent  variables  and  Z  as  the  new 
dependent  variable,  where 

Z=z  —  qy. 
Thus 

dZ—p  dx  —  ydq 

= 
so  that 

Z= 
Now 


so  that  we  have  to  eliminate  q  between  the  equations 

y  =  q2  (x1  +  2o#),     z  —  qy  =  B  -  J  q3  (a 
The  result  is 


another  integral  involving  two  arbitrary  constants. 

Later,  the  relation  between  different  integrals  will  be  considered. 

60.  Reasons  were  adduced  in  §  54  for  discussing  equations  in 
a  form  which  does  not  explicitly  contain  the  dependent  variable  ; 
but  it  should  be  added  that  the  preceding  method  can  be  applied 
also  when  the  dependent  variable  does  occur  explicitly.  In  that 
case,  the  investigation  follows  the  same  lines  as  before,  but  the 
analysis  is  rather  more  complicated  on  account  of  the  occurrence  of 
z  :  it  will  be  sufficient  to  give  merely  an  outline. 
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Let  f\  =  0,  . . . ,  fm  =  0  be  a  complete  system  of  equations  in  the 
n  independent  variables,  involving  the  dependent  variable  and  its 
first  derivatives :  then  the  relation 

is  satisfied  for  all  values  of  r  and  s,  either  explicitly  or  in  virtue  of 
the  equations  of  the  system.  Any  other  equation,  coexisting  with 
the  equations  of  the  system  in  a  form  u  =  constant,  must  be  such 
that 

for  all  values  i=\,  •  •-,  m. 

Suppose  that  the  system  of  equations  /i  =  0,  . . . ,  fm  =  0  is 
resolved  with  regard  to  z  and  m  —  1  of  the  variables  p,  say  p^,  ... , 
pm-i,  in  the  form 

the  resolved  system  is  in  involution,  for  (§  55,  Note)  the  relations 

for  all  values  of  i  and  j  from  the  set  1,  ...,  m  —  1,  are  satisfied 
identically.  Let  these  values  of  z,  pl,  ...,  pm-i,  in  terms  of  x^,  ..., 
xn,  pm>  ---ipn,  be  substituted  in  u  and  let  the  resulting  value  be 
denoted  by  w :  then  the  equations 

are  satisfied  in  virtue  of  [ft,  M]  =  0,  and  conversely. 

Moreover,  the  system  of  equations  determining  w  is  a  complete 

system.     For  if 

is  a  complete  system  in  involution,  then  the  identical  relation 
[[ffr,  9*]  w]  +  [[gs,  w]  gr]  +  [[w,  gr] g,] 

dw  r  -i        tyr  r  -i        tys  r 

becomes 

[gr,  [gs,  w]]  -  [gs,  [gr,  w]]  =  -j?  [gg,  w]  -  -j±  [gr,  w], 

because  [gr,  gs~\  vanishes  identically:  hence,  denoting  [gi}  w~\  by 
BI  (w),  we  have 

Br  (Bgw)  -  Bt  (Brw}  =  ^  Bs  (w)  -  ^  Br  (w) 


136  JACOBI'S  [60. 

in  virtue  of  Br  (w)  =  0,  Bs  (w)  =  0,  which  is  the  test  of  a  complete 
system. 

As  the  equations 

[z  -  ty  -  xj,  (P!  -  fa)  -  .  .  .  -  xm^  (pm_1  -  i/rm_!),  w]  =  0, 

[pi-fa,  w]  =  0, 

are  a  complete  system,  they  possess  a  simultaneous  set  of  integrals  : 
let  one  such  integral  involving  some  one  of  the  variables  pm,  ..., 
pn  be  obtainable  in  the  form 

w  =  w(ac1,  ...,  xn,pm,  ...,pn); 
then  the  equation 

w(x1,  ...,  xn,  pm,  ...,pn)  =  a, 

where  a  is  an  arbitrary  constant,  coexists  with 

z-^  =  0,    Pl-^1  =  0,  ...,pm_1-^rm_j=0. 

Let  it  be  resolved  so  as  to  give  (say)  pm  in  terms  of  the  other 
variables  it  contains,  and  denote  the  result  by 

Pm  =  'Xm  3 

and  let  this  value  be  inserted  in  the  other  equations  so  that  they 
take  the  form 


Then  for  the  next  stage,  we  proceed  from  the  m  +  1  equations 

z-X  =  ®>     Pi-%i  =  °>  •••.^m-%m  =  0, 
as  in  this  stage  from  the  m  equations. 

When  n  +  1  equations  have  been  obtained,  the  first  of  them 
has  a  form 

z-0  =  Q, 

where  6  involves  n  —  m  +  1  constants  ;  z  =  0  is  an  integral  of  the 
original  system. 

JACOBI'S  SECOND  METHOD,  WHEN  z  DOES  NOT  OCCUR. 

61.  The  preceding  investigation  has  been  earned  out  after  an 
initial  assumption  that  the  m  equations  in  the  given  complete 
system  are  resoluble  with  regard  to  m  of  the  variables  pv  ,  .  .  .  ,  pn  : 
the  selection  of  p^  ,  ...,  pm  was  merely  typical.  This  assumption  is 
not  any  real  limitation  :  for  if  the  m  equations 


61.]  SECOND   METHOD  137 

are  not  theoretically  resoluble  with  regard  to  any  m  of  the  variables 
PI,  ---ypn,  so  that  all  the  determinants 


dFn 


vanish,  then  p1}  . . . ,  pn  can  be  eliminated  among  the  in  equations : 
as  the  m  equations  are  functionally  distinct,  the  eliminant  cannot 
vanish  identically  and  so  would  take  a  form 

©(a-,,  ...,  #n)  =  0, 

a  relation  among  the  independent  variables  alone.  Such  a  result 
is  excluded :  and  so  the  m  equations  are  resoluble  with  regard  to 
some  selection  of  m  variables  from  the  set^1}  ...,pn. 

The  forms  of  the  resolved  equations  may,  however,  be  com- 
plicated: and  then  it  might  be  desirable  to  proceed  from  the 
unresolved  equations.  Such  a  process  was  given  by  Jacobi,  and 
it  is  sometimes  called  his  second  method;  naturally,  it  is  less 
simple  than  the  method  that  has  just  been  expounded,  for  it  deals 
with  equations  of  a  less  simple  form  than  those  to  which  Mayer's 
method  is  applied.  Indeed,  the  preceding  process  is  really  a  form 
of  Jacobi's  method :  but  it  has  been  simplified  and  shortened  by 
the  improvements  and  the  developments  due  to  Lie  and  to  Mayer. 

Thus  far  in  the  range  of  these  discussions,  we  have  been 
considering  m  equations  :  and  though  there  is  no  intrinsic  element 
in  the  analysis  which  makes  m  greater  than  unity,  all  the  super- 
ficial appearance  suggests  that  m  is  not  unity.  For  variety,  we 
shall  now  deal  with  the  integration  of  a  single  equation:  and 
it  will  be  found  that,  in  general,  the  process  leads  to  the  issue 
through  the  integration  of  systems.  For  this  purpose,  we  shall 
use  Jacobi's  method :  a  sufficient  indication  of  its  detailed  working, 
whether  for  single  equations  or  for  detailed  systems,  will  thus  be 
provided. 

As  already  hinted,  Jacobi's  method  of  integration  (without  the 
modifications  and  amplifications  introduced  by  the  investigations 
of  Lie  and  Mayer)  appears  to  be  most  useful  when,  from  whatever 
cause,  the  equation  or  equations  are  not  resolved  with  regard  to 
one  or  more  of  the  derivatives.  We  begin  with  a  single  irreducible 
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equation,  unresolved  with  regard  to  any  of  the  variables  p  and  not 
explicitly  containing  the  dependent  variable :  it  may  be  taken  in 
the  form 

/  =  /(«!,    —i    ^n,  Pi,    •-.,  pn)  =  0. 

By  the  process  adopted,  other  n  —  1  equations  are  required  which, 
speaking  generally*,  would  suffice  for  the  expression  of  plt  . ..,  pn 
in  terms  of  A\,  ...,  xn, 

If  u  =  constant  be  such  an  equation,  then  the  relation 

(/,  «)  =  <> 

must  be  satisfied ;  any  integral  of  this  equation,  distinct  from  f 
(which  manifestly  is  an  integral)  and  inyolving  some  of  the  variables 
Pi,  ...,_pn,  will  suffice  for  the  purpose.  The  system  of  ordinary 
equations,  subsidiary  to  the  construction  of  this  integral,  is 


let  yi  =  constant  be  one  integral  of  the  system,  where  f^  involves 
one  at  least  of  the  quantities  pl ,  ...,  pn:  then  we  may  take 

«=/!• 

The  relation 

is  satisfied  identically :  and  the  two  equations 


where  a  is   an   arbitrary  constant,  satisfy  the  conditions   of  co- 
existence. 

62.  We  now  proceed  to  obtain  another  equation,  involving 
some  of  the  variables  p  and  coexisting  with  the  two  equations  ;  if 
it  be  v  =  constant,  then  the  relations 


must  be  satisfied.  These  effectively  are  two  equations  for  the 
determination  of  v  ;  any  common  integral  of  the  appropriate  form 
and  functionally  distinct  from  /  and  /,  (both  of  which  manifestly 
are  integrals)  will  suffice.  Now  the  equation  (/,  v)  =  0  is  the 

*  That  is  to  say,  omitting  from  consideration  the  alternative  already  discussed 
in  §§  58,  59. 
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same  as  that  for  the  determination  of  u,  so  that  the  subsidiary 
ordinary  equations  are  the  same  as  before  :  let 


l,  ...,  xn,  plt  ...,  pn)  =  constant, 

be  an  integral,  which  involves  some  of  the  variables  ply  ...,  pn 
and  is  functionally  distinct  from  f  and  /  ;  then  the  equation 

(/  <£)=<> 
is  satisfied  identically. 

If  0  is  such  that  (fl,  <f>)  =  0,  then  we  may  take 

v  =  0 
as  a  common  integral  of  the  two  equations. 

If  <f>  is  such  that  (J\,  <f>)  does  not  vanish,  then  (J\,  <£)  is  either  a 
constant,  say  c,  or  is  a  variable  quantity,  say  fa.  In  the  latter 
case,  fa  is  an  integral  of  the  equation  (/  u)  =  0,  by  Poisson's 
theorem  (§  52);  and  it  is  a  new  integral,  if  it  is  functionally 
distinct  from  f,  /,  <f>. 

Similarly,  if  fa  is  SL  new  integral  of  (f,u)  =  0,  we  may  have 
(fi  '  &)  =  0,  in  which  case  we  may  take 

v  =  fa 

as  a  common  integral  of  the  two  equations  ;  or  if  (/  ,  fa)  is  not 
zero,  it  is  either  a  constant,  say  c',  or  is  a  variable  quantity,  say  fa. 
As  before,  Poisson's  theorem  shews  that  fa  is  an  integral  of  the 
equation  (f,  u)  =  Q:  it  is  a  new  integral,  if  it  is  functionally 
distinct  from  f,  flt  <f>,  fa. 

Proceeding  in  this  sequence,  we  have  a  number  of  functions 
<f>,  fa,  fa,  •••  ;  and  provided  (/,  fa)  is  a  variable  quantity,  it  is  a 
new  integral  of  the  equation  (/  u)  =  0  if  it  is  functionally  distinct 
from/,/!,  <£,  fa,  ...,  fa.  Xow  the  number  of  functionally  distinct 
integrals  of  (/  u)  =  0  is  not  greater  than  2n  —  1  ;  hence,  if  the 
series  of  functions  either  should  not  cease,  by  the  occurrence  of  a 
zero-value  for  (/  fa),  or  should  not  give  a  constant  non-zero  value 
for  (/  fa),  then  we  must  sooner  or  later  obtain  a  function  fa 
which  is  expressible  in  terms  of  those  already  found.  Let  fa 
be  the  first  function  in  the  sequence  which  either  is  zero,  or  is  a 
pure  constant  different  from  zero,  or  is  expressible  in  terms  of  the 
preceding  functions. 
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Then  no  new  distinct  integrals  will  arise  from  continuing  the 
construction  of  the  functions  (fl,  <j>).  For  in  the  first  alternative 
and  in  the  second  alternative,  we  have  (/i,  fa)  =  0 :  and  if,  in  the 
third  alternative 

<f)i==  &  (f>  fi>    4>>    $1'    '••'    &-*X 

then 

w 


86* 


which  is  expressible  in  terms  of  the  functions  anterior  to  fa;  and 
so  for  each  succeeding  function. 

Accordingly,  consider  a  functional  combination  of  <£,  fa  ,  .,.,  fa-! 
represented  by 

v  =  g(fa  fa,  ...,  fa^); 
then 

(/  »)  =  0, 
whatever  be  the  form  of  the  function  g.     Also,  as  above, 


hence,  if  g  can  be  determined  so  that  the  right-hand  side  vanishes, 
we  shall  have  (fl}  v)  =  0.  In  order  to  determine  g  from  the 
relation 


we  consider  the  system  of  i  —  1  ordinary  equations 

d(f>  _  dfa  _       _  dfa_! 
fa       fa  fa 

their  integral  equivalent  consists  of  i  —  1  distinct  integral  equations 
of  the  form 

hr(<j>,  fa,  fa,  -•-,  fa-i)  =  constant,         (?•  =  1,  ...,  i-  1), 
whether  fa  be  zero,  or  a  constant,  or  be  the  foregoing  quantity  8  ; 
and  each  of  these  functions  hr  is  such  that 

*$+*$+~+*£-ft 

Hence,  taking 


v  =  h,.(fa  fa,  fa,  ...,  fa-i), 
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we  have 

(/,  t»)  =  0,     (/,  i;)  =  0; 

and   thus  we  have  i—I  distinct  integrals  common  to  the  two 

equations. 

If  fa  is  zero,  the  simplest  of  these  integrals  is 

v  =  </>,-_!  ; 

even  so,  it  is  only  one  of  i  —  1  distinct  integrals  common  to  the 
two  equations. 

Also  i  is  greater  than  zero,  because  we  have  assumed  that 
(/i,  </>),  which  is  <£>!,  does  not  vanish.  Hence,  if  i  is  greater  than 
unity,  a  common  integral  has  been  obtained  ;  in  that  case,  indeed, 
we  have  obtained  *  —  1  common  integrals  of  (f,  it)  =  0,  (f\  ,  u)  =  0, 
distinct  from  f  and  /.  Consequently,  this  stage  is  completed 
except  only  when  (fl}  <f>),  though  not  zero,  either  is  a  constant 
or  is  not  functionally  independent  of  f,fi,  </>:  that  is,  in  the  case 
when  i  =  l. 

In  the  case  when  i  =  1  in  connection  with  a  quantity  <f>,  we 
return  to  the  equations  subsidiary  to  (f,  w)  =  0  :  and  we  determine 
another  integral  of  them  in  the  form 


i,  ...,  xn,  p,,  ...,  pn)  =  constant, 

where  i|r  is  functionally  distinct  from/*/),  <£.    We  proceed  with 
in  the  same  way  as  with  <f>,  by  forming  the  functions 

(/I,     *)=*!,         (/I, 


in  succession  ;  and,  as  before,  we  obtain  an  integral  or  a  number  of 
integrals  common  to  the  two  equations 

(/,  «)  =  0,     (/!,  u)  -0, 

save  only  in  the  case  where   T^,  though   not   zero,  is   either   a 
constant  or  is  not  functionally  independent  of/,/!,  -^. 

Even  if  the  integral  required  is  not  provided  because  of  the 
double  lapse  of  the  process  into  this  exceptional  stage,  an  integral 
as  required  can  be  obtained  by  a  combination  of  the  two  integrals 
<J>  and  -»/r.  Take  any  function  g  (<f>,  i/r,  /,)  :  owing  to  the  origin  of 
<J>  and  -\Jr,  we  have 

(/,</)  =  <>; 
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and 


We  form  the  equations 

d<f>  _  d^r  _  dfi 

07~^h~T: 

in  these  equations,  fa  either  is  a  constant  or  is  a  functional  com- 
bination of/,  /!,  (f>,  say  <!>(/,/!,  <£);  and  likewise  for  T/^,  which 
either  is  a  constant  or  is  a  functional  combination  of  /,  /i  ,  ty,  say 
M*  (/,/i,  ^).  For  our  purposes,  /  is  zero  :  one  integral  of  the  two 
ordinary  equations  is  _/i  =  e^  ,  where  o^  is  an  arbitrary  constant  ; 
another  integral  is  given  by  integrating 


Let  an  integral  equivalent  of  this  be 

u(a1,  <f>,  T/T)  =  constant, 
or  say 

u(f1,  (f>,  •x/r)  =  constant  : 
then  if  we  take 

ff(**./i)<-«(/i»4ti 

we  have 

(/i,'«)-0. 

In  other  words,  u  =  u(f1}  <f>,  i/r)  is  an  integral  common  to  the  two 
equations  (/,  u)  —  0,  (f1}  u)  =  0. 

The  simplest  instance  occurs  when  fa  =  c,  ^  =  c',  where  c  and 
c  are  constants  :  then 

u  =  c'<f>  —  c^r. 

In  every  case,  an  integral  common  to  the  two  equations 
(/,  w)  =  0,  (/,  u)  =  Q  has  been  obtained.  It  has  required  the 
assignment  of  certainly  one  integral  of  the  equations  subsidiary 
to  (/,  w)  =  0:  even  when  the  functions  (/T,  fa)  have  to  be  formed, 
each  of  them  gives  an  integral  of  that  subsidiary  system,  and  so 
does  each  combination  of  the  type  /h(</>,  </>i,  ...)>  ^(fa  fa,  ...),  ...  ; 
and  only  one  of  these  combinations  is  assigned.  The  most  un- 
favourable association  is  that  in  which  the  ^-series  ends  with  <^ 
and  a  o/r-series  ends  with  ^  ;  and  then  the  two  integrals  0  and  ty 
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of  the  subsidiary  system  of  (/,  w)  =  0  must  be  assigned  for  the 
construction  of  an  integral  common  to  (/,  u)  =  Q,  (flt  w)  =  0. 

Now  the  subsidiary  system  consists  of  2n  —  1  ordinary  equa- 
tions ;  its  integral  equivalent  must  consist  of  2n  —  1  independent 
equations.  One  of  these  is  /=  0,  and  another  consists  of  f\  =  a,. ; 
hence  there  are  other  2  re  —  3  independent  equations,  which  may  be 
denoted  by 

(f)  =  constant,  A/T  =  constant,  ^  =  constant,  ^  =  constant,  — 
If  (f1}  <£)  =  0,  then  u  =  <f>  is  the  quantity  desired.  If  (flt  </>) 
is  neither  zero,  nor  a  constant,  nor  a  functional  combination  of 
f,  f\ ,  <j>,  tnen  there  is  a  ^-series :  and  a  single  combination  of  the 
members  of  the  series,  (which  must  also,  in  the  circumstances,  be 
a  combination  of  some  of  the  quantities  <f>,  ^,  %,  ^,  ... ),  will  give  a 
quantity  u  as  required.  The  most  unfavourable  set  of  results 
possible  is  that  in  which  the  ^-series  terminates  with  (/,,  0),  the 
i/r-series  terminates  with  (f\,  ty),  and  so  on,  no  one  of  these 
quantities  vanishing :  then  each  of  the  quantities 


fc.*)    J(f*xY 


is  an  integral  common  to  (/,  tt)  =  0,  (/,,  w)  =  0.  As  there  are 
2n  —  3  quantities  0,  i/r,  ^,  S-,  ...,  it  follows  that,  even  with  the 
most  unfavourable  set  of  results,  the  two  equations  (/,  w).=  0 
and  (/i ,  u)  =  0  possess  2n  —  4  integrals  in  common,  independent 
of  f,  of  f1}  and  of  one  another,  and  obtainable  in  this  manner. 
Let  u  =f.2  be  one  of  these  integrals  :  then  the  equation 

/2  =  «-2, 

where  a2  is  an  arbitrary  constant,  associates  itself  with 

/=o,  /;=«,. 

We  thus  have  succeeded  in  associating  two  new  equations  /i  =  Oi, 
and/o  =  a.2,  withy  and  with  one  another. 

63.     The  next  stage  is  the  determination  of  a  new  equation 
u  =  constant,  consistent  with 

/=0,    /!  =  «!,    /2  =  02; 
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the  necessaiy  and  sufficient  conditions  for  coexistence  are 

C/>)  =  o,   (fltu)=o,  (/;,  u)=o. 

Let  u  =  X  be  an  integral,  common  to  (/,  u)  =  0,  (/3  ,  M)  =  0,  and 
functionally  distinct  from/,/i,/2,  where 

X  =  X(X,  ...,  #„,#,  ...,  p,,): 

it  may  be  taken  as  one  of  the  2n  —  5  common  integrals,  other 
than  /,  /a,  fz.  We  proceed  as  before,  and  form  a  series  of 
functions 

(/•,*)  =  >!,         (/»,   Xl)  =  X»,    .... 

Each  of  these   quantities   is   a   common   integral  of  (f,  w)  =  0,- 
M  =  0.     For 


(/i  (/»,  0))  +  (/.  (*,/i)>  +  (0  (/»/*))  =  0  ; 
and  (/,  /2)  =  0,  (/,  ,  /2)  =  0,  both  identically,  so  that 

and  therefore 


Let  ^  =  X  ;  these  results  give 


because  (/,  X)  =  0,  (/x  ,  X)  =  0,  both  identically  satisfied  ;  thus 
X!  is  an  integral  common  to  (/,  n)  =  0,  (/i,  u)  =  0.  Let  6  =  Xj  ; 
then  the  two  relations  give 


as  before  :  that  is,  X2  is  an  integral  common  to  (/,  u)  =  0,  (/i,  u)  =  0. 
And  so  for  all  the  functions  A  in  succession. 

The  number  of  independent  integrals  is  limited  :  and  thus  the 
X-series  will  terminate  either  in  a  zero,  or  in  a  pure  constant,  or 
in  a  function  expressible  in  terms  of  the  anterior  functions. 
Proceeding  as  before,  we  obtain  some  X-function,  or  some  com- 
bination of  X-functions,  say  A,  such  that 

(/,,A)-0, 

save  only  in  the  case  when  (/2,  X)  is  either  a  constant  (not  zero) 
or  is  not  distinct  from.f,fl,f2,  X. 
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In  the  latter  circumstance,  we  take  another  integral  /*, 
common  to  (/,  w)  =  0,  (/„  w)  =  0,  and  distinct  from  /  /„  /»,  X. 
Proceeding  in  the  same  way,  we  obtain  some  /^-function  or  some 
combination  of  /x-functions,  say  M,  such  that 


save  only  in  the  case  when  (f^,  /A)  either  is  a  constant  (not  zero) 
or  is  not  distinct  iiom  f,  flt  f^,  p. 

And  should  the  latter  happen,  then  if 


N_  [    d^         [    d* 
J(/»,X)     J  (/»/*)' 


we  have 

(/„#)=  0. 

Thus  in  every  case  we  obtain  an  integral  common  to  the  three 
equations 

(/«)  =  <>,     (/1,w)  =  0,     (/,,w)  =  0: 

and  in  the  least  favourable  combination  of  circumstances,  there 
are  2n  —  6  such  integrals,  independent  of  f,  fl}  f,,  and  of  one 
another. 

Let  fa  be  one  of  those  integrals  ;  then  the  equation 


where  as  is  an  arbitrary  constant,  associates  itself  with 
/=0,    /!  =  «,,    /a  =  c^. 

64.  We  proceed  in  this  way  from  stage  to  stage,  obtaining 
equations  f4  =  at,  ...  in  succession  which  are  associated  with  all 
the  equations  that  precede  them.  The  last  stage  of  all  is  the 
construction  of  an  equation  /"„_,  =  dn^.  Our  earlier  results  shew 
that,  when  the  equations 

/=  0,      /!  =  «!,...,  /n-i  =  «n-i 

are  resolved  for  fr,  ...,  pn  in  terms  of  a^,  ...,  xn,  the  values  thus 
obtained  are  such  as  to  make 

p1dxl+  ...  +pndxn 

an  exact  differential  ;  after  quadrature,  an  integral  of  the  original 
equation  f=  0  is  given  by 


involving  n  arbitrary  constants. 

F.  v.  10 


146  MOST  GENERAL  [64. 

If  it  is  not  possible  or  not  convenient  to  resolve  the  equations 
f=  0,  ...,fn~i  =  an-i  with  regard  to  pl}  ...,  pn,  we  choose  another 
set  of  the  variables  involved  and,  resolving  with  regard  to  these, 
adopt  the  process  explained  in  §§  58,  59. 

JACOBI'S  SECOND  METHOD  WHEN  z  DOES  OCCUR. 

65.  In  the  preceding  account  of  Jacobi's  method  of  solving  an 
equation  /=  0,  the  dependent  variable  z  has  been  supposed  not  to 
occur  explicitly.  If  it  should  occur  explicitly,  we  have  already 
seen  that  there  is  a  mode  of  proceeding  by  a  change  of  dependent 
variable,  associated  with  a  unit  increase  in  the  number  of  inde- 
pendent variables.  This  mode  of  proceeding  may  be  cumbrous: 
and  in  any  case,  it  is  desirable  (if  possible)  to  have  a  direct  method 
for  constructing  an  integral. 

Accordingly,  let 

be  an  irreducible  equation  which  involves  z  explicitly :  if 
u  =  u  (#!,  . . . ,  xn>  z,  pl ,  . . . ,  pn)  =  constant 

be  an  equation  which  can  coexist  with  f=Q,  it  is  necessary  and 
sufficient  that  the  relation 

should  be  satisfied.     This  equation  is  homogeneous  and  linear  in 
the  derivatives  of  u;  written  in  full,  it  is 

To  obtain  a  value  of  u,  we  construct  the  system  of  subsidiary 
equations 

dxl  dxn  d)\  dpn 


dpn     dxl 

dz 


which   (for   reasons   that   will   appear   hereafter)   are   called   the 
equations  of  the  characteristics ;  and  we  take  an  integral  of  these 


65.]  FORM   OF   EQUATION  147 

equations,  choosing  by  preference  one  that  is  not  free  from  z,  p1 , 
...,  pn,  if  any  such  exist.  Let  such  an  integral  be 

g(x1}  ...,xn,z,pl,  ...,pn)  =  constant; 
then  the  equation 

u  =  g(&l,  ...,#„,  z,pL,  ...,pn) 
gives  a  value  of  u  as  required ;  and  the  relation 

[/,<7]  =  0 

is  satisfied  identically,  so  far  as  concerns  g  =  constant,  but  not 
necessarily  identically,  so  far  as  concerns  /=•  0 :  indeed,  it  may  be 
satisfied  only  in  virtue  of/=0. 

Ex.     The  characteristics  of  the  equation 

pxz  +  qyz — xy  —  0 
are  given  by 

dx  _  dy  _  dp  _  dq  _          dz 


-xz      -yz     pz-y+p(px+qy]      qz-x+q(qx+py)      -pxz-qyz' 
An  integral,  as  required,  is  given  by 

i-  —  xy  =  constant  ; 
the  relation 

[pxz+qyz-xy,  zz-xy}  =  Q 

is  satisfied  only  in  virtue  of  /=  0.     Another  integral,  as  required,  is  given  by 

pz  —  ^y 

f2  =  constant  ; 

qz  —  $x 

the  relation 

pz  —  \y~\ 
^pxz+qyz-xy,    ^fx\=* 

is  satisfied  identically. 

66.  Accordingly,  at  this  stage  it  is  convenient,  for  the  sake  of 
very  substantial  simplification  of  the  analysis,  to  resolve  the  two 
equations 

/=  0,     g  =  a, 

for  z  and  one  of  the  variables  p,  chosen  so  as  to  give  the  simplest 
resolution :  let  the  selected  variable  be  jp, ,  and  let  the  result  of  the 
resolution  be  denoted  by 

Z  -  ^  =  0,      p,  -  ^r,  =  0, 

where  -\|r  and  fa  are  functions  of  a^,  ...,  xn,  p.2,  ...,  pn.  Then,  after 
the  explanations  in  §  55,  Note,  and  §  60,  we  take  these  two 
equations  in  the  form 

10—2 
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z-^r-x1(pi-fa)  =  0,    pl-fa=Q; 
any  equation  w  =  c  that  can  coexist  with  them  must  satisfy  the 

equations 

[z  -  A/T  -  x1  (p1  -  fa),  w]  =  0, 

[Pi-fa,  w]  =  Q. 

These  two  equations  to  determine  w  are,  by  §  60,  a  complete 
system. 

As  any  integral  of  these  two  equations  is  to  furnish  an  equation 
w  =  constant,  which  shall  coexist  with 

Z  -  xjr  =  0,      ^-^1=0, 

it  can  be  transformed  so  that,  if  z  and  pt  do  occur,  they  are  replaced 
by  i/r  and  fa  respectively:  that  is,  without  loss  of  generality, 
w  may  be  assumed  not  to  involve  either  z  or  pl  explicitly.  Let 

w=<j)=<f>(a;1,  ...,  xn,p2,  ...,pn) 
be  an  integral  of  the  equation 

[z  -  i/r  -  x,  (pl  -  fa),  w]  =  0  ; 

then,  as  \z  —  -fy  —  a?j  (  p^  —  fa),  <f>]  does  not  contain  z  or  plt  so  that  it 
cannot  vanish  in  virtue  of  z  —  -fy  =  0  or  p1  —  fa  =  0,  and  as  it  must 
vanish,  it  vanishes  identically.  Construct  the  function  [pl  —  fa,  tft], 
=  fa  say.  If  fa  vanishes  identically,  this  last  condition  is  satisfied  : 
also  [pi  -  T/r1;  ^>]  =  0  ;  and  therefore  w  =  $  is  a  common  integral  of 
the  two  equations.  In  that  case,  the  equation 

<£  =  ai> 
where  «j  is  an  arbitrary  constant,  can  be  associated  with 

Z  —  TJT  =  0,     pl  —  ^  =  0. 

Suppose,  on  the  other  hand,  that  fa  does  not  vanish  identically  ; 
then,  as 

[K  »]  «  +[[»,«?]+  [ft,  {]  *•] 


identically,  we  have,  on  writing 

%  =  z-^-xl(pl-^l\     IT  =  pi- 
the  relation 

[toT*»«fl--fo-*£* 

that  is, 
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Thus  </>!  is  not  an  integral  of 

[z  —  TJT  —  #!  (p1  —  -^i),  w]  =  0 ; 

and  as  [<f>lt  £]  involves  derivatives  of  <f>1}  it  is  clear  that  ^  cannot 
be  a  pure  constant. 

In  that  case,  let 

be  another  integral  of  the  equation 

[z  —  ifr  —  a*!  (p!  —  -^TJ),  w]  =  0, 

functionally  distinct  from  w  =  (f> ;  and  construct  the  function 
[j>i  —  -tyi,  %],  =%i  say.  If  ^j  vanishes  identically,  it  follows  that 
w  =  x  is  an  integral  of  the  two  equations  determining  w ;  and  then 
the  equation 

where  Cj  is  an  arbitrary  constant,  can  be  associated  with 

Z  —  ty  =  0,      P!  —  I/TJ  =  0. 

But  if  Xi  does  not  vanish  identically,  then  we  have 
as  before ;  and  ^  cannot  be  a  constant.     Also 

[*.-(]—*» 

so  that 


and  therefore 

is  an  integral  of  the  equation 

\Z  —  ifr  —  #1  (^j  —  "^i),  IU\  =  0. 

Now  both  </>!  and  ^  are  variable :  but  ^  may  be  a  constant, 

m- 

say  c.     Then 


and  therefore 
hence  as 


-^-X,  (p,  -  ^r,),  %  -  C0]  =  0, 
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so  that,  under  the  particular  hypothesis,  w  =  %  —  cfy  is  an  integral 
common  to  the  two  equations.  But,  in  general,  wl  will  be  a  variable 
quantity. 

Assuming  wl  now  not  to  be  a  constant,  construct  the  function 
[Pi  —  tyi)  wi],  =%2  say.  If  ^2  vanishes  identically,  it  follows  that 
w  =  Wi  is  an  integral  common  to  the  two  equations  for  the  deter- 
mination of  w  ;  and  then  the  equation 


where  cx  is  an  arbitrary  constant,  can  be  associated  with 

z  —  ty  =  0,    pl  —  <^l  =  0. 
If  %2  does  not  vanish  identically,  then 

«*=£ 

<Pi 
is  an  integral  of  the  equation 

\z-ty-Xi  (pl  -  ^r,),  w]  =  0. 
If  w2  be  constant  and  equal  to  a,  then 
w  =  w1  —  a<j) 

is  an  integral  common  to  the  two  equations.     But,  in  general,  w2 
will  be  a  variable  quantity. 

Assuming  that  w2  is  variable,  we  construct  the  function 
[p!  —  I/TJ  ,  w^\,  =  %3  say.  As  before,  if  ^3  vanishes  identically,  we 
have  an  integral  w  =  w%  common  to  the  two  equations.  If  %3  =  /3<£1} 
where  ft  is  a  constant,  then  w  =  w2  —  @<f>  is  an  integral  common  to 

the  two  equations.     If  ^F  is  not  zero  nor  a  constant,  then 
A 

w  -& 

W3  —     I 

9i 
is  an  integral  of  the  equation 

j>  -  -v/r  -  #!  (^  -  ^r,),  w]  =  0. 

Proceeding  in  this  way,  either  we  shall  at  some  stage  obtain  an 
integral  common  to  the  two  equations,  or  we  shall  obtain  an 
integral  of  the  equation 

[z-ty-Xi  (P!  -  i/r,),  w]  =  0 

which  is  expressible  in  terms  of  the  preceding  integrals  ;  for  the 
number  of  functionally  distinct  integrals  of  that  equation  is  limited. 
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When  the  last  alternative  occurs,  all  succeeding  integrals  are  also 
so  expressible  ;  for  if 

Wm=/(w«_,,  ...,%,  <f>), 
then,  as 

[Pi-fa,  «v]  =  wv+101, 
we  have 


df  df  df       df 

=  57^  -  w"»  +  a~  w»»-i  +  ••'  +  a     wi  +  sT  > 

dww-i        dwm_s  a%       8# 

shewing  that  wm+1  is  expressible  in  terms  of  the  earlier  integrals  : 
and  so  for  all  succeeding  integrals.  Now  take  some  functional 
combination  of  <£,  %,  wlt  ...,  ww_i,  say 

9 
then 


if  ^r  can  be  chosen  so  that  the  right-hand  side  vanishes,  then 
[pi  —  fa,  g]  =  0,  and  we  shall  have  an  integral  common  to  our  two 
equations.  Let  any  integral  of  the  system  of  ordinary  equations 


be 

gl  (<j>,x>  —  i  ^»n-i)  =  constant  ; 
then  talcing 

9  =  9i(4>,X>  —.Wm-i), 

we  have 

l>i-^i,rf—  0. 

Moreover,  there  are  m  functionally  distinct  integrals  of  the  system 
of  ordinary  equations  :  hence  there  are  m  distinct  integrals  common 
to  the  two  equations 

\z  -  >/r  -ar,  (Pl  -  fa),  w]  =  0,     [/>!  -  fa,  w]  =  0  ; 

and  these  are  constructed  out  of  in  +  1  distinct  integrals  of  the 
first  equation*. 

*  The  simplest  case   occurs  when  w1  is  not  functionally  distinct   from   the 
integrals  that  precede  it,  viz.  from  <J>  and  x.  so  that  we  then  have 

«-i=/fe,  0); 

if  the  integral  of  the  equation 


be  g  (<(>,  x)  =  constant,  we  take  g  {</>,  x)  as  a  common  integral  of  the  two  equations. 
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Let  one  of  these  integrals  be  u(xl,  .  ..,  xn,  p2,  ...,^w):  then 
the  equation 

u(xlt  ...,  xn,pt,  ...,pn)  =  a2 

coexists  with  the  equations 

Z  -  ty  =  0,      p1  -  -v/r  x  =  0. 

In  every  case,  therefore,  an  equation  has  been  constructed  which 
coexists  with  the  equations  already  obtained. 

67.     To  proceed  to  the  next  stage,  we  resolve  the  equation 
u(atlt  ...,xn,pz,  ...,  pn)  =  a2 

with  regard  to  one  of  the  variables  p  which  it  contains  :  let  the 
resolved  form  be 

#«  =  X«> 

where  ^2  involves  a2,  xly  ...,  xn,  p3,  ...,  pm.  Let  this  value  of  p2  be 
inserted  in  -ty-  and  i/^,  and  let  the  resulting  expressions  be  %  and 
^  ;  then  we  have  the  simultaneous  equations 

*-X  =  °»        Pl-Xl  =  Q>        J°2-%2=0. 

Now  %,  fo,  fa  do  not  involve  z:  hence,  writing 

£=z-X-xi(Pi-Xi)-x*(p2-X*)>     iri=Pi-Xi>     7r2=^2-%2, 
and  denoting  by  6  any  quantity  which  does  not  involve  z,  we  have 

=  -[7r1)   61 


also  we  have 

[C,    ^=0,        [C,    7T2]  =  0,        [7T2,    7rJ=0, 

identically. 

Let  (T  and  p  be  integrals  common  to  the  two  equations 
[£  w]  =  0,     [TT,,  v]  =  0, 

obtained  as  in  the  preceding  sections,  and  limited  so  that  they  do 
not  involve  z  and  that  they  are  functionally  distinct  from  7r2  and 
from  one  another  ;  and  let 

[•7T2,   a]  =  er1(      [7T2,  p]  =  pt  . 

If  either  crl  or  p1  vanishes,  then  we  have  a  common  integral  of  the 
three  equations 

[(",    V]  =  0,       K,    V]=0,       [7T2,    W]  =  0. 
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If  neither  of  them  vanishes,  we  make  6  equal  to  <r  and  then  to  p 
in  succession  in  the  above  identities.  The  first  of  the  identities 
gives  no  condition  ;  the  second  gives 


and  the  third  gives 

|>i,  0-1]  =  0,     [wj,  pi]=0. 
Hence  —  is  an  integral  common  to  the  two  equations 


unless  it  is  a  constant;  and  if  —  is  a  constant,  say  equal  to  a, 

<TI 
then 

[f,  p  -  aa\  =  0,     [TT,,  p  -  a<r\  =  0, 

[•7T2,  p  —  ao-]  =  pl  -  ao-j  =  0, 

so  that  p  -  ao-  would  be  a  common  integral  of  the  three  equations 
determining  v. 

Writing  T  =  —  ,  and 
°~i 

[•7T2,  T]  =  TI, 

then   if  TJ  vanishes,  a  common  integral  of  the  three  equations 
is  v  =  T  ;  while  if  TI  does  not  vanish,  we  have 

[?,    T,]^,,         [>,,    TJ  =  0, 

and  therefore 


•^ 
shewing  that  --  is   an   integral  common  to   the   two   equations 


We  proceed  as  in  the  former  stage  :  sooner  or  later,  an  integral 
of  the  two  equations  [£,  v]  =  0  and  [TTI,  v]  =  0  is  obtained  which  is 
expressible  in  terms  of  the  earlier  integrals,  or  an  integral  is 
obtained  which  also  satisfies  [7T2,  v]  =  0.  In  the  former  alternative, 
we  construct  (as  in  the  earlier  stage)  a  combination  of  all  these 
independent  integrals  of  [£  v]  =  0  and  [TT^  v]  =  0  which  shall  also 
satisfy  [TT^,  v]  =  0.  Let  it  be 

v  =  v(x^,  ...,  xn,  ps,  ...,  pm); 
then  the  equation 

v(xl,  ....  xn,  p3,  ...,  />M,)  =  a, 
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coexists  with  the  equations 

f=0,        ^  =  0,        7T2=0. 

Let  it  be  resolved  for  one  of  the  variables  p,  say  p3,  in  the  form 

#,-03  =  0, 

where  03  involves  a3)  oc1,  ...,  xn>  pt,  ...,  pm;  when  this  value 
is  substituted  in  ^,  ^i>  %2,  let  them  become  6,  Ol)  02;  then  our 
equations  are 

z-6  =  0,    p,-e,  =  0,    p,=  62,    p3=03. 

So  we  proceed  from  stage  to  stage.  In  each  stage  the  con- 
struction of  the  new  equation  requires,  in  the  least  favourable 
combination  of  circumstances,  the  assignment  of  two  integrals 
of  the  subsidiary  system  associated  with  the  initial  equation 

[/,  u-]  =  0. 

This  subsidiary  system  contains  2?i  differential  equations:  its 
integral  equivalent  must  therefore  contain  2n  integral  equations, 
that  is,  it  possesses  2n  integrals.  Hence  there  are  sufficient 
integrals  for  the  achievement  of  n  stages ;  at  the  end  of  the  last, 
we  shall  have 

z  =  function  of  xl}  ...,  xn,  a^,  ...,  an, 

(where  a1}  ...,  an  are  arbitrary  constants)  as  the  integral  of  the 
original  equation.  Or  at  the  completion  of  the  (n  —  l)th  stage,  we 
can  resolve  the  n  equations  then  coexisting,  and  express^,  . ..,  pn 
in  terms  of  z,  x1}  ...,  xn,  a1}  ...,  an_j ;  substitution  in  the  relation 

dz  =  p1dx1  +  ...  +pndxn, 
and  quadrature,  lead  to  the  integral  required. 

Ex.  Let  Z  denote  z  —  p\Xi  —  ...  —  pnxn ;  and  suppose  that  a  set  of 
equations 

Fn  =  Ffi(Pl,  ...,  pn,  Z)  =  0,  (M  =  l,  ...,  m), 

where  m  <  ft,  is  propounded  for  solution. 
We  have 

flLEV  =  d/V    e^Q 

dx±      d%i  dz 

for  all  values  of  p.  and  of  i  :  consequently 

W,   ^.]  =  0, 

for  all  values  of  r  and  s,  so  that  the  system  is  in  involution. 
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To  obtain  other  equations  consistent  with  the  system,  we  need  simultaneous 
integrals  of 

[/\,  w]=0,  ...,  [Fm,  u]  =  0. 

The  equations  subsidiary  to  the  solution  of  [/\  ,  «]=0  are 

__  dpi  __  dz  __ 

""~~c7\         dF,~""~         cf\  dF,         ' 

Wi+Pi~^  -PiWi-...-P»tp-n 

O  rj  /}  IT* 

but  ^  —  -+Pi  -5-^  =0,  and  so  an  integral  of  these  equations  is  given  by 

pi  =  constant. 
Also 


for  r  =  2,  ...,  m;  so  that  ?/=pi  is  an  integral  common  to  all  the  equations 
[FH,  «]  =  0.     We  therefore  associate  the  equation 


with  the  given  set  ;  the  new  system  is 

/\  =  0,  ...,  /V  =  0,  ^1 
and  it  is  easily  seen  to  be  in  involution. 

Similarly,  we  may  associate  the  equations 


where  «2j  •••>  an-m  +  i  are  arbitrary  constants,  with  the  amplified  system  and 
with  one  another  :  and  the  whole  system  thus  extended,  viz. 

Fi  =  Q,  ...,  Fm=0,    pl  =  al,  ...,  pH-m  +  i  =  an.m  +  1, 

is  in  involution.     If  therefore  the  quantities  pl)  ...,  pn  can  be  eliminated 
from  the  system,  the  eliminant  will  give  an  integral  of  the  original  set. 


Now  the  «  +  l  equations  thus  obtained  are  independent  of  one  another, 
and  they  involve  the  n+l  quantities  pi,  ...,  pn,  Z  ;  when  resolved  with 
regard  to  these  quantities,  they  give 

Z=c,    Pi=ai, 
that  is, 

z-alxl-a.2JL:2-...-aRxH=c, 

where  the  constants  a1}  ...,  aB_m  +  1  are  arbitrary,  and  the  remaining  con- 
stants «n-m  +  2>  •••)  ani  c  satisfy  the  m  relations 

Flt(al,  ...,  an,  c)  =  0, 

for  the  values  /*=!,  ...,  m.     The  equation 
z  = 


with  the  limitations  upon  the  constants,  provides  an  integral  of  the  pro- 
pounded system. 
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CHARPIT'S  METHOD:  INTEGRALS  WHEN  THE  CONDITIONS  IN 
CAUCHY'S  THEOREM  ARE  NOT  SATISFIED. 

68.  Naturally,  the  simplest  case  of  the  preceding  method 
arises  when  the  number  of  independent  variables  is  two.  With 
the  usual  notation  in  this  case,  the  equation  may  be  written 

/O,  y,  z,p,q)  =  Q; 

and  the  condition  [/,  u]  =  0,  which   must  be  satisfied   by  u  if 
u  =  constant  is  to  coexist  with  f=  0,  is 


dz  j  dp      \dy         dzjdq,   dp  dx     dq  dy 

9/,^/^=0. 


To  obtain  an  integral  of  this  homogeneous  linear  equation  which 
shall  involve  p  or  q  or  both,  the  system  of  ordinary  equations 

dp  dq  dx         dy  dz 


+Q_  _ 

doc     ^  dz    -dy         dz         dp          dq  dp         dq 

is  formed  :  if 

u  (oc,  y,  z,  p,  q)  =  constant 

be  any  integral,  distinct  from/=0,  involving  p  or  q  or  both,  then 
the  equations 

f(x,  y,  z,  p,  q)  =  0,     u  (oc,  y,  z,  p,  q)  =  a, 

where  a  is  an  arbitrary  constant,  are  resolved  with  respect*  to 
p  and  q.  These  values  make  the  equation 

dz  —pdx  —  qdy  =  0 
exact.     For  from  the  equations  f=0,  u  =  a,  we  find 

d(y»  |      d(/")  ,  3(/.M)  ,      d(f,u)^fdq      dp\d(f,u). 
d  (oc,  p)     pd  (z,  p)      d  (y,  q)      ^  d  (z,  q)      \doc     dy)  d  (p,  q)  ' 

and  because  u  (x,  y,  z,  p,  q)  =  constant  is  an  integral  of  the  system 
of  ordinary  equations,  the  left-hand  side  of  this  equation  vanishes, 
so  that 


_ 
doc     dy    d  (p,  q) 

*  Or  with  respect  to  other  variables,  with  a  modification  in  the  rest  of  the 
process,  similar  to  that  in  §§  58,  59. 
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and  therefore,  as  the  Jacobian  of/  and  u  with  regard  to  p  and  q 
does  not  vanish*,  we  have 

dq_dp  =  0 

d&     dy 

the  necessary  and  sufficient  condition.     Effecting  the  necessary 
quadrature  of  the  equation 

dz  —  pdx  —  qdy  =  0, 

we  have  an  equation  giving  z  in  terms  of  x,  y,  and  two  arbitrary 
constants. 

This  mode  of  obtaining  the  integral  of  the  original  equation 
by  means  of  a  single  integral  of  the  subsidiary  system  was  first 
devised  by  Charpit  "I*. 

The  method  of  Jacobi,  whether  in  its  original  form  as  developed 
by  himself  or  in  the  amplified  form  as  developed  by  Lie  and 
Mayer,  and  (for  the  case  of  two  independent  variables)  the  method 
of  Charpit,  aim  at  the  construction  of  an  integral  containing  a 
number  of  arbitrary  constants;  and  the  results  do  not  indicate 
any  particular  suggestion  of  Cauchy's  existence-theorem.  The 
association  will  be  made  later,  partly  by  a  modified  use  of  the 
equations  of  the  characteristics;  and  it  will  be  necessary  to 
indicate  the  kinds  of  integrals  which  can  be  deduced  from  those 
provided  by  the  methods  of  Jacobi  and  of  Charpit. 

69.  All  the  examples,  that  follow,  have  been  chosen,  so  as  to 
give  some  initial  indications  of  one  investigation  hitherto  practi- 
cally omitted  by  mathematicians.  When  an  equation 

f(x,  y,  z,  p,q)  =  0 

is  resolved  with  regard  to  p,  or  is  given  in  a  resolved  form,  so  that 
it  may  be  written 

p  =  g(x,y,z,q\ 

Cauchy's  existence-theorem  can  be  applied  only  if  the  function 
g(x,  y,  z,  q)  is  a  regular  function  of  its  arguments  within  the 

*  It  would  vanish  if  «  involved  neither  p  nor  q. 

t  In  a  memoir,  presented  30  June,  1784,  to  the  Academic  des  Sciences,  Paris ; 
he  died  soon  afterwards,  and  the  memoir  was  never  printed  :  see  Lacroix,  Traitedu 
calcul  di/erentiel  et  du  calcul  integral,  2e  ed.,  1814,  t.  n,  p.  548.  Lacroix  indicates 
(ib.,  p.  567)  that  Charpit  tried  to  extend  his  method  to  partial  differential  equations 
of  the  first  order  and  degree  higher  than  the  first,  involving  more  than  two 
dependent  variables. 
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domains  of  the  initial  values  adopted :  it  ceases  to  apply  if  initial 
values  are  selected  in  the  domains  of  which  the  function  g  (x,  y,  z,  q) 
is  regular. 

In  all  these  examples,  it  is  possible  to  choose  initial  values 
which  make  p  infinite  or  indeterminate :  the  known  method  of 
constructing  an  integral  has  been  used  so  as  to  give  indications  of 
the  kind  of  integral  (if  any)  which  exists  in  association  with  such 
initial  conditions. 

What  is  required  for  the  full  discussion  of  an  equation 

/O,  y,  z,  P,  q)  =  0, 

(and,  d  fortiori,  of  an  equation  in  more  than  two  independent 
variables),  is  a  classification  of  all  the  non-regular  forms  arising 
out  of  the  resolution  of  the  equation  with  regard  to  p  or,  what  is 
the  same  thing,  a  classification  of  all  the  non-regular  forms  of 
g  (x,  y,  z,  q)  in  an  equation 

p=g(®,y,z>  ?)• 

Each  of  these  would  need  to  be  considered  in  turn,  as  was  done* 
for  the  non-regular  forms  of  an  equation 

dw     ff 

E -/<*.*); 

the  following  set  of  examples  give  a  few  of  the  simplest  types. 

Meanwhile,  some  indications  of  results  can  be  given :  the 
methods  of  Charpit  and  of  Jacobi  are  entirely  independent  even  of 
the  results  given  by  Cauchy's  theorem. 

Ex.  1.     Consider  the  equation 

p  (ax  +  by  +  cz)  =  1 . 

It  is  clear  that  Cauchy's  general  theorem  will  not  apply  to  this  equation  if, 
when  x=0,  we  require  z  to  acquire  the  value  of  a  function  of  y  regular 
in  the  vicinity  of  y  =  0  and  vanishing  there :  the  initial  value  of  p  is  infinite 
and  the  proof  no  longer  is  valid. 

But  an   integral  can  be  obtained  by  Charpit's   method.     One  of  the 
subsidiary  equations  is 

dp  dq 

ap + cp'z  ~  bp  +  cpq ' 
so  that 

dp  dq 

a  +  cp      b  +  cq' 

*  In  Chapters  in  and  iv  in  Part  n  of  this  work. 
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an  integral  of  which  is 

b+cq  _ 
a+cp 

where  a  is  an  arbitrary  constant.  Accordingly,  we  combine  this  equation 
with  the  original  equation,  and  we  resolve  them  for  p  and  q :  substituting 
these  found  values  in  dz-pdjc  —  qdy=0,  we  have 

dx  {     b     a        (         a         M    , 

dz  = ; 1-  -{ 1 —  a  +  (    ; I  f  dy, 

a.v+by  +  cz      [     c      c        \ax+ by -\-czJ)    ' 

and  therefore 

adjc+bdy  +  cdz=( £ \-a  }(dx+ ady). 

\dx + by  -\-cz        I 

"Writing 

a  simple  quadrature  leads  to  the  equation 

u —  log(c  +  au)=fi+a  (x+ay). 
a. 

The  value  of  z  thus  provided  is  an  integral  which  contains  the  two  arbitrary 
constants  a  and  /3. 

In  order  to  see  whether  any  integral  z  exists,  which  vanishes  when  x=0 
and  y=0,  these  being  values  which  make  p  infinite  initially,  we  note  that  the 
foregoing  equation  is  satisfied  by  2=0,  x=0,  y=0,  provided 


Assuming  this  value  of  £,  we  have 


and  therefore,  in  the  vicinity  of  the  initial  values  assigned,  we  have 

a 


= 


that  is, 

so  that,  unless  c  =  0  (and  this  will  be  excluded),  we  have 
ax  +  by  +  cz  =  u  =  (x  +  ay  $  R  {(x  +  ay)*}, 

where  R  is  a  regular  function  of  its  argument  and  does  not  vanish  when 
x  =  Q  and  y  =  0. 

Ex.  2.     In  the  same  way  it  may  be  proved  that  an  integral  of  the  equation 

p  (oor+  by  +  cz)1*  =  1, 

where  m  is  a  positive  integer,  is  given  by 

u 
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where  a  and  £  are  arbitrary  constants,  and 

u=ax-\-by  +  cz  ; 
and  that  an  integral,  which  vanishes  when  #=0  and  y  =  Q,  is  given  by 


i  i 


where  R  is  a  regular  function  of  its  argument  and  does  not  vanish  with 
x  and  y. 

Ex.  3.     It  is  easy  to  see  that  the  integral  of  the  equation 
(p  +  a'q)(ax  +  by  +  cz)m  =  1  , 

where  a'  is  a  constant  and  m  is  a  positive  integer,  is  of  the  same  type  as  in  the 
preceding  example  :  obtain  the  integral. 

Ex.  4.     Consider  the  equation 

p  (ax+by  +  cz-\-kq}  =  \, 
where  a,  b,  c,  k  are  constants. 

Proceeding  from  subsidiary  equations  as  in  Ex.  1,  we  find  that  they  have 
an  integral 


a  +  cp 
where  a  is  an  arbitrary  constant. 

There  are  two  ways  of  continuing.  We  may  either  resolve  the  original 
equation  and  the  new  equation  for  p  and  y,  and  introduce  a  new  dependent 
variable  £,  where 

f-«-ay, 

and  then  we  have 

d{—pdx-ydq'. 

we  substitute  for  p  and  y  ;  and,  effecting  the  necessary  quadrature,  we  elimi- 
nate q  by  the  relation 


Or  we  may  resolve  the  two  equations  for  p  and  </,  substitute  in  dz=pdx  +  qdy, 
and  effect  the  quadrature.     The  result  is 


where  a  and  /3  are  arbitrary  constants,  u  =  ax  +  by  +  cz,  and 
A  =  (cu  +  bk  —  aka)2  —  4ck  {(b  —  aa)  u  —  ca}. 

It  is  possible  (but  the  analysis  is  somewhat  laborious)  to  deduce,  from  this 
result  when  £=0,  the  integral  of  the  equation  in  Ex.  1. 
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We  can  make  one  more  inference.  If  it  were  possible  that  the  equation 
could  possess  an  integral  such  that  when  x=0,  the  dependent  variable 
acquires  the  value  of  a  function  of  y  such  that  2  and  q  vanish  when  y=0, 
then/)  would  become  infinite  for  the  initial  values  x=Q  and  y=0:  Cauchy's 
theorem  no  longer  applies.  Now  we  are  to  have 

b  +  cq_ 


therefore  for  such  integral  (if  any)  we  have  a=0  because  initially/)  is  infinite, 
and  then  b+cq  =  Q.  But  q  is  to  vanish  initially,  so  that  6=0;  and  thus 
q—0  always  ;  or  z  is  merely  a  function  of  x,  vanishing  with  x  and  given  by 


Excluding  this  trivial  case,  it  follows  that  the  given  equation  has  no  integral 
of  the  kind  indicated,  provided  c  is  different  from  zero. 

Ex.  5.     Integrate  the  equation 

p  (ax+by  +  cz  +  kyq)  =  1  ; 

and  discuss  the  question  whether  it  possesses  an  integral  which,  when  ar=0, 
acquires  the  value  of  a  regular  function  of  y  that  vanishes  when  y=0. 

[An  integral  is  given  by  eliminating  q  between  the  two  equations 


(b  +  c'q)*  -aa 
where  a  and  ,3  are  arbitrary  constants,  and  <f=c+k.] 

Ex.  6.     Obtain  an  integral  of  the  equation 

a 

in  the  form 

where  a  and  /3  are  arbitrary  constants ;  and  discuss  the  integrals  of  the 
equation  (if  any)  which  are  such  that  yq  and  z  vanish  when  x=0. 

Ex.  7.     As  another  example,  consider  the  equation 

p=      <* 

with  a  view  to  inquiring  whether  it  possesses  an  integral  which,  when  x  =  0, 
can  be  a  function  of  y  that  vanishes,  when  y=0,  in  an  order  higher  than 
the  first,  so  that  then  q  may  vanish  when  x=0,  y=0. 

F.  v.  11 
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Forming  the  subsidiary  equations  in  Charpit's  method,  we  find  one  integral 
of  them  in  a  form 

pq  =  a2, 

where  a  is  an  arbitrary  constant.     Resolving  this  equation  and  the  original 
equation  with  regard  to  p  and  j,  substituting  in 


and  effecting  the  quadrature,  we  find 

3ac  (2ca?  -yz)-ft  =  (a2/  -  26-z)1  -  a3y3, 

where  ft  is  an  arbitrary  constant.  This  equation  gives  an  integral  involving 
two  arbitrary  constants. 

If  the  equation  is  to  provide  an  integral  of  the  kind  indicated,  it  is  clear 
that  /3  =  0.  To  discuss  the  consequent  value  of  z  when  #=0,  we  proceed  from 
the  equation 

(a2y2  —  2cz}*  =  a3y3  -  Sacyz. 

This  equation  certainly  gives  a  value  of  z  which  vanishes  when  y  =  0',  two 
roots  are  zero,  and  the  third  is 

3a2   . 

*=8^' 
which  is  of  the  required  type. 

Accordingly,  the  equation  possesses  an  infinitude  of  integrals  (because 
of  the  parameter  a)  which,  when  #=0,  give  z  and  q  as  functions  of  y  that 
vanish  when  y—0  ;  these  integrals  are  provided  by  the  equation 

(a  V  -  2c?)3  =  (ay  -  3a<jy«  +  Sac8*)2! 
where  a  is  an  arbitrary  constant,  that  is,  by  the  equation 

8cV  -  3a%y22  -  x  (36a  *<?yz  -  1  2a4c2y3)  +  SGa2^2  =  0. 

It  is  easy  to  see  that,  though,  when  .r=0,  the  integral  becomes  the  simple 
regular  function  for  the  vicinity  of  y  =  0,  the  integral  itself  is  not  a  regular 
function  of  x  and  y  in  the  specified  domains. 

Ex.  8.     Prove  that  an  integral  of  the  equation 

pz  =  aq+x, 

where  a  is  a  constant,  can  be  obtained  by  eliminating  p  and  q  between  the 
equation  itself  and  the  equations 


where  a  and  ft  are  arbitrary  constants.     Discuss  the  integrals  in  the  vicinity 
of  x  =  0. 

Ex.  9.     Consider  the  equation 

p  (ax  +  by  +  cz)  +  a'x  +  b'y  +  dz  =  0. 
Changing  the  dependent  variable  so  that 

z  —z  —  a"x—  b"y, 
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where  a"  and  b"  are  constants,  we  can  choose  a"  and  b"  so  that  the  new 
equation  has  the  form 

p'  (ax  +  py  +  yz')  +  y  V  =0. 

Accordingly,  we  consider  the  equation  in  the  form 
p  (ax  +  by  +  cz)  +  c'z  =  0  ; 

as  it  is  homogeneous  in  the  constants  a,  6,  c,  c,  we  can  imagine  it  multiplied 
by  such  a  constant  factor  as  to  make  a+<f=l  unless  a+c'=0. 

Firstly,  if  a  +  c'  =  l,  prove  that  an  integral  is  given  by  the  elimination  of 
p  between  the  equations 

p  (ax  +  by  +  cz)+cfz=0 


where  A  and  B  are  arbitrary  constants. 

Secondly,  if  a  +  </=(),  prove  that  an  integral  is  given  by  the  elimination  of 
p  between  the  equations 

p  (ax  +  by+cz)  +  c'z=Q  ~\ 
,  <;         L 


where  A  and  B  are  arbitrary  constants. 

Discuss  these  integrals  in  the  vicinity  of  x=0. 
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CHAPTER  V. 

CLASSES  OF  INTEGRALS  POSSESSED  BY  EQUATIONS  OF  THE  FIRST 
ORDER:   GENERALISATION  OF  INTEGRALS. 

THE  customary  classification  of  integrals  of  a  partial  differential  equation 
of  the  first  order  into  three  kinds  was  first  made  by  Lagrange  :  see  his 
CEuvres  Completes,  t.  in,  p.  572,  t.  iv,  pp.  65,  74.  A  full  exposition  is  given 
in  Imschenetsky's  memoir,  quoted  on  p.  100  :  it  will  be  found  in  chapter  I  of 
the  memoir.  Other  expositions  are  given  by  Goursat,  Lemons  sur  Vinte'gra- 
tion... premier  ordre,  by  Mansion,  The'orie  des  equations... premier  ordre,  and 
by  Jordan,  Cours  d'A  nalyse,  t.  in. 

That  the  theory  is  not  complete  even  for  the  simplest  case  is  pointed  out 
by  Goursat,  in  the  book  just  quoted,  §  18.  Some  further  exceptions  are 
indicated  in  the  present  chapter. 

70.  Before  proceeding  to  the  exposition  of  further  methods 
of  integration,  and  partly  in  order  to  facilitate  the  discussion 
of  characteristics  in  particular,  it  is  convenient  to  develop  the 
relations,  to  one  another,  of  the  different  integrals  that  have  been 
obtained  or  have  been  proved  to  exist. 

We  have  seen  that,  in  the  case  of  a  homogeneous  linear 
equation  of  the  first  order,  it  is  possible  to  construct  an  integral 
which,  on  appropriate  determination  of  its  arbitrary  elements, 
comprehends  any  integral  of  the  equation  :  also  that,  in  the  case  of 
a  linear  non-homogeneous  equation  of  the  first  order,  it  is  possible 
to  construct  an  integral  which  similarly  comprehends  any  integral 
that  is  not  of  the  type  called  special.  Consequently,  no  further 
discussion  is  necessary  in  those  cases. 

But  in  the  case  of  equations  that  are  not  linear,  it  has  been 
seen  that  there  certainly  are  two  kinds  of  integrals.  On  the  one 
hand,  there  is  Cauchy's  existence-theorem  according  to  which 
an  arbitrary  functional  element  occurs  in  the  expression  of  the 
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integral  proved  to  exist.  On  the  other  hand,  Jacobi's  method 
of  integration,  either  in  its  original  form  or  in  any  of  its  modified 
forms,  has  led  to  integrals  which  contain  arbitrary  constants  in 
their  expression.  It  is  natural  to  enquire  what  is  the  relation, 
if  any,  between  integrals  of  such  widely  distinct  types  and,  further, 
whether  integrals  of  other  types  exist. 


VARIATION  OF  PARAMETERS. 

71.  Accordingly,  beginning  with  a  single  equation  which 
(after  the  preceding  explanations)  may  be  taken  as  not  linear, 
we  shall  suppose  it  given  in  the  form 

/(#„  ...,  xn,  z,  &,  ...,  pn)  =  0', 

and  we  may  imagine  that  it  has  been  integrated  by  the  Jacobian 
method,  with  a  result  that  z  is  given  as  a  function  of  the  variables 
and  of  n  arbitrary  constants  aa,  ...,  an  by  means  of  an  equation 

<f>(2,  ar,,  ...,  xn,  a,,  ...,  on)  =  0. 
The  values  of  the  derivatives  are  given  by  equations 


for  m  =  1  ,  .  .  .  ,  n  ;  these  values  of  pm  ,  together  with  the  value  of  z 
deduced  from  <£  =  0,  will,  when  substituted  in  the  differential 
equation,  make  it  satisfied  identically.  Moreover,  the  elimination 
of  the  n  arbitrary  constants  between  the  n  +  1  equations 

£  =  0,     «k  =  0,  ...,  </>n=0 

leads  to  the  differential  equation,  and  to  that  differential  equation 
alone,  provided  that  not  all  the  Jacobians 


o.i,  ...,  an 

vanish ;   and  conversely,  when  there  is  only  a  single  differential 
equation,  the  Jacobians  do  not  all  vanish. 

In  the  process  of  returning  from  the  n  +  1  equations 

to   the  differential  equation,  the  quantities  a1}  ...,  an  are  to  be 
eliminated :  but  no  regard  is  paid,  during  the  operation,  to  their 
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constant  values;  and  the  resulting  differential  equation  will  be 
the  same,  provided  the  n  +  I  equations  have  the  same  form,  when 
these  quantities  are  made  variable.  We  therefore  make  au  ...,  an 
functions  of  xl}  ...,  xn,  subject  to  this  proviso.  This  change  leaves 
the  equation  <£  =  0  unaltered  in  form :  in  order  that  <f>m  =  0  (for 
m=l,  . ..,  n)  may  remain  unaltered  in  form,  it  is  necessary  that 
the  equation 

9<£    9oi  80  dan  _  Q 

ddi  dxm  d<*n  dxm 

should  be  satisfied,  for  each  of  the  n  values  of  ra :  and  if  these 
equations  are  satisfied,  then  <j>  =  0  (with  the  changed  values  of 
alt  ...,  an)  will  still  give  an  integral  of  the  differential  equation. 

Multiplying  the  n  equations  by  dxl}  ,..,  dxn  respectively  and 
adding,  we  find 

5^-  dcti  +  . . .  +  ^  dan  =  0, 
oa-i  oan 

where  dal}  ...,  dan  are  the  complete  variations  of  the  quantities 
aly  ...,  an;  and  conversely  this  equation,  when  satisfied,  yields 
the  n  conditions.  The  coefficients  of  the  differential  elements  are 
functions  of  z,  xl}  ...,  xn,  a^,  . ..,  an  in  general:  but  z  is  given  by 
0  =  0  in  terms  of  the  other  quantities ;  and,  as  c^,  . . . ,  an  are 
(unknown)  functions  of  x-^ ,  . . . ,  xn ,  so  the  latter  may  be  regarded  in 
the  most  general  case  as  functions  of  alt  ...,  an:  that  is,  the 
coefficients  may,  in  the  most  general  case,  be  regarded  as  functions 
of  Oj,  ...,an.  Thus  we  have  a  Pfaffian  equation:  by  the  general 
theory  of  Pfaffian  equations  *,  the  integral  equivalent  consists  of  one 
equation  or  of  several  equations  connecting  the  quantities  Oj,  . . . ,  an. 

In  the  argument,  one  exceptional  case  has  been  omitted :  it 
may  be  that  the  Pfaffian  equation  is  evanescent,  on  account  of 
vanishing  coefficients  :  we  then  have 

?*-0  -^-0 

^       —  ">•••>    o        —  u' 

3ttj  dan 

concurrently  with  <£>  =  0. 

After  noting  this  exceptional  case,  we  return  to  the  integral 
equivalent  of  the  Pfaffian  equation.  Let  it  consist  of  p  equations 

#,(«!>  •••>  «n)  =  0,  ...,  3^ (a,,  ...,  0,0  =  0, 
*  See  Part  i  of  this  work,  passim. 
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and  of  these  solely :  then  the  only  relations  among  the  differential 
elements  are 


and  the  Pfaffian  equation  must   be  satisfied  in  virtue  of  these. 
Thus  fj,  quantities  Xj ,  . . . ,  X^  must  exist  such  that 

9<£  jn  ,   9( 


and  therefore 


d<f>  _      dgi  dg^ 

~ —  Aj  _        T  . . .  T  A.U  ^        > 


for  the  %  values  of  TO.     These  n  equations,  together  with 
0  =  0,     #=0,  ...,  ^  =  0, 

make  up  n  +  p  +  1  equations,  involving  a1}  ...,  an,  X1}  ...,  XM: 
eliminating  the  quantities  a  and  X,  we  have  a  single  equation 
as  the  result,  and  it  expresses  z  in  terms  of  ar1}  .  ..,  xn.  The  value 
of  z  determined  by  this  final  equation  is  an  integral  of  the  original 
differential  equation:  the  functional  forms  gl}  ...,^are  involved 
in  its  expression. 

72.  It  might  appear  as  if  there  were  integrals  of  a  character 
intermediate  between  those  of  the  two  kinds  considered.  Thus  we 
might  have  am+1,  ...,  an  as  constants,  so  that  the  differential 
relation  would  then  be 


If  the  integral  equivalent  of  this  relation  consists  of  a  equations  in 
the  form 

gl(ali  ...,aw)  =  0,  ...,gf(a1}  ...,aw)=0, 

and  of  these  only,  then  the  same  argument  as  before  leads  to 
equations 


for  i  =  1,  .  ..  ,  m.     These  TO  equations,  together  with 
0  =  0,     5r1  =  0J...,5ra  =  0, 

are  m  +<r  +  1  equations  involving  z,  x1}  ...,  xny  a,,  ...,  am,  plt  ...,  pa: 
eliminating  these  m  quantities  a1;  ...,  am  and  the  a-  quantities  p, 
we  have  a  single  equation  between  z,  x^,  ...,  xn.  The  value  of  z 
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thus  given  is  an  integral  of  the  original  equation.  The  functional 
forms  glt  ...,  ga  are  involved  in  its  expression;  and  the  arbitrary 
constants  am+1,  ...,  an  also  occur.  The  latter  can  be  regarded  as 
given  by  n  —  m  relations 

™i  \am+i  >  •••>  an)  =  0,  .  .  .  ,  fln—m  \am+i>  •••>  an)  —  0, 

involving  the  n  —  m  constants  :  they  are  such  that  the  equations 
dh1  =  0,  .  .  .  ,  dhn_t)l  =  0 

are  satisfied  identically.  Now  it  is  known  from  the  theory  of 
Pfaffian  equations  that 

<r  +  n  —  m  ^  /j,, 

so  that  the  total  number  of  equations  among  the  quantities  a1}  ...  , 
an  is  greater  than  before  :  their  range  of  value  is  therefore  more 
restricted  than  in  the  preceding  case.  Accordingly,  we  can  regard 
the  present  mode  of  satisfying  the  differential  relation  as  a 
specialisation  of  the  preceding  mode  or  as  a  special  instance  of 
the  preceding  mode  involving  a  greater  number  of  relations  some 
of  which  are  of  restricted  forms. 

In  this  argument,  as  in  the  preceding  argument  in  §  71,  one 
exceptional  case  is  omitted  :  it  may  be  that  the  reduced  Pfaffian 
equation  is  evanescent,  on  account  of  vanishing  coefficients:  we 
then  have 


0  —  —     .  .  .  .  ,  ~  -  —  w, 

001  oam 

concurrently  with  0  =  0. 

It  thus  appears  that,  while  the  completed  process  leads  in 
every  case  to  a  single  -  equation  providing  an  integral,  there  are 
intrinsic  differences  according  to  the  circumstances  of  the  cases. 
It  is  clear  that  distinctions  will  arise  according  to  the  number  of 
relations  postulated  among  the  quantities  a^,  .  .  .  ,  an  ;  it  is  customary 
to  regard  a  class  of  integrals  as  being  defined  according  to  the 
number  of  relations  so  postulated.  When  p  relations  of  the 
indicated  character  occur,  the  corresponding  class  of  integrals  is 
frequently  called  the  /*th  class:  and  if 

0  <  /*  <  n, 

the  integrals  of  all  the  classes  may  be  regarded  as  falling  within 
the  category  of  what  will  presently  be  called  general  integrals. 
Thus  there  will  be  n  —  1  classes  of  general  integrals. 
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The  extreme  cases  must  also  be  taken  into  consideration.  It  is 
possible  that  p,  =  n:  there  are  then  n  functional  relations  con- 
necting the  n  quantities  a1}  ...,  an,  independent  of  one  another  ; 
all  these  quantities  are  constants  and,  when  the  relations  are 
quite  arbitrary,  the  constants  are  arbitrary:  the  integral  then 
provided  is  what  will  be  called  the  complete  integral.  It  is 
possible  that  f*  =  Q:  if  the  equations  can  be  satisfied,  and  an 
integral  is  provided,  we  have  what  will  be  called  the  singular 
integral. 

Of  the  general  integrals,  the  most  comprehensive  is  that  in 
which  only  a  single  functional  form  occurs,  say 


and  i/r  can  be  taken  as  the  most  general  and  arbitrary  function  of 
its  arguments.     The  equations  which  determine  the  integral  are 


• 

dam 


>    ^  —  v.  -  =  V, 


for  m  =  2,  .  .  .  ,  n  ;  and  the  integral  itself  is  given  by  the  elimination 
of  di,  ...,  an  among  these  n  •+•  1  equations. 

That  it  is  the  most  extensive  class  of  general  integral  can 
easily  be  seen  by  the  following  argument,  whereby  it  is  proved  to 
include  all  the  other  classes.  When  fi  relations  are  postulated 
among  the  n  quantities  a^,  ...,  an  in  the  form 

gr(a1,  ...,an)  =  0, 

for  r  =  1,  .  ..,  fi,  the  integral  is  given  by  these  equations,  together 
with 

4>  =  0, 

l 

f    •  •  •    T 


••v 

dam 
for  m  =  1,  ...,  n.     Let 


so  that  the  relation  6  =  0  is  certainly  satisfied  for  the  integral 
in  question  ;  moreover,  the  equations 
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are  certainly  satisfied  for  this  integral.     Now  let  6  =  0  be  resolved 
for  ax  so  as  to  express  it  in  terms  of  a2,  ...,  an  in  a  form 


we  have 


. 

dam     Bflf!  dam 
Hence,  for  the  integral  in  question,  the  equations 

d<j>    j  d<f>  dx  =  0 
dam     da,!  dam 

are  satisfied  :  and  conversely,  when  these  are  satisfied,  the  original 
set  of  equations  also  is  satisfied.  Now  in  the  case  when  there  is 
only  a  single  relation 

a1  =  ^(a2,  ...,  OB), 

i/r  is  the  most  general  function  possible  :  so  that  the  relation 

«i  =  X(a2>  •••>  «n) 

is  included  as  a  special  case,  and  consequently  the  equations 

d<j>    [  d<f>  dx  =Q 
dam      3ttj  3am 

are  a  special  case  of  the  equations 

d(f>      d<f>  d^  =  Q  . 
9am     3ax  3am 

that  is,  the  general  integral  in  question  is  a  special  case  of  the 
general  integral,  which  arises  when  there  is  only  a  single  relation 
between  the  quantities  a1}  ...,  an.  The  latter  general  integral  is 
accordingly  the  most  comprehensive. 

In  passing,  we  may  note  that  the  general  integral  includes  the 
exceptional  case  noted,  in  which  am+1,  ...,  an  are  arbitrary  con- 
stants and  the  equations 

M_o          -^--0 
^  v»  •  •  •  »  5        ~  u 

9aj  oam 

are  satisfied.     We  can  represent  it  by  relations 
oM=^(a,,  ...,  am\ 

for  /j,  —  m  +  1  ,  .  .  .  ,  n,  and  by  restricting  the  functions  -^  to  be  con- 
stants ;  for  then 

a-^-o 

'dot"     ' 


72.]  CLASSES   OF   INTEGRALS  171 

for  1  =  1,  .  .  .  ,  m,  and  the  relation 

M  +  2  Q  ^  =  0 
9aj      p,  da^   Sat- 

simply  becomes 

s*-«S 

c«,- 
which  (for  t  =  1,  ...,  m)  are  the  equations  for  the  exceptional  case. 

CLASSES  OF  INTEGRALS. 

73.  Three  kinds  of  integrals  may  thus  arise.  One  of  them  is 
given  by  an  equation  containing  n  arbitrary  constants  ;  it  is  called 
the  complete  integral.  Another  of  them  is  given  by  equations  that 
involve  a  functional  form  or  several  functional  forms,  and  in  the 
most  general  type  these  forms  are  arbitrary;  these  integrals  are 
called  general  integrals  and  often,  when  there  is  only  a  single 
functional  form  so  that  the  widest  range  of  variation  is  provided, 
the  integral  is  called  the  general  integral.  And,  lastly,  the  equations 


may  be  possible  and  be  consistent  with  one  another  ;  if  the  result 
of  eliminating  a1}  ...,  an  among  them  provides  a  single  equation 
involving  no  arbitrary  element,  and  if  the  equation  determines  an 
integral*,  the  integral  thus  furnished  is  called  the  singular  integral. 
It  must  however  be  noticed  that  an  integral,  containing  the 
appropriate  number  of  arbitrary  constants,  is  not  necessarily  the 
complete  integral,  any  more  than  one  which  contains  no  arbitrary 
element  is  necessarily  a  singular  integral.  On  the  one  hand,  since 
an  arbitrary  function  can  be  regarded  as  containing  any  number 
of  arbitrary  constants,  a  general  integral  may  be  simply  specialised 
so  as  to  contain  the  appropriate  number  of  arbitrary  constants  :  it 
will  not  thereby  necessarily  become  a  complete  integral,  for  it  may 

*  The  reason  for  this  limitation  will  appear  subsequently  :  meanwhile,  it  may 

be  sufficient  to  point  out  that,  while  the  equations  ^—  =  0,  ..  ,  ^^  =  0  are  consistent 

oaj  van 

with  the  existence  of  an  integral,  it  has  not  been  proved  (and,  indeed,  cannot  be 
proved)  that  their  significance  is  only  co-extensive  with  that  existence.  Even 
in  the  case  of  ordinary  equations  of  the  first  order,  the  corresponding  process 
frequently  gives  rise  to  relations  that  do  not  provide  integrals  of  the  equations  in 
question  :  and  the  same  holds,  to  a  wider  extent,  in  partial  equations. 
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be  only  a  special  case  of  the  general  integral.  On  the  other  hand, 
by  assigning  particular  values  to  the  arbitrary  constants  in  a  com- 
plete integral,  the  latter  becomes  free  from  all  arbitrary  elements  : 
it  will  not  thereby  become  a  singular  integral  (even  if  such  an 
integral  is  possessed  by  the  equation),  for  it  is  only  a  special  case 
of  the  complete  integral.  It  is  therefore  important  to  devise  tests 
which  shall  shew  to  what  category  any  given  integral  should,  if 
possible,  be  assigned  :  and  this  necessity  raises  a  further  question 
as  to  how  comprehensive  is  the  retained  aggregate  of  integrals. 

SPECIAL  INTEGRALS. 

74.  Suppose,  then,  that  we  have  an  integral  of  the  differential 
equation 

/Oi,  ...txn)z,plt  ...,pn)  =  0 

given  by  the  equation 

0(X,  ...,  xn,  £)  =  0; 

and  let  the  values  of  z  thus  determined  be  denoted  by  f  Also, 
let  a  complete  integral  be  given  in  the  form 

g(x-i,  ...,  arn,  2,  d,  ...,  an)  =  0; 

and  let  the  value  of  z  thus  determined  be  denoted  by  Z.  We 
have  to  consider  whether  it  is  possible  to  associate  with  g  =  0 
equations  or  relations  which  will  change  Z  into  £;  if  this  should 
be  possible,  then  the  character  of  the  added  equations  or  relations 
will  indicate  the  character  of  the  integral  £. 

In  order  to  obtain  the  tests  that  may  be  both  sufficient  and 
necessary,  assume  that  an  ...,  a.»  are  changed  into  functions  of 
x-i,  ...,  xn>  such  that  Z  is  still  an  integral  of  the  differential 
equation  and  such  that,  if  possible,  it  becomes  the  integral  £.  As 
the  two  integrals  are  now  hypothetically  the  same  functions  of 
xl,  ...,  xn,  the  derivatives  of  these  functions  with  regard  to  the 
variables  are  respectively  the  same.  For  the  integral  f,  they  are 
given  by 


for  m=  1,  ...,  n,  when  z  is  replaced  by  £in  these  equations;  and 
for  the  integral  Z,  they  are  given  by 

,         fy_0       *9   ^1    ,         ,    *9_  ?^_o 

i    I'm  *\          v,       ^     •   ;r          n  •»•    i   <N         o         —  v> 

oz  daj,  dxm  dan  tixm 
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for  m=l,  ...,  w,  when  z  is  replaced  by  Z  in  these  equations. 
Consequently,  we  must  have 

dg_d0_dgd0_=^ 
dxm  dz      dz  dxm 

&  9ai   |        +  j^[.   8a"  =  Q 
da^  dxm  dan  dxm 

for  m  =  1,  ...,  n,  when  z  is  replaced  by  the  supposed  common  value 
of  £  and  Z. 

Now  when  this  common  value  is  substituted,  the  n  equations 
^L^_^_^  =  0 

dxm  dz      dz  dxm 

are  a  set  of  equations  involving  the  quantities  a^,  ...,  On.  If  they 
determine  values  for  these  quantities,  we  can  proceed  to  the 
identification  of  the  integral  ;  but  they  do  not  necessarily  deter- 
mine such  values,  and  then  we  cannot  proceed. 

Suppose  that  such  values  are  determined.  If  they  are  con- 
stants, then  £  is  a  more  or  less  particular  form  of  the  complete 
integral  :  all  the  equations 

°9.  9a*   [        +_?£  dftn  =  0 
ddi  dxm  da^  dxm 

are  satisfied.  If  values  are  found,  so  that  some  at  least  have 
the  form  of  functions  of  a;,,  ...,  xn,  there  may  be  some  functional 
relation  or  several  functional  relations  among  them  :  let  these  be 
denoted  by 

M«i>  •••,  an)  =  0,  ...,  #M(a,,  ...,  an)  =  0. 

Then  the  other  n  equations  are  satisfied  by  means  of  the 
equations 

,    fyi  ,        ,  ,    3^ 

—  "-l  ~\         T  •••    •    f^u.  -\          > 

dam  "  dam 


for  m  =  1,  .  .  .  ,  ?i,  with  appropriately  determinate  values  of  Xj  ,  .  .  .  ,  XM. 
All  the  conditions  then  are  satisfied  ;  and  f  then  is  a  more  or  less 
particular  form  of  the  general  integral.  If  on  the  other  hand 
the  variable  values  found  (say  m  in  number)  are  such  that  no 
functional  relation  subsists  among  these  m  quantities,  the  n 
remaining  equations  can  only  be  satisfied  by  having 


dot 
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for  each  of  the  m  quantities  a{  found  to  be  variable  ;  the  integral  f 
would  then  be  a  degenerate  form  of  the  general  integral  of  the 
differential  equation.  Lastly,  if  all  the  quantities  a  are  variable 
and  if  there  is  no  functional  relation  among  them,  the  n  remaining 
equations  can  only  be  satisfied  by  having 


=  -      = 

~        —  v/j    .  .  .  ,   -         —  \s  . 

ddj,  dan 

the  integral  £  would  then  be  a  singular  integral  of  the  differential 
equation. 

It  thus   appears  that,  subject  to   the    determination  of  the 
quantities  alt  .  .  .  ,  an  from  the  equations 


dxm  dz      dz  dxm 

the  integral  £  is  comprehended  within  the  aggregate  of  the 
complete  integral,  the  general  integral,  and  the  singular  integral. 
This  aggregate  is  widely  comprehensive  :  it  cannot  be  declared  to 
be  completely  comprehensive,  because  occasions  arise  in  which  the 
equations  refuse  to  provide  a  consistent  set  of  values  of  al}  ...,  an 
needed  to  secure  inclusion.  The  whole  of  this  theory  is  formal  : 
it  does  not  take  account  of  the  peculiarities  of  equations  :  and 
examples  will  be  indicated  to  which  it  fails  to  apply. 

Such  integrals,  as  do  occur  but  are  not  included  in  any  of  the 
three  classes,  will  be  called  special. 

Ex.  1.     It  is  easy  to  see  that  the  equation 

plxl  +  ...+pnxn=z 
has  an  integral 

z=al.vl  +  ...+anxn, 

which  is  a  complete  integral.  To  obtain  a  general  integral,  the  most  general 
possible,  we  take  only  a  single  relation  among  the  quantities  aj,  ...,«„  in  the 
form 

«l=/(«2>    ••-,    «n)> 

where  /is  an  arbitrary  function  of  its  arguments.  The  associated  equations 
are 

*•+*  l£=o' 

for  s  =  2,  ...,  n;  these  give 
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where  the  character  of  gr  is  dominated  by  the  arbitrary  form  of/.     Inserting 
these  values  of  a,  we  have 


where  F  is  an  arbitrary  function. 

This  is  the  integral  which  would  be  obtained  by  the  process  of  §  30  ; 
accordingly,  the  most  comprehensive  integral  given  by  that  process  is  the 
general  integral. 

The  equations,  which  would  give  the  singular  integral  if  it  existed,  are 


-TI=O,  ...,  .rR=0: 

clearly  there  is  no   singular  integral   of  the  equation,   though  2=0   is  a 
particular  case  of  the  complete  integral. 

EJ-.  2.     The  equation 


has  been  discussed  (§  34,  Ex.  3)  ;  in  particular,  it  was  shewn  that  the  integral 

x2 

z  =  — 

y 

was  not  derivable  from  the  general  integral  there  obtained.     The  equation 
does  not  possess  a  singular  integral. 

x2 

Is  the  integral  z=  —  comprehended  in  the  complete  integral? 
y 

Ex.  3.     At  the  end  of  §  59,  it  was  shewn  that  the  equation 


possesses  two  complete  integrals 

z  =  a  —  J  b3x  +  bx~*y, 


The  general  integral  deduced  from  the  first  of  these  complete  integrals  is 
obtained  by  associating  with  it  the  equations 


where  (ft  is  arbitrary  :   the  general   integral  deduced  from   the  second   of 
them  is  obtained  by  associating  with  it  the  equations 


where  y  is  arbitrary.     Clearly  there  is  no  singular  integral. 

To  obtain  the  relations  to  one  another  of  the  two  complete  integrals,  we 
adopt  the  method  in  the  text.  When  we  equate  the  different  respective 
derivatives,  we  have  the  relations 
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these  relations  are  consistent  with  one  another,  in  virtue  of  the  single  relation 


When  we  equate  the  two  integrals  themselves,  we  find 
a  =  A  -  z  ~  s 


The  values  of  a  and  b  are  thus  variable  quantities  ;  and  it  is  easy  to  see  that 
they  are  connected  by  the  relation 

a-A=-%Bb3. 

In  virtue  of  this  relation,  and  of  the  values  of  a  and  b,  the  other  necessary 

relations 

dz  da      dz  db 

da  3.»?      dbdx~  ' 

dz  da      dz  db 
da  dy     db  dy 
are  satisfied. 

Hence  each  of  the  two  complete  integrals  is  a  particular  case  of  the  general 
integral  deduced  from  the  other  :  the  generalising  relation  is 


Ex.  4.     The  equation 
has 


z= 
ct 


for  a  complete  integral  ;  it  has  no  singular  integral  :  and  its  general  integral 
is  given  by 


Another  integral  is  given  by 

z 

To  investigate  its  relation  to  the  complete  integral,  we  proceed  as  before. 
Equating  the  derivatives,  we  find 


giving 

a—- 

y 

with  this  value,  the  two  quantities  z  are  the  same. 
The  other  equations 

dg  da     dg  db  _        dg  da     8gr  86_0 

are  satisfied  by 

^-  =  0.     b= arbitrary  constant, 
da 
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The  new  integral  is  a  special  case  of  the  general  integral  ;  for  we  have 
*  ,     6=/(a),      - 


(t 

as  the  equations  of  the  general  integral  ;  and  they  lead  to  the  new  integral, 
when  /(a)  is  regarded  as  a  pure  constant. 

Ex.  5.     Classify  the  integral  z  =  Zx-£x£  xj>  +  b  of  the  equation 


Ex.  6.     Consider  the  equation 

{l  +  (z-x- 

which  has  already  (§  34,  Ex.  4)  been  discussed  from  the  point  of  view  of  the 
general  integral.     The  equation  is  clearly  satisfied  by 

z=x+y  : 

the  question  is,  does  this  integral  fall  within  the  three  classes  of  integrals 
considered  1 

Proceeding  to  integrate  by  Charpit's  method,  we  find 


as  one  integral  of  the  subsidiary  equations.  When  this  relation  is  com- 
bined with  the  original  equation,  we  have  values  of  p  and  q:  these  are 
substituted  in 


and  the  quadrature  is  effected  :  the  result  is 

*+(«-  l)y+2  (a+1)  (z-x-y}*=b, 

where  a  and  6  are  arbitrary.     Writing 
u=z+(a-  I)y  +  2  ( 

the  singular  integral  (if  any)  is  given  by 


the  latter  equation  shews  that  the  singular  integral  does  not  exist:   con- 
sequently 

z=x+y 
is  not  a  singular  integral. 

The  general  integral  is  given  by  the  elimination  of  a  between 


j.//  \ 
^=0  (a). 

If  <f>  can  be  determined,  so  that  the  result  of  the  elimination  is  to  give 


the  second  of  the  equations  for  the  elimination  must  become 

y  =<£'(«)> 

and  the  first  of  them  must  become 

x+ay=<ft(a). 
v.  v.  12 
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The  former  of  these,  for  any  function  $,  makes  a  a  function  of  y  only  ;  the 
latter,  instead  of  being  identically  satisfied  (as  it  should  be)  if  the  integral 
z=x+y  could  thus  arise,  leads  to  a  relation  between  x  and  y.  Any  such 
relation  is  excluded.  Hence  z=x+y  is  not  a  particular  case  of  the  general 
integral. 

It  is  clear  that  constant  values  of  a  and  b  cannot  be  chosen  such  that 
the  equation  u  =  b  leads  to  the  equation  z=x+y:  hence  the  integral  is  not 
a  particular  case  of  the  complete  integral. 

It  follows  therefore  that,  while  z=x+y  is  an  integral  of  the  equation 


it  does  not  belong  to  any  of  the  three  usual  classes  of  integrals  :  an  instance 
is  thus  provided  in  which  the  general  theorem  due  to  Lagrange  does  not  hold. 

If  the  differential  equation  is  rationalised,  so  that  it  takes  the  form 


the  complete  integral  is 

{z  +  (a-l)y-b}*  =  4(a  +  l)'(z-x-y-); 

and  z—x+y  is  easily  seen  to  be  a  singular  integral.  The  explanation  of  the 
difference  is  left  to  the  student  as  an  exercise. 

Ex.  7.     Given  the  equation 

Api*  +  Bpq  +  Cq*  =  D, 

where  A,  B,  C,  D  are  functions  of  x  and  y  only,  investigate  the  conditions 
necessary  and  sufficient  to  secure  that  it  possesses  a  complete  integral  of 
the  form 

z=au?  +  —  v2  +  b, 
a 

where  u  and  v  are  functions  of  x  and  y,  and  a,  b  are  constants. 

Verify  that,  if  the  conditions  are  satisfied,  it  also  possesses  an  integral 

z—uv  +  b. 
What  is  the  character  of  this  integral  ? 

TESTS  FOR  A  COMPLETE  INTEGRAL. 

75.  In  the  preceding  investigation,  it  has  been  assumed  that 
a  complete  integral  of  the  differential  equation  is  known,  so  that 
it  is  possible  to  proceed  from  that  integral  to  the  differential 
equation,  and  to  that  equation  alone  :  and  it  has  been  pointed  out 
that  an  integral,  containing  the  proper  number  of  arbitrary  con- 
stants, is  not  necessarily  complete.  The  important  limitation  is 
that  elimination  among  the  equations,  denoted  in  §  71  by 

0  =  0,     0,  =  0,  ...,  0n  =  0, 
should  lead  to  one,  and  to  only  one,  equation. 


75.]  COMPLETE   INTEGRAL  179 

For  this  purpose,  it  is  necessary  that  not  all  the  Jacobians 
should  vanish :  if  they  do  vanish,  then  the  elimination  of  the 
n  quantities  al}  ...,  an  will  lead  to  at  least  two  equations. 

Again,  if  all  the  Jacobians  but  one,  say 

j/Q,    <f)2,    ...,    <f>n\ 
V*i,    ««/ 

are  known  to  vanish,  then  either  that  Jacobian  vanishes  or  else 

^  =  0,  .    .  ^  =  0, 
c/ax  oan 

that  is,  either  that  Jacobian  vanishes,  or  fa  involves  none  of  the 
constants.  The  first  of  these  two  alternatives  is  the  preceding 
case.  As  regards  the  second  alternative,  we  at  once  have 

fc  =  0 

as  an  equation.  The  constants  alt  ...,  an  may  or  may  not  be 
eliminable  between  <£  =  0,  </>2  =  0,  . . . ,  <f>n  =  0 :  so  that  there  would 
be  only  one  equation  if  they  cannot  be  eliminated,  and  there 
would  be  at  least  two  equations  if  they  can  be  eliminated.  If 
there  is  only  one  equation,  the  integral  is  complete ;  if  there  is 
more  than  one,  the  integral  is  not  complete. 

If  a  Jacobian,  say 


V»li 

is  known  not  to  vanish,  then  the  equations 

can  be  resolved  for  a^ ,  . . . ,  aw ;  .their  values,  substituted  in  fa  =  0, 
if  it  involves  any  of  them,  lead  to  a  single  equation ;  while,  if 
fa  =  0  does  not  involve  any  of  the  constants  a1?  ...,  an,  it  is  itself 
one  equation  involving  derivatives.  We  have  only  a  single 
equation :  the  integral  is  complete. 

Ex.  1.     Consider  an  integral  equation 
it  is  easily  seen  to  be  a  complete  integral  of  the  differential  equation 

the  elimination  being  immediate. 
An  integral  equation 


12—2 
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leads  to  a  single  equation 

P3  =  *, 

and  no  other  elimination  is  possible  :  the  integral  is  complete. 
An  integral  equation* 

Z  =  {(#!  -  «j)2  +  (#2  -  0-2)2}*  +  *3  -  «3 

leads  to  two  equations 

Pi2+/?22  =  l,      #»  =  !; 
it  is  not  a  complete  integral  of  either  equation,  nor  of  an  equation  such  as 

J012  +  p22  +  0t>3-l)2=l. 

Ex.  2.     The  equation 

z  =  axi  +  bx%  +  cx3 

is  a  complete  integral  of  the  equation 


Another  integral,  containing  three  arbitrary  constants,  is 


xl 

To  determine  its  significance,  we  equate  the  values  of  plt  p.2,  p3  derived  from 
the  two  values  ;  and  we  have 


c=0, 

giving  variable  values  for  a  and  b.     These  variable  values  are  subject  to  the 
two  equations 

4y(«-a)  +  (6-/3)2  =  0,       c=0; 

and  these,  as  two  equations  connecting  the  assumed  variable  magnitudes, 
shew  that 


is  not  a  complete  integral  -of  the  equation,  but  is  a  special  case  of  the  general 
integral  derived  from  the  complete  integral 

z  =  axl  +  bx2  +  cx3  . 

In  point  of  fact,  the  equation 

x<? 

z  =  0.^+0X2  +  y-~ 
xi 
leads  to  two  equations 


thus  verifying  the  conclusion  that  it  is  not  a  complete  integral  of  the  original 
equation. 

Ex.   3.     To  illustrate  a  different  aspect  of  the  relations  of  integrals, 
consider  the  equation 


This  example  is  given  by  Goursat,  Lemons,  p.  98. 
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which  occurred  in  Ex.  1.     It  possesses  an  integral 


181 


which  is  easily  seen  to  be  complete  :  it  possesses  an  integral 
_  (xi 


which  also  is  easily  seen  to  be  complete.     What  is  the  relation,  if  any, 
between  the  two  integrals? 

To  determine  it,  we  first  equate  the  values  of  plt  p%,  p$  for  the  two  values 
of  z,  and  resolve  the  three  equations  for  (say)  alt  as,  a3;  and  we  find  the 
three  variable  values 


al 


i  -  a, 
03=04-03 


—  d\ 


03 


These  are  connected  by  a  functional  relation 

«!  +  er^!  +  «s«2  +  as  =  0. 

If  then  we  construct  the  general  integral  to  be  associated  with  the  complete 
integral 

z  =  (xi  -  ox)2  +  (A'2  -  o^)2  +  (x3  -  a3)2, 
the  integral 

QoA'3  +  q3)8 


is  a  particular  case  of  that  general  integral  given  by  the  particular  equations 


-  03)* 
0=  (^i  -  aj)  QI  -  (*2  -  02) 

0  =  ^-0!)  02-^3-03) 

when  Oj,  a->,  «3  are  eliminated  among  them. 

On  the  other  hand,  if  we  construct  the  general  integral  to  be  associated 
with  the  complete  integral 

_  (  Xi  +  0^2  + 


the  integral 

z  =  (x1  -  at)2  +  (x-i  -  oa)2  +  (^3  -  03)* 

is  a  particular  case  of  that  general  integral  given  by  the  particular  equations 
03  =  —  o^!  —  0303  — 


aiXi  +  02^3  +  03 


=  ^3-03—0-2 


when  Q!,  a2,  a3  are  eliminated  among  them. 
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It  thus  appears  that  a  single  equation,  of  degree  higher  than  the  first, 
may  have  quite  distinct  complete  integrals  ;  and  that  a  complete  integral 
may  be  a  particular  case  of  a  general  integral  derived  from  another  complete 
integral,  and,  a  fortiori,  may  be  a  particular  case  of  the  general  integral 
derived  from  itself.  (See  also  Ex.  3,  §  74.) 

Ex.  4.     Discuss  the  character  of  the  integral  of 

(pl-l)2+p,Z+...+pn2=l, 

as  given  by  the  equation 
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76.     We   have   seen   that,  when   a  singular   integral   of  the 
equation 

/(>!,  ...,  xn,  z,  plt  ...,  pn)  =  0 

exists,  it  can  be  obtained  from  the  complete  integral 

(f>(z,  #!,  ...,  a?n,  «!,  ...,  an)  =  0, 
by  eliminating  a1}  ...,  an  between  the  equations 


But  when  it  exists,  it  may  also  be  obtained  from  the  differential 
equation  itself:  the  formal  argument  is  as  follows. 

The  values  of  plt  ...,  pn  belonging  to  any  integral  given  by 
<f>  =  0  are 


for  r=l,  ...,  n]  when  these  are  substituted  in  the  differential 
equation  /=  0,  the  latter  becomes  a  relation  between  z,  xl}  ...,  xn 
and  the  quantities  al}  .  .  .  ,  an  introduced  by  the  derivatives  of  <j>. 
When  the  value  of  z  given  by  <£  =  0  is  substituted  in  this  relation, 
it  becomes  an  identity  :  for  it  is  thus  that  the  original  differential 
equation  is  satisfied  in  connection  with  </>  =  0.  Hence  some  value 
of  z  given  by  the  changed  form  of  /=  0  is  the  same  as  a  value  of  z 
given  by  </>  =  0  ;  for  all  such  values,  the  two  equations 

/=0,     <£=0 

are  equivalent  to  one  another,  f  being  transformed  by  the  intro- 
duction of  the  values  of^,  .  ..,  pn. 
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Now  suppose  that  the  integral  is  the  singular  integral,  assumed 
to  exist  ;  we  know  that  the  equations 


are  satisfied.     As  the  transformed  expression  for/  is  equivalent  to 
<f>  for  this  integral,  we  must  therefore  have 

£-0  -£-<>• 

o       —  "j    •••>-*        —  "  • 

odi  oan 

hence,  as  the  quantities  Oj,  ...,  on  have  been  introduced  into  this 
transformed  expression  solely  through  p1}  ...,  pn,  we  have 

^  ?Pl  +  .§f  ^!  +...  +  _§£  ^=0, 
dpi  8ar     9/)2  dar  dpn  dar 

for  r=  1,  ...,  n. 

These  are  an  aggregate  of  n  equations,  linear  and  homogeneous 
in  the  n  derivatives  of/  with  regard  to  p. 

They  could  be  satisfied  by  non-zero  values  for  these  deriva- 
tives, if 


a1}  ... 

when  this  is  the  case,  there  exist  m  relations,  where  m^.n  —  1, 
connecting  these  derivatives  of  f  linearly  and  homogeneously.  As 
our  purpose  is  the  derivation  (if  possible)  of  an  integral  from  the 
differential  equation  itself  without  assuming  knowledge  of  the 
actual  form  of  the  complete  integral,  we  shall  omit  any  further 
discussion  of  this  alternative. 

The  aggregate  of  n  equations  could  also  be  satisfied  (and  if 
the  preceding  alternative  were  inadmissible,  the  aggregate  could 
onlv  be  satisfied)  by 

^-  =  0  £_0- 

„         —  »»j     ...,    —          —  v. 

dp,.  dpn 

and  these  must  coexist  with  /=  0.  It  may  be  possible  that  these 
?i  +  1  equations  determine  z,  p1}  ...,  pn  as  functions  of  x^,  ...,  xn; 
but  the  value  of  z  so  obtained  cannot  be  an  integral  of  the  original 
equation,  unless  the  values  of  p1}  .  ..,  pn  are  the  same  as  the 

(\&  {^Z 

values  of  ^—  ,  .  .  .  ,  —  derived  from  that  value  of  z.     To  test  this 
oxl  dxn 

possibility,  suppose  that  the  n  equations 

a/-o        a/-o 

~  —  —  u,    .  .  .  ,  ^  —  —  \) 
Op,  dpn 
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can  be  resolved*  with  regard  to  plt  ...,  pn,  and  that  the  values 
of  P!,  ...,pn  thence  deduced  are  substituted  in/=0;  the  latter 
then  becomes  a  relation  between  z,  xl}  ...,  xn.  If  the  relation 
provides  an  integral  of  the  original  equation,  then 

dz 


for  r  =  l,  ...,  n,  the  values  of  p1}  ...,pn  being  the  above  values, 

uZ  oz 

and  the  values  of  =  —  ,  ...,  =  —  being  deduced  from  the  integral 

C/t27j  O&?i 

relation.     The  latter  are  given  by 


dxr     dz  dxr     i=i  (dpi  \dar      dz 
for  r  =  1,  .  .  .  ,  n  ;  hence  we  must  have 


d%r     dz 

Conversely,  if  this  equation  is  satisfied,  and  if  the  initial  assump- 
tion that  the  n  +  1  equations  determine  z,  p1}  ...,pn  as  functions  of 
sclt  .  .  .  ,  xn  is  justified,  we  have 

dz 


r 

for  r  =  1  ,  .  .  .  ,  n,  provided  f-  is  not  zero.  In  that  case,  we  have  an 
integral  of  the  differential  equation  :  it  is  the  singular  integral. 
But  if  the  values  of  z,  p1  ,  ...,  pn  make  ^  -  vanish,  the  inference 

(jZ 

cannot  be  made  :  separate  investigation  is  then  required  and  will 
come  later.  We  thus  have  the  following  theorem  : 

If  the  equations 

/(«!,    ...,    Xnt    Z,  pl,    ...,   pn)  =  Q, 

=  0>  •••'      =0)      +pi~=0}  •-'    ~+pn    = 


are  consistent  with  one  another,  and  if  they  determine  z,  p1}  ..  ,pn 

rlf 

as  functions  of  xl}  ...,  xn,  such  that  ~-  does  not  vanish  identically, 

*  This  supposition  requires  that  the  Hessian  of  /  does  not  vanish  simulta- 

neously with  the  ?i  +  l  quantities/,  „—  . 

•"  dp,  dpn 
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the  value  of  z  thus  given  is  an  integral  of  the  equation,  being  the 
singular  integral. 

Of  course,  if  the  2n  -f  1  equations  are  not  consistent  with  one 
another,  no  integral  of  the  differential  equation  can  be  found 
by  this  avenue. 

And  it  must  not  be  assumed  that  the  locus,  given  by  the 
elimination  of  pl  ,  ...  ,  pn  among  the  equations 


is  the  singular  integral  :  if  it  exists,  it  will  be  included  in  the 
locus,  but  the  locus  may  include  other  equations  which  do  not 
provide  integrate. 

Ex.     Discuss  in  the  preceding  manner,  so  as  to  obtain  singular  integrals 
(if  any),  the  equations 

(i)      z=piXi+  ...  +pnxn+ap!  ...pn  ; 
(ii)     (op,  -  z)  (apt  -  z)  (aft  -z)  =  a?pip2p3  ; 
(hi)     z  =/  (plt  ...,/>„), 
where,  in  the  last  equation,  /  is  a  polynomial  in  its  arguments. 


EXCEPTIONAL  INTEGRALS. 
77.     Now  it  may  happen  that  the  2n  + 1  equations 

are  consistent  with  one  another,  but  that  (contrary  to  the  hypo- 
thesis in  the  preceding  theorem)  they  do  not  determine  all  the 
quantities  z,  p1 ,  . . . ,  pn  in  terms  of  xl ,  . . . ,  xn ;  they  may  determine 
only  a  number  of  these  quantities  in  terms  of  the  remainder,  say 

_^_  /„  fg»         if     /*\  tn     \ 

pr  —  gr  {Xi ,  . . . ,  Xn ,  Z,  pm+i ,   •'• ,  pn}> 

for  r=  1,  ...,  m.  When  these  values  are  substituted  in  the  above 
equations,  each  of  them  becomes  an  identity,  z,  pm^,  ...,  pn  being 
regarded  as  functions  of  xly  ...,  xn.  In  particular,  ^=0  is  an 
identity ;  and  therefore 

dx,     dz  dxs     r=t  [dpr  (dxs      dz  dxs     ^  \dpm+llL     dxs  )}  J 

v     3/^    dpm+li     _ 

~r  2,  ^ 5 =•  0. 
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But  the  equations 


are  satisfied  identically,  for  r  =  1,  ...,  m,  and  yu,  =  1,  ...,  n  —  m,  by 
the  values  in  question  ;  also 

!/  +  ^  =  o 

dxs     "dz  dacg 

Tif 
for  s  =  l,   ...,  ?i:    hence,   unless   ^    vanishes  for   the   values   in 

question,  we  have 

_dz 

P'~fo.' 
for  all  the  values  of  s. 

Thus  the  set  of  2n  +  1  equations  may  be  replaced  by  a  set 

Pr  =  9r  O'l  ,  '••,  ®n,  *,  Pm+i  ,   •••,  P.I), 

for  r  =  1,  .  ..  ,  m  :  and,  from  their  source,  we  have  seen  that 

dz 
Ps  =  fa,'  (*=1>  ""^' 

that  is,  the  quantities  p  are  the  derivatives  of  z.  Thus  the  set 
of  m  equations  is  a  complete  system  :  it  possesses  an  integral 
containing  n  -  m  +  1  arbitrary  constants. 

Although  such  an  integral  has  affinities  with  the  complete 
integral,  it  can  hardly  be  claimed  as  a  specialised  case  of  the 
complete  integral  :  and  although  it  has  affinities  with  the 
singular  integral,  it  can  hardly  be  claimed  as  a  generalised  case  of 
the  singular  integral.  It  may  be  regarded  as  belonging  to  the, 
as  yet,  unclassified  aggregate  of  special  integrals. 

Examples  will  be  given  later. 

INTEGRALS  OF  EQUATIONS  OF  FIRST  ORDER  IN  TWO 
INDEPENDENT  VARIABLES. 

78.  After  the  general  discussion  for  equations  in  n  inde- 
pendent variables,  it  is  unnecessary  to  enter  upon  the  similar 
discussion  for  equations  in  two  independent  variables:  but  the 
results  are  so  important  for  the  latter  set  of  equations,  particularly 
in  connection  with  the  geometry  of  ordinary  space,  that  they  are 
worthy  of  separate  statement. 
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Accordingly,  an  equation  of  the  first  order  in  two  independent 
variables,  represented  as  usual  by 

f(x,  y,  z,  p,  q)  =  0, 

possesses  a  complete  integral  involving  two  arbitrary  constants, 
which  may  be  represented  by 

$  (a*,  y,  z,  a,  b)  =  0. 

In   addition,   it   possesses   a  general    integral,   obtained   by   the 
elimination  of  a  and  b  between  the  equations 

<j>(x,  y,  z,  a,  6)  = 
b-0(a)  = 


da      36 

where  0  is  an  arbitrary  function:  frequently,  the  elimination 
cannot  explicitly  be  performed,  and  then  the  three  equations  give 
the  general  integral. 

The  differential  equation  may,  but  does  not  necessarily,  possess 
another  integral  derivable  from  the  complete  integral.  If  the 
equations 

</>  =  0,     ?*  =  0,     ^  =  0, 
da  db 

furnish  values  of  z,  a,  b  in  terms  of  x  and  y,  such  that  z  is  an 
integral  of  the  differential  equation,  then  if  b  can  be  expressed  in 
terms  of  a  alone,  the  integral  so  furnished  is  a  particular  case  of 
the  general  integral  :  but,  if  b  cannot  be  expressed  in  terms  of  a 
alone,  the  integral  is  a  singular  integral. 

Moreover,  a  differential  equation  may  possess  integrals  of  the 
unclassified  aggregate  called  special  :  they  are  not  derivable  from 
the  complete  integral. 

Further,  if  the  equation  possesses  a  singular  integral,  it  is  given 
by  the  equations 


SQ      3/_0      8/-0      ^ 

°'         °'       -°' 


provided  these   equations  are  consistent  with  one   another   and 

df 

determine  p,  q,  z  as  functions  of  x  and  y,  such  as  to  leave  ^- 
different  from  zero  :  the  value  of  z  so  determined  is  the  singular 
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integral.  If  the  five  equations  are  inconsistent  with  one  another, 
there  is  no  singular  integral.  If  the  five  equations  are  consistent 
with  one  another  but  are  equivalent  to  two  equations  only,  which 
may  be  regarded  as  determining  p  and  q  in  terms  of  x,  y,  z,  then 
the  equation 


is  exact  after  the  values  of  p  and  q  have  been  substituted  :  a 
quadrature  leads  to  an  equation,  involving  one  arbitrary  constant 
and  providing  an  integral  of  the  equation.  Such  an  integral  will 
be  called  special. 

Ex.  Examples  of  the  ordinary  integrals  that  occur  most  frequently  in 
connection  with  the  simplest  forms  of  equations  are  found  freely  in  text- 
books. 

As  an  illustration  of  the  integrals  here  called  special,  when  they  arise 
through  the  process  that,  if  otherwise  favourable,  allows  the  deduction  of  the 
singular  integral  from  the  equation  itself,  consider  the  equation 

22 

f=(px  +  qy-  z?  +  -2—  2—  i  -p*-q2=0. 
The  five  equations 


are  satisfied  by  2=0,  which  is  a  singular  integral.     They  also  are  satisfied  by 

xz  yz 


and  they  then  do  not  determine  z  in  terms  of  x  and  y.     When  these  values 
of  p  and  q  are  substituted  in 

dz  =p  dx  +  q  dy, 

and  the  quadrature  is  effected,  we  have 

^wo^+^-i), 

where  a  is  an  arbitrary  constant.     It  is  easy  to  verify  that  this  value  of  z 
satisfies  the  differential  equation,  and  therefore  is  an  integral. 

In  order  to  consider  the  relation  of  the  integral  thus  deduced  to  other 
integrals  of  the  equation,  we  use  Charpit's  method  (§  68)  for  the  solution  of 
the  equation.  Writing 


and  equating  to  \dt  each  of  the  fractions  in  Charpit's  subsidiary  equations 
these  become 

dx  __  d;i  _ 

dz  _  zl       .. 
dq  _z 
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after  slight  reduction  and  using  the  equation  /=0.     Hence 


d~t 
and  therefore 


that  is,  one  integral  of  Charpit's  equations,  involving  the  derivatives  p  and  q, 
is  given  by 


where  a  is  an  arbitrary  constant.     When  this  is  combined  with  the  original 
equation,  and  the  two  equations  are  resolved  for  p  and  q,  we  find 

p  (xi+yv)-=xv— you , 

q(a?+y*)=l 
where 


and  these  are  to  be  substituted  in 

dz=pdx+qdy, 
which  then  becomes  an  exact  equation.     We  have 

.      i    du 
=  -u  +  l 

that  is, 


(  M+!\  xdy-ydx  i 
(  a+z  --  )  +  9  t*  —  att*, 
\  u  J  u  +  1 


« 

after  a  quadrature,  we  have 


—  -  ft  =  a  { 
«* 


tan-1 


which  may  be  regarded  as  the  complete  integral,  expressed  in  a  form  that  is 
both  transcendental  and  irrational 

Writing 

4 

this  complete  integral  becomes 


The  general  integral  is  expressible  in  the  form 


The  special  integral,  which  was  obtained  in  the  form 


can  be  deduced  from  the  complete  integral  by  assuming  a=0,  /3=a,  and 
rationalising  the  result  :  it  can  also  be  obtained  from  the  general  integral  by 
assuming 
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The  singular  integral  2=0  can  be  derived  from  the  complete  integral,  taken 
in  the  form 

*2  =  (ra  _  !)  [p+a#  +  a  tan-1  {(V2  -  !)*}]», 

by  the  customary  process  :  it  can  also  be  deduced  as  a  particular  case  of  the 
special  integral,  by  the  assumption  a  —  0. 

79.     A  whole  class  of  equations  possessing  special  integrals  of 
the  indicated  type  can  be  constructed  as  follows*.     Let 

f(x,y,z,p,  q)  =  Q 

be  an  equation  which  has  a  singular  integral  according  to  the 
formal  Lagrangian  theory:  the  values  of  z,  p,  q  given  by  this 
integral  must  satisfy  the  equations 

9/_0      £_0      3/+,8/-0      ^+a8/-0 

^~  —  V,          ,,       —  V,         _      T    U  ^      —  \J,         -       ~T  U  ;r—  —  \J. 

dp  oq  ex     r  GZ  oy         dz 

Let  the  first  two  (or  any  two)  of  the  last  four  consistent  equations 
be  resolved  so  as  to  express  p  and  q  in  terms  of  the  rest  of  the 
variables  ;  and  let  the  result  of  substituting  these  expressions  for 
p  and  q  in/(#,  y,  z,  p,  q)  be  g  (x,  y,  z)  :  then 

9  0>  y>z)  =  ° 
provides  the  singular  integral  of  the  equation 

f(x,  y,  z,  p,  q)  =  0, 
on  the  Lagrangian  theory. 

The  equations 

da        da  da        da 

i+Pz   =°>     #+^#  =  0' 

OX  02  "I/  OZ 

are  consistent  with  the  preceding  five  equations.  Moreover,  as 
g  (x,  y,  z}  is  the  value  off(x,  y,  z,  p,  q}  when  the  values  of  p  and  q 

7\f  /)/* 

given  by  -^-  =  0  and  ^-  —  0  are  substituted  in  f(x,  y,  z,  p,  q),  we 

have 

dg        ty  =  <tf        <tf     tydf     dqdf 
dx         dz     dx         dz     dx  dp     dx  dq 


and,  similarly, 

^  +  q^  =  df+(i¥ 

dy        dz     dy        dz' 

*  The    process   was    suggested   to    me  by  a   remark  in   a  letter   from  Prof. 
Chrystal,  dated  18  May,  1896. 
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both  identically;  that  is,  these  equations  are  satisfied  identically 
by  values  of  p  and  q  given  by 

^-0      £-0 
^\~  —  "j     ^  —  U) 

dp  dq 

when  in  addition  to  these  two  relations,  we  take 

f(x,y,z,p,q)  =  g(x,y,z), 

where  g  (x,  y,  z)  is  the  result  of  substituting  the  values  of  *p  and  q 
inf(x,y,z,p,q). 

Now  consider  the  equation 

F(x,  y,  z,  p,  q}  =f(x,  y,  z,  p,q)-g  (x,  y,  z)  =  0. 
If  it  possesses  a  singular  integral  according  to  Lagrange's  formal 
theory,  this  integral  must  be  such  as  to  satisfy,  not  merely  F=0, 
but  also 

dF  dF  dF^    dF  dF.     dF 

5-  =  0,     5-  =  0,     —  +  j9  —  =  0,     ^-  +  2  ~-  =  0. 
dp  oq  ox         oz  fy         oz 

The  first  two  of  the  last  four  are 


when  these  are  resolved  for  p  and  q  in  terms  of  x,  y,  z,  the  values 
of  p  and  q  are  such  that 

f(x,  y,  z,p,  q)=g(x,  y,  z\ 
that  is,  the  three  equations 


are  equivalent  to  two  equations  only,  expressing  p  and  q  in  terms 
of  x,  y,  z. 

Moreover,  it  appears  that  when  the  specified  values  of  p  and  q 
are  substituted  in  f(x,  y,  z,  p,  q),  the  latter  becomes  g{x,  y,  z): 
hence,  after  the  preceding  explanations  and  taking  account  of  the 
source  of  g  (x,  y,  z),  the  two  equations 


df         df    dg         dg 

4~  +  9  a   =  5^  +  q  £-  > 
dy        oz     oy        oz 

are  satisfied  identically,  that  is,  the  equations 

dF 

o-          -=  ~ 

ox 
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are  satisfied  identically.     Hence  the  five  equations 

„     n     dF  dF  dF^    dF  dF^     dF 

F=Q,     ;r-  =  0,      o-=0,     ~+p—  =  Q>  +  q        =Q 

op  oq  dx      r  cz  ty          dz 

are  equivalent  to  two  equations  only,  expressing  p  and  q  as 
functions  of  x,  y,  z  :  the  equation 

^=0 
has  a  special  integral. 

Note.  In  what  precedes,  there  is  a  tacit  assumption  that 
F=Q  is  irreducible;  if,  however,  F=0  can  be  resolved  into 
distinct  equations,  the  argument  is  no  longer  valid. 

Ex.  1.     Apply  the  preceding  process  to  construct  from  the  equation 

z*  (1  +p*  +  j«)  =  A2  {(x  +pz}*  +  (y  +  qzft, 
which  has 

£2(l-A2)  =  A2(.r2+y2) 

for  a  singular  integral,  another  equation  which  has  a  special  integral. 
Ex.  2.     Can  the  method  be  applied  to  the  equation 

for  any  value  of  n  1 

80.  The  preceding  discussion  has  been  concerned  with  the 
integrals  that  are  derivable  from  the  complete  integral  of  a  partial 
differential  equation;  a  distinctive  property  of  the  complete 
integral  is  that  the  number  of  parameters  which  it  involves  is  the 
same  as  the  number  of  independent  variables.  But  integral 
equations,  not  distinguished  by  this  property,  may  be  propounded 
for  consideration  :  thus  the  number  of  parameters  may  exceed  the 
number  of  independent  variables;  and  we  have  seen  how  an 
equation  can  arise  as  an  integral  of  a  set  of  simultaneous  diffe- 
rential equations,  and  then  the  number  of  parameters  involved  is 
less  than  the  number  of  independent  variables. 

A  very  brief  discussion  is  sufficient  to  deal  with  an  equation 
<f>(z,a;lt  ...,«„,  o,,  ...,  aJM)=0, 

when  ra  >  n.  It  may,  of  course,  be  assumed  that  the  m  parameters 
are  essential*,  that  is,  are  not  reducible  to  a  smaller  number:  the 
necessary  and  sufficient  test  is  that  the  equation 


In  the  sense  adopted  in  Lie's  theory  of  groups. 
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is  not  identically  satisfied  for  any  non-zero  values  of  a,,  ...,  am  as 
functions  of  a^,  ...,  am.     Forming  the  equations 


for  r  =  1,  ...,  n,  it  usually  is  not  possible  to  eliminate  a  number  of 
constants  greater  than  n  among  the  n  +  1  equations 

4>  =  0,     <k  =  0,  ...,  </>,,  =  0; 

so  that  usually,  on  proceeding  to  the  eliminant  equation,  we  should 
find  that  it  contained  m  —  n  parameters.  If,  however,  the  appro- 
priate Jacobian  conditions 


u*l, 

are  satisfied  for  each  selection  of  n  -f  1  parameters  from  the  set  of 
•m,  then  the  single  equation  resulting  from  elimination  contains  no 
parameters.  The  integral  equation  is  then  a  special  case  of  the 
general  integral  of  the  partial  equation. 

Ex.     The  equation 

z=ax+ by +c  —4-  g  — 
leads  to 

it  is  a  special  form  of 
which  is  the  general  integral. 

CLASSES  OF  INTEGRALS  OF  A  COMPLETE  SYSTEM. 
81.     Coming  next  to  an  equation 

<t>  (z>  #1>   •  •  •  >  xn,  «i,   •  •  • ,  «m)  =  0, 

for  which  m  <  n,  we  shall  assume,  as  before  in  §  80,  that  the 
parameters  a,,  ...,  am  are  essential.  We  shall  also  assume  that 
the  m  constants  can  be  eliminated  between  <f>  =  0  and  the  n  derived 
equations 

for  r  =  l,  ...,n,  so  as  to  give  n  —  m+1  equations  involving  z,  x^, 

...,  xn,  pi,  ...,  pn.     And  we  assume  that  jf-  does  not  vanish  in 

F.  v.  13 
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association  with  0  =  0.  We  then  have  the  case,  which  has  already 
been  considered,  of  a  number  of  simultaneous  differential  equations  ; 
these  equations  form  a  complete  set,  because  of  their  source  ;  and 
the  Jacobian  method  of  integration  has  shewn  how  to  construct  an 
integral  0  =  0  containing  m  constants  that  are  arbitrary.  Having 
regard  to  the  investigation  in  the  case  when  m  =  n,  which  made 
the  derivation  of  other  integrals  from  0  =  0  possible,  we  proceed 
to  a  similar  quest  and  seek  to  derive  other  integrals  from  0  —  0  in 
the  present  case  when  m  <  n. 

We  proceed  as  before.     The  n  —  m  +  1  differential  equations 
are  the  result  of  eliminating  a1,  ...,  am  among  the  equations 

0  =  0,        01=0,    ..:,0n  =  0. 

The  course  of  the  elimination  takes  no  account  of  the  quality  of 
a1>  ...,  am:  it  will  lead  to  the  same  result  if  these  quantities  be 
changed  in  such  a  way  that  each  of  the  n  +  1  equations  is  unaltered 
in  form.  Accordingly,  subject  to  this  limitation,  we  make  a1}  ..., 
am  functions  of  the  independent  variables  #1}  ...,  xn;  and  the 
limitation  requires  that  the  n  relations 


for  r=\,  ...,n,  shall  be  satisfied,  conditions  that  clearly  are  suf- 
ficient as  well  as  necessary  to  secure  the  invariability  of  form  of 
the  n  +  1  equations.  Multiplying  the  n  relations  by  dxl  ,  ...,  dxn 
respectively,  and  adding,  we  obtain  a  single  relation 

I  |*^.o 

i=l  OOi 

in  the  differential  elements  :  it  is  equivalent  to  the  n  relations  and 
therefore,  when  satisfied,  it  suffices  for  the  present  purpose. 

This  differential  relation  can  be  satisfied  in  various  ways. 

In  the  first  place,  all  the  quantities  dalt  ...,  dam  may  vanish,  so 
that  all  the  quantities  a1}  ...,  am  are  constant.  We  then  resume 
the  original  integral  :  on  the  analogy  of  the  corresponding  integral 
for  a  single  equation,  we  call  it  the  complete  integral. 

In  the  second  place,  an  integral  equivalent  of  the  differential 
relation  may  consist  of  jj,  equations 
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and  of  these  only.  Obviously  p  cannot  be  greater  than  in.  If  p, 
be  equal  to  m,  then  there  are  m  equations  involving  m  quantities 
a  :  each  of  these  quantities  is  a  constant,  and  so  we  fall  back  upon 
the  preceding  case.  Hence  we  need  consider  only  values  of  p  that 
are  less  than  m.  As  there  are  p,  integral  equations  in  the  complete 
equivalent  of  the  differential  relation,  the  only  relations  among  the 
differential  elements  are 


and  the  differential  relation 


must  be  satisfied  in  virtue  of  them.     Consequently,  p,  quantities 
\i,  ...,  \H  must  exist  such  that 


and  therefore 

for  i=  1,  ...,  m.     These  m  equations,  together  with 

make  up  m  +  p.  + 1  equations  :  eliminating  the  m  parameters 
a1(  . . . ,  am  and  the  p.  multipliers  X,,  . . . ,  XH  among  them,,  we  obtain  a 
single  equation  among  z,  j-l, . . . ,  xn.  The  value  of  z  thus  determined 
is  an  integral  of  the  original  differential  equation :  as  before,  we 
call  it  a  general  integral. 

In  the  expression  of  a  general  integral,  the  functional  forms 
ffi,  ••-,  ffn  occur;  and  so  there  are  various  classes  of  general 
integrals,  which  arise  according  to  the  number  of  postulated 
relations.  It  is  clear  that 

0  <  p,  <  m ; 

and  it  is  customary  to  describe  a  general  integral,  associated  with 
//,  forms,  as  of  class  p.. 

The  extreme  case,  when  p.  =  m,  has  already  been  mentioned : 
the  integral  is  then  complete.  The  other  extreme  case,  when 
p-  =  0,  will  be  discussed  immediately. 

As  in  the  case  of  a  single  differential  equation,  it  might  be 
supposed  that  a  class  of  integral,  intermediate  between  the  coin- 

13—2 
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plete  integral  and  the  general  integrals,  would  be  obtained  by 
taking 

«i+1  =  constant,  .  .  .  ,  am  =  constant, 

and  then  postulating  a  number  of  relations 

g,(a^  ...,  ai)  =  0,  ...,gr(a1}  ...,  at-)  =  0, 

where  r  <  i,  among  the  remaining  parameters  a1}  ...,«;.  Effect- 
ively, these  equations  amount  to  m  +  r  —  i  relations  among  the 
parameters  al}  .  .  .  ,  am  ,  of  which  m  —  i  are  special  in  form  :  the  cor- 
responding integral  would  be  a  specialised  general  integral  of  class 
m  +  r  —  i. 

Moreover,  it  can  be  proved,  as  in  the  case  of  a  single  differential 
equation,  that  the  most  comprehensive  general  integral  is  of  the 
first  class  when  the  single  relation  is  quite  arbitrary:  on  this 
account,  it  is  sometimes  called  the  general  integral. 

There  is  one  other  mode  of  securing  that  the  differential 
relation  is  satisfied.  It  is  possible  that  the  equations 


•         —      >    •  •  •  )     ^         — 

9tt!  dam 

could  hold  ;  the  differential  relation  then  becomes  evanescent,  and 
so  it  ceases  to  have  any  necessary  influence  upon  the  organic 
variations  under  consideration.  The  equations 


may  coexist  and  may  be  consistent  with  one  another  :  if  the  result 
of  the  elimination  of  al,  ...,  am  among  them  provides  a  single 
equation  involving  no  arbitrary  element,  and  if  that  single  equation 
determines  an  integral'*,  the  integral  thus  furnished  is  called  the 
singular  integral. 

Ex.  1.     The  simplest  cases  arise  when  there  are  only  two  independent 
variables.     Thus  let 


the  value  of  z  thus  provided  satisfies  the  two  equations 


z=px+qy 

*  The  reason  for  this  limitation  is  similar  to  the  reason  in  the  former  case 
(§  73).  Even  when  the  process  is  possible,  the  locus  provided  by  the  eliminant 
frequently  is  composite  :  some  of  its  components,  even  all  the  components,  may 
not  be  integrals  of  the  differential  equation  but  may  be  loci  of  singularities  on  the 
complete  integral. 
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The  elimination  of  a,  between  <£  =  0  and 

g=*-2ay-Q, 

leads  to  an  equation 

3?+4yz=Q. 

It  is  easy  to  verify  that  the  value  of  z  given  by  this  last  equation  satisfies  the 
two  differential  equations  :  accordingly,  it  is  a  singular  integral. 

Geometrically  interpreted,  the  complete  integral  is  a  family  of  planes 
through  the  origin  touching  a  cone  which  is  the  singular  integral. 

Ex.  2.     Obtain  the  simplest  differential  equations  satisfied  by  the  value 
of  z  given  by 

2^=a2y2  —  a-r2: 

and  prove  that  they  possess  a  singular  integral  represented  by 


Ex.  3.     Discuss  similarly  the  equation 

z  =  ax  +  a?y  +  a3, 

obtaining  the  two  simplest  differential  equations  which  it  satisfies,  in  the 
form 


z=px+p2y+p3) 
Prove  that  the  equation 

27z2  +z  (l&ry  -  4^)  -  x*f  +  4^=0 
provides  a  singular  integral. 

Shew  also  that  the  value  of  z  given  by  the  original  equation  satisfies  the 
two  partial  equations 

z  =px  +p~f/  +P3  ) 


Is  the  original  equation  the  complete  integral  of  these  two  equations  ? 
Ex.  4.     Integrate  the  equations 


and  shew  that  they  possess  a  singular  integral 


Ex.  5.     It  has  been  seen  (§  57)  that  the  simultaneous  equations 

PlP-l  ~  ^3*4  =  0,         P3pt  -  X&t  =  0 

possess  two  complete  integrals 
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The  respective  general  integrals  ai-e  evidently  given  by 


and  there  is  no  singular  integral.     There  is  a  question  as  to  the  relation  of 
the  two  complete  integrals  to  one  another. 

If  they   can   be  brought  into  such  relation  that  one  of  them  can  be 
changed  into  the  other,  then  (after  the  preceding  discussion)  we  must  have 


j02  =  «^4  =  -r, 
all  of  which  are  satisfied  by  the  values 


In  order  that  the  two  values  of  z  may  be  equal,  we  must  (with  these  values 
of  a  and  A)  have 

b  =  B. 

The  other  equations  require  that  the  relation 


~-~r 
da          ob 

be  satisfied  :  that  this  may  be  the  case,  we  must  have 

db=0, 
that  is,  b  must  be  a  pure  constant. 

We  thus  see  that  the  conditions,  necessary  to  secure  that  each  of  the 
complete  integrals  can  be  transformed  into  the  other,  are  not  satisfied  :  the 
values  of  a  and  6,  which  have  been  obtained,  do  not  lead  after  substitution  to 
the  other  integral.  The  complete  integrals  are  distinct  from  one  another  :  it 
will  be  seen,  on  reference-  to  the  construction  of  the  integrals,  that  they 
belong  to  different  resolutions  of  the  original  system. 

But,  on  the  other  hand,  by  the  substitution  of  the  values  of  a  and  A, 
both  complete  integrals  lead  to  a  new  integral 


which  is  a  particular  form  of  each  of  the  general  integrals. 

82.  The  aggregate  of  integrals,  composed  of  the  complete 
integral,  the  general  integrals,  and  (when  it  exists)  the  singular 
integral,  is  widely  comprehensive  :  but  for  a  complete  set  of 
differential  equations,  as  for  a  single  equation  in  the  earlier  dis- 
cussion, the  aggregate  cannot  be  declared  wholly  comprehensive. 
The  argument  is  similar  to  the  argument  in  the  case  of  a  single 
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equation  and  therefore  hardly  needs  to  be  repeated  in  the  present 
connection. 

If  any  given  integral  is  included  in  the  above  aggregate,  the 
determination  of  its  character  is  easily  effected.     Let 

<f>(z,  xlt  ...,  xn,  a,,  ...,  ow)  =  0 

be  the  complete  integral  of  a  given  complete  set  of  n  —  m  +  1 
partial  differential  equations;  and  let 

^(z,  «,,  ...,  a?n)  =  0 

be  any  other  integral  of  that  set.  If  >Jr  =  0  is  included  in  the 
aggregate,  it  must  be  possible  to  assign  values  (constant  or 
variable)  so  that  the  equations  are  satisfied,  and  so  also  that  the 
values  of  z  given  by  the  two  equations  are  the  same.  If  the 
latter  condition  be  satisfied,  the  values  of  plt  ...,  pn  must  be  the 
same.  For  ijr  =  0,  they  are  given  by 


for  r=  1,  ...,  n:  and  for  $  =  0,  with  values  assigned  to  a,,  ...,  am 
such  that  the  differential  equations  still  are  satisfied,  the  quantities 
ply  ...,pnare  given  by 


for  r  =  l,  ...,  n.  If  they  are  the  same  for  the  two  integrals, 
we  have 

d<f>  9i/r  3^r  d<f>  _  ~ 

3#r  "dz  "dxr  "dz 

for  r  =  1,  ...,  n.  Hence  the  quantities  Oj,  ...,  am  must  be  such  as 
to  satisfy  these  n  equations  and  also  the  condition  that  the  value 
of  z  given  by  </>  =  0  is  the  same  as  the  value  of  z  given  by  >Jr  =  0. 

If  these  n  +  1  conditions  give  constant  values  for  a,,  ...,  am, 
the  integral  furnished  by  -fy  =  0  is  a  particular  case  of  the  complete 
integral. 

If  the  n  +  1  conditions  express  a^,  ....  aw  as  functions  of  the 
variables,  such  that  these  functions  are  connected  by  a  number  of 
relations  of  the  type 

gfa,  ...,  ow)=0, 

the  number  of  these  relations  being  less  than  ?n,  the  integral 
furnished  by  ty  =  0  is  a  general  integral. 
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If  the  ?i  +  l  conditions  express  alt  ...,  am  in  terms  of  the 
variables,  the  values  being  unconnected  by  any  functional  relation 
or  relations,  the  integral  furnished  by  -fy  =  0  is  a  singular  integral. 

But  as  m  <  n,  we  cannot  affirm  that  the  n  +  1  equations  must 
certainly  determine  the  quantities  alt  ...,  am  without  the  intro- 
duction of  relations  among  the  independent  variables.  In  all 
instances,  when  alt  ...,  am  are  not  determined  in  one  or  other 
of  the  foregoing  forms,  the  integral  furnished  by  ^  =  0  is  not 
included  in  the  aggregate  of  integrals  associated  with  0  =  0;  it 
belongs  to  the  unclassified  set  of  integrals  previously  called  special. 
In  such  an  event,  the  retained  aggregate  of  integrals  associated 
with  <f>  =  0  is  not  wholly  comprehensive. 

Ex.  1.     The  two  equations 

fl=P2-Ps  =  0 

(  ?12     \2 

/2  =  -vipi  +  2^2jo2  +  2.^3  -  2  (  z  -  )  =  0, 

\      •*2~r**'3/ 

are  a  complete  set  :  for 

L&AJ-o, 

in  virtue  of  /i—  0. 

A  complete  integral  is  furnished  by 

12  i         / 

--  log  (#,  +  #3); 


a  general  integral  is  furnished  by 


where  g  is  an  arbitrary  function  ;  and  there  is  no  singular  integral. 
It  is  easy  to  verify  that  the  two  equations  are  satisfied  by 


no  definite  values  can  be  assigned  to  a  and  b,  and  no  definite  form  can  be 
assigned  to  #,  so  that  this  integral  can  be  included  in  the  foregoing  aggregate. 

Ex.  2.     Discuss  the  character  of  the  integral  of 

P2-P3  =  <>, 

which  is  given  by 
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SINGULAR  INTEGRAL  OF  A  COMPLETE  SYSTEM. 

83.  When  a  complete  set  of  simultaneous  equations  possesses 
a  singular  integral,  the  knowledge  of  the  property  of  a  single 
equation  in  similar  circumstances  makes  it  natural  to  enquire 
whether  the  singular  integral  can  be  derived  from  the  complete 
set  itself,  without  the  intervention  of  the  complete  integral.  It 
is  possible  to  do  so  in  cases  when  the  equations  possess  (or  when, 
without  extension  of  their  significance,  they  can  be  transformed  so 
as  to  possess)  a  particular  form,  as  will  now  be  proved.  Partly 
owing  to  the  elaboration  of  the  conditions  even  when  the  particular 
form  is  possessed,  and  partly  owing  to  the  fact  that  a  set  of 
simultaneous  equations  in  one  dependent  variable  has  nothing 
like  uniqueness  of  form,  an  investigation  into  the  general  case  will 
not  be  pursued. 

Suppose  that,  by  appropriate  combinations  of  the  members  of 
a  complete  set  of  n  -  in  +  1  equations,  it  is  possible  to  deduce  one 
equation  (or  more  than  one  equation)  in  an  equivalent  set  which 
involves  m,  and  not  more  than  m,  of  the  derivatives.  As  the 
complete  set  is  assumed  to  possess  a  singular  integral,  we  shall 
further  suppose  that  the  equation  in  question  is  not  resolved  with 
regard  to  any  of  those  derivatives*;  and  so  we  may  take  the 
equation  in  the  form 

f(z,  a^,  ...,  xn,  p1}  ...,  pm)  =  0, 

the  remaining  n  —  m  equations  involving  _pin+1  ,  ...,pn,  or  some  of 
them  in  each  equation,  as  well  as  possibly^,  ...,  pm.  Let  the 
complete  integral  be  denoted  by 

<f>(z,  Xi,  ...,  xn,  ctj,  ...,  ffm)=0: 
the  values  of  the  derivatives  are  given  by 


for  r  =  1  ,  .  .  .  ,  n;  and  the  complete  set  of  n  —  ni  +  1  equations 
results  from  the  elimination  of  a^  ,  .  .  .  ,  am  among  the  n  +  1 
equations 

</>  =  0,     <fc=0,  ...,  <f>n  =  Q. 

*  It  will  appear  from  the  analysis  that  a  resolved  equation  of  the  indicated  type 
would  exclude  the  existence  of  a  singular  integral,  because  it  would  lead  to  impossible 
conditions. 
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In  particular,  the  equation  f=  0  selected  from  the  set  must 
result  from  the  elimination  :  as  it  involves  only  p1  ,  ...,  pm  but  not 
Pm+i,  •••>  Pn,  it  must  result  from  the  elimination  of  alt  ...,  am 
among  the  m  +  1  equations 


If  we  assume  that  all  the  quantities  </>,  <£>,,  .  ..,  0Ht  are  rational  and 
integral,  quantities  X,  Xl5  ...,  X,,,  will  exist  such  that 

/=X</>  +  Xi<£j  +  •••  +  XWI<£,». 

Now/  does  not  involve  any  of  the  parameters  alt  ...,  am  :  hence, 
in  connection  with  our  integral,  we  have 

n     ^  8<£  a.  -x  Wi  ,  ,    ttyw 

U  =  A,  5  ---  1-  A,j  ^  —  +  .  .  .  •+  A,,n  -3  —  , 
dat         ddi  o&i 

for   t  =  l,  ...,  ?n.     The  singular   integral  is  given,  in  connection 
with  <£  =  0,  by 


and   therefore   the   singular   integral,  in  connection  with  <f>  =  0, 
requires  that  the  equations 


for  t  =  1,  ...,  m,  be  satisfied.     These  m  equations  are  linear  and 
homogeneous  in  X1?  .  .  .  ,  Xw,  and  the  determinant  of  the  coefficients  is 


which  does  not  vanish  (the  elimination  would  not  be  possible  if 
this  quantity  were  to  vanish)  ;  hence  the  singular  integral  requires 
that 

X,  =  0,  ...,  Aw=0. 

Again,  /  involves  pt  ,  ...,  pm,  which  do  not  occur  in  0  and  occur 
only  individually  in  fa  ,  ...,  <f)m  respectively  :  hence,  in  connection 
with  the  integral  0  =  0, 

v     ^ 

dpr          r  fo  ' 

for  r  =  1  ,  .  .  .  ,  m.  Consequently,  the  singular  integral  requires 
that 
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and  the  singular  integral  satisfies 

/=0: 

hence  it  may  be  possible  to  obtain  the  singular  integral  by  the 
elimination  of  p1,  ...,pm  among  these  m  +  1  equations. 

The  equation  that  results  from  the  elimination  is  not  necessarily 
an  integral  off=  0  :  if  it  is,  the  relations 


must  be  satisfied,  when  the  derived  values  of  pt,  ...,  pn  are 
substituted.  And  in  order  that  it  may  be  an  integral  of  the 
remaining  n  —  m  equations  of  the  system,  each  of  those  equations 
must  be  satisfied  when  the  values  of^>1}  ...,pn,z  are  substituted. 

It  therefore  appears  that  when  a  complete  set  of  n  —  m  4-  1 
equations  possesses  a  singular  integral,  and  ivhen  an  equation  can 
be  selected  or  compounded  from  the  set  involving  only  m  of  the 
derivatives  in  a  form 

f(z,  a^,  ...,  xn,  plt  ....  pm)  =  Q, 

the  singular  integral  may  be  given  by  the  elimination  of  p^,  ...,^m 
between  the  equations 

§£  =  0  • 


the  conditions  indicated  must  be  satisfied  in  order  that  the  eliminant 
may  provide  an  integral  ;  and,  when  they  are  satisfied,  the  eliminant 
proves  the  singular  integral. 

Ex.  1.     Consider  the  system 

z=px+p*y\ 
} 


in  Ex.  1,  §  81. 

An  equation  of  the  required  type  is  furnished  by 

the  associated  equation  is 


Eliminating  p  between  these  equations,  we  have 


the  value  of  z  thus  given  satisfies  both  equations  of  the  system,  and  therefore 
it  is  a  singular  integral. 
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Another  equation  of  the  required  type  is  furnished  by 

g  =  (z-gy)*-x*q=0; 
the  associated  equation  is 

%=-2y(z-gy)-**  =  0. 
Eliminating  q  between  these  equations,  we  have 


The  equation  #=0  does  not  provide  an  integral.     The  equation  #'2  +  4#.s=0, 
as  before,  does  provide  an  integral  which  accordingly  is  the  singular  integral. 

Ex.  2.     Obtain  all  the  integrals  of  the  system 


and  shew  that  the  singular  integral  can  be  deduced  from  the  differential 
equations. 


CHAPTER   VI. 

THE  METHOD  OF  CHARACTERISTICS  FOR  EQUATIONS  IN  TWO 
INDEPENDENT  VARIABLES  :  GEOMETRICAL  KELATIONS  OF  THE 
VARIOUS  INTEGRALS. 

FOR  the  material  of  this  chapter  and  the  next,  which  are  limited  to 
equations  in  two  independent  variables,  reference  should  be  made  in  the  first 
place  to  Cauchy's  discussion  as  given  in  the  section  of  his  Exercice*  d 'analyse 
et  de  physique  mathematique  (quoted  in  §  84),  and  to  the  exposition  of 
Cauchy's  method  given  by  Mansion,  in  his  treatise  already  quoted  (p.  100). 

A  considerable  portion  of  the  chapter  is  devoted  to  the  geometrical 
interpretation  of  the  analysis,  particularly  to  the  interpretation  of  results  by 
the  geometry  of  ordinary  space.  For  this  portion,  reference  should  be  made 
to  Darboux's  memoir,  Jfem.  des  Sav.  Etrang.,  t.  xxvii  (1880),  dealing  with  the 
singular  solutions  of  partial  equations  of  the  first  order ;  ample  use  has  been 
made  of  the  memoir.  Reference  may  also  be  made  to  Monge's  treatise, 
quoted  in  §  97  ;  to  Goursat's  treatise,  (quoted  on  p.  55),  particularly 
chapter  ix  which  is  based  upon  Darboux's  memoir;  and  especially  to  a 
memoir  by  Lie,  Math.  Ann.,  t  v  (1872),  pp.  145—256. 

84.  It  has  been  seen  that,  in  the  method  of  Charpit  as 
applied  to  any  equation  of  the  first  order  in  two  independent 
variables,  and  in  the  method  of  Jacobi  for  any  equation  in  n 
independent  variables,  the  first  step  towards  the  solution  of  the 
equation  consists  in  the  construction  of  an  integral  of  a  simultaneous 
system  of  ordinary  equations. 

As  introduced  by  these  methods,  the  system  of  ordinary 
equations  is  subsidiary  to  the  integration  of  a  homogeneous  linear 
partial  equation  of  the  first  order ;  there  are,  however,  other  ways 
in  which  they  can  arise.  Two  of  these  will  now  be  expounded ;  in 
presentation,  and  in  significance,  they  seem  distinct  from  one 
another,  but  they  will  be  found  to  be  fundamentally  the  same. 
Partly  for  the  sake  of  simplicity,  and  partly  because  of  the  associated 
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geometry,  we  shall  begin  with  equations  that  involve  only  two 
independent  variables;  the  discussion  of  equations  involving  n 
independent  variables  can  be  made  briefer,  after  the  explanations 
in  the  simplest  case. 

The  method  adopted*  by  Cauchy  for  the  construction  of  the 
equations  was  originally  propounded  f  by  Ampere  ;  it  is  based  upon 
a  change  of  independent  variables,  chosen  so  as  to  simplify  relations. 
Let  these  be  changed  from  x  and  y  to  x  and  u  ;  then  y,  z,  p,  q  can 
be  regarded  as  functions  of  x  and  u,  and,  whatever  be  the  differential 
equation,  we  have 

dz  _  ay 


dz  dy 

_      —  Q     _  *£ 

du  du  ' 

As  u  and  a;  are  independent  variables,  it  follows  that 

d_  /9£\     _9_  ( 
du  \3*?/      dx  \du 


du  \dx       dx  \ 
substituting  in  the  former  relation  and  using  the  latter,  we  have 

dp  _  dq  dy     dq  dy 
du     dx  du      du  dx  ' 

When  the  proper  values  of  y,  z,  p,  q  as  functions  of  x  and  u  are 
substituted  in  a  differential  equation 

f(x,  y,  z,  p,  q)  =  0, 
it  must  become  an  identity  ;  hence,  writing 

df    df    df    df    df_      Y 

dx'    dy'    dz'    dp'    dq-  'V' 

respectively,  we  have 

Z+7%.  +  zll+P&  +  Q%L-<>, 

dx          ox  dx  ox 

T^  +  Z^+Pd/  +  Q^=0. 

du          du  du  du 

*  Exercices  d'analyse  et  de  physique  mathematique,  t.  n,  pp.  238—272.  This  is 
dated  1841  ;  but  the  memoir,  which  contained  a  first  exposition  of  Cauchy's  theory, 
was  2  •'Wished  in  1819. 

t  In  his  memoir  of  1814,  to  which  references  will  be  given  subsequently. 
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O  ""' 

Inserting  the  above  values  of  ^-  and  ^  in  the  second  of  these 
equations,  it  becomes 


As  the  variable  u  is  thus  far  at  our  disposal  let  it  be  chosen,  if 
possible,  so  that 


then    as  v  cannot  be  a  function  of  a;  alone  so  that  =p  cannot  be 

du 

zero,  and  as       cannot  be  a  permanent  infinity,  we  have 


Inserting  in  the  first  of  the  two  derived  equations  the  above  value 

of  =- ,  and  the  v; 
ox 

obtained,  we  find 


of  ^ ,  and  the  values  of  r  -  and        given  by  the  equations  just 


Hence  there  are  four  equations  involving  derivatives  of  y,  z,  p,  q 
with  regard  to  x  alone  :  they  can  be  taken  in  the  form 


p^-pp+rt.      p* 

These  do  not  contain  derivatives  with  regard  to  u  nor  do  they  contain 
u  itself;  hence,  if  we  take  these  equations  in  the  form 

dx  _  dy  dz  dp          _          d<{ 

==~=  =  = 


and  obtain  their  integrals,  the  arbitrary  elements  that  arise  in 
those  integrals  will  be  functions  of  M  in  the  most  general  case.  So 
far  as  these  equations  are  concerned,  the  arbitrary  elements  may  be 
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made  arbitrary  functions  of  u :  but  other  equations  must  be  satisfied, 
viz. 


and  these  may  impose  limitations*. 

It  will  be  noted  that  the  above  set  of  ordinary  equations  is  the 
same  as  the  set  in  Charpit's  method  (§  68). 

85.  To  satisfy  the  requirements,  we  proceed  from  the  known 
theory  of  ordinary  equations.  If  P  is  not  an  identical  zero  for  our 
problem,  that  is,  if  it  does  not  vanish  for  all  values  of  five  argu- 
ments x,  y,  z,p,  q,  tied  by  a  condition 

f(x,  y,  z,  p,  q)  =  0, 

then  values  x0,  y0,  z0,  p0,  q0  can  be  assigned  to  the  arguments  such 
that  P  does  not  vanish,  provided 

/Oo,  2/o,  Z0,p0,  0o)  =  0. 

Further,  suppose  that  P,  Q,  X,  Y,  Z  are  regular  functions  of  x,  y,  z, 
p,  q  in  the  vicinity  of  these  values.  Then  it  is  known,  by  Cauchy's 
theorem  f  on  the  integrals  of  ordinary  equations,  that  a  unique 
system  of  integrals  exists ;  they  give  y,  z,  p,  q  as  regular  functions 
of  x  and  these  acquire  values  y0,  z0,  p0,  q0  when  x  =  x0. 

If  P  is  an  identical  zero  in  the  sense  explained,  then  we  con- 
sider Q.  If  Q  is  not  similarly  an  identical  zero,  we  proceed  as 
above  making  y  the  independent  variable  for  the  ordinary  system : 
and  with  the  same  hypotheses,  we  obtain  a  set  of  integrals. 

If  Q  is  an  identical  zero  in  the  sense  explained,  then  we  should 
proceed  to  consider  X  +  pZ,  making  p  the  independent  variable ; 
and  if  that  were  to  fail,  we  should  consider  Y  +  qZ,  making  q  the 
independent  variable.  We  should  obtain  a  set  of  integrals  save 
only  in  the  case,  when  all  the  equations 

P  =  0,     Q  =  0,     X+pZ=0,     Y+qZ=Q 
are  satisfied  for  values  of  x,  y,  z,  p,  q,  which  obey  the  relation 
f(x,  y,  z,  p,  q)  =  0. 

*  The  equation 

dp  _  9<7  8y  _  cy  8g 
du  ~  bx  du     dx  du 

imposes  no  additional  limitation  :  it  is  satisfied  in  virtue  of  the  equations  retained, 
being  a  mere  deduction  from  them, 
f  See  vol.  ii  of  this  work,  ch.  n. 


85.]  THE   INTEGRALS  209 

This  case  is  obviously  exceptional:  it  provides  what  has  already 
been  recognised  as  the  singular  integral,  and  consequently  it  will 
be  set  aside  from  the  present  investigation.  It  may  or  may  not 
occur  :  when  it  does  occur,  its  relation  to  other  integrals  will  be 
considered  subsequently. 

If  then,  setting  this  case  aside,  we  take  y0,  z0,  p0,  q0  as  functions 
of  u  satisfying  the  relation 

/0*o,  yo,2*,P»,  ?o)  =  0, 

we  have  a  set  of  integrals  of  the  system  of  ordinary  equations  ;  and 
these  are  further  to  satisfy  the  equations 

^/  \      f\        dz       9y 

f(x,y,z,p,q)  =  0,       ^-f£. 

Let 

„     dz         "by 
E=z--q-/-, 

OU  Oil 

so  that  E  is  to  be  zero  :  thus 

dE  _   d*z  <Py       dq  dy 

dx      dxdu      ^  dxdu      dx  du  ' 

But  the  quantities  already  obtained  satisfy  the  equation 

dz  dy 

te 
and  therefore 


_       |  , 

dxdu     du     ^  dxdu      dudx' 
Hence 

dE  _  dp      dq  dy  _  dy  dq 
dx      du      du  dx      du  dx' 
Now 

dy=Q         dq_      Y  +  qZ 
dx      P'       dx  P      ' 

so  that 


Our   quantities   are  required,  to  satisfy  f  (x,  y,  z,  p,  q)  =  0,   and 
therefore 


du         du         du 
hence 


d-^.  =  l-7(f,^--—} 
dx      P      V  du     du) 


v.  v.  14 
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Now  after  the  earlier  explanations,  we  may  assume  that  P  is  not 
identically  zero,  that  it  does  not  vanish  for  the  values  x0,  y0,  z0,  p0, 
q0  of  the  variables,  and  that  Z  and  P  are  regular  functions  of  the 
variables  in  the  vicinity  of  those  values  :  hence,  if 

Z  , 


=/; 


the  quantity  I  is  regular  in  the  vicinity  of  the  arguments,  and  it 
vanishes  when  x  =  #„.  If  we  denote  by  E0  the  value  of  E  for  the 
values  XQ>  y0,  z0)  p0,  q0  of  the  variables,  then 

E=E0e~I. 
Now  E  is  to  vanish,  and  e~r  does  not  vanish  :  hence  we  must  have 


that  is,  we  must  have 


»  _  a       °  -  0 
du      q°  du  ~ 


86.  This  equation  can  be  satisfied  in  two  ways.  First,  suppose 
that  2/0  is  not  independent  of  u  :  as  u  has  not  hitherto  been  made 
precise,  we  take 

2/0  =  U. 

Let  ZQ  =  <f>  (u),  where  <f>  is  an  arbitrary  function  of  u  ;  the  equation 

will  be  satisfied  if 

q0  =  <£'  (u)  ; 

and  the  value  of  p0  is  then  determined  by 

/(#o,  2/o,  ZQ,PO,  ?o)  =  0. 
With  these  values,  the  equation  E  =  0  is  satisfied. 

In  the  second  place,  suppose  that  yQ  is  independent  of  u  :  as  it 
is  a  value  of  y  when  x  =  x0,  we  take  it  to  be  an  arbitrary  constant. 

dz 
The  equation  is  then  satisfied  if  -.  -  vanishes,  that  is,  if  z0  is 

similarly  an  arbitrary  constant.     Then  <?<>  can  be  any  function  of 
u  ;  and  p0  is  given  as  a  function  of  u  satisfying  the  relation 

/<>o,  2/o,  *o,  Po,  ?o)  =  0- 

With  these  values,  the  equation  E  =  0  is  satisfied. 

Now  the  integrals  of  the  system  of  ordinary  equations  are 
y-y(x)x9,  z0,p0,  q0\ 
z  =  z(x,  x0,  z0,p0,  q0), 
p=p(x,  x0,  Z0,p0,  q0), 
q  =  q(x,  x0,  Z0,p0,  q0). 
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In  the  former  of  the  above  cases,  when  u  is  eliminated  between 
the  first  two  equations,  a  relation  is  obtained  involving  x,  y,  z  and 
an  arbitrary  function ;  if  it  gives  an  integral  of  the  original 
equation,  the  integral  so  given  is  general.  In  the  latter  of  the 
cases,  when  p0  and  q0  are  eliminated  between  the  first  two  equa- 
tions and/(ar0,  y0,  ZQ,  p0,  q0)  =  Q,  a  relation  is  obtained  involving 
x,  y,  z  and  two  arbitrary  constants :  if  it  gives  an  integral  of  the 
original  equation,  the  integral  so  given  is  complete. 

It  therefore  remains  to  prove  that  the  relations  thus  obtained 
actually  satisfy  the  equation 

/(»,  y,*,  !>,?)  =  o. 

Now  y  and  z,  obtained  above  as  functions  of  x  and  u,  satisfy  the 

equations 

dz  _  dy        dz  _     dy 

dx=P  +  qdx'      fai~qdu' 

hence,  when  u  is  eliminated  so  as  to  give  a  single  relation  between 
x,  y,  z,  the  quantities  p  and  q  are  the  derivatives  of  z  with  regard 
to  x  and  y  respectively.  Further,  the  values  of  x,  y,  z,  p,  q  are 
such  that  the  equation 


-*-»•        I        -*•      O  •  "\  I  O  I 

do;         d#         da; 
is  satisfied  identically,  that  is, 

da; 
Also,  as  .Z?  =  0,  we  have 

9y     dz 

Q  •"      Q     . 

^  du     du 

dE 

and  as  ^r—  =  0,  we  have  seen  that 
ox 


du     *     du         du         du 
that  is, 


or 


Hence  /  is  constant  :  its  value  when  x  =  x0  is  zero  :    hence  its 
value  is  zero  always,  that  is,  the  quantities  so  obtained  satisfy  the 

equation 

f(x,y,z,p,q)=0. 

14—2 
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We  thus  obtain  the  general  integral  and  the  complete  integral 
in  the  respective  cases.  In  the  course  of  the  proof,  it  was  seen 
how  the  singular  integral  could  arise  exceptionally  :  when  it  arose, 
it  was  recognised  :  and  the  analysis  proceeded  with  the  alterna- 
tives. Moreover,  it  was  assumed  that  X,  Y,  Z,  P,  Q  are  regular 
functions;  if  this  is  not  true,  the  results  are  not  necessarily 
applicable  to  the  equation  and  then  integrals  may  arise  which  are 
special  integrals,  though  these  are  not  the  only  special  integrals 
that  may  arise*. 

DARBOUX'S  MODIFICATION  OF  CAUCHY'S  METHOD. 

87.  The  preceding  exposition  is  substantially  due  to  Cauchy  : 
a  modification  in  the  treatment  of  the  ordinary  equations  has  been 
introduced  f  by  Darboux,  which  has  the  further  advantage  of 
permitting  an  easier  discussion  of  singularities.  The  equations 
are  taken  in  the  form 

dx  _  dy  _       dz  dp         _         dq          _  , 

~~-  ~~ 


and  they  are  regarded  as  determining  the  five  variables  oc,  y,  z,  p,  q 
in  terms  of  t,  the  arbitrary  quantities  that  occur  being  made 
functions  of  a  variable  u,  as  before.  The  establishment  of  the 
results  is  simpler  than  in  the  Cauchy  treatment. 

We  assume  that,  when  J  t  =  0,  the  five  variables  acquire  values 
®o,  2/o>  ZQ>  Po,  !/o>  subject  to  the  relation 

/(>o,  2/o,  Z«,PO,  ?o)  =  0, 

and  that,  in  the  vicinity  of  these  initial  values,  the  functions 
P,  Q,  pP  +  qQ,  X±pZ,  Y+qZ  are  regular.  Then,  by  the 
theory  of  systems  of  ordinary  equations,  a  unique  set  of  integrals 
exists,  being  regular  functions  of  t  and  acquiring  the  assigned 
initial  values  when  t  =  0:  let  them  be 

x  —  x  {t,  xQ,  2/0,  20,  p0,  q0), 

y  =  y(t,x0,y»,  z0,p0,  q0), 

z  =  z(t,x0,  Y/O,  z0,p0,  qQ), 

p=p(t,  x0,  y0,  ZO,PO,  q0), 

q=q  (t,  x0,  y0,  Z0,  pQ,  q0). 

*  See,  for  instance,  §  34. 

t  "  Memoire  sur  les  solutions  singulieres...  premier  ordre,"  Mem.  dc  I'lnst.  de 
France,  t.  xxvn  (1880),  §  24. 

J  No  generality  is  gained  by  taking  t0  as  an  initial  value  for  t:  the  only 
difference  is  that  t  -  tQ  comes  in  place  of  t. 
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Moreover,  we  have 

df_xdxdydzdpdq 
dt~   L  dt+  *  dt+*di+^di+*di 
=  0, 

on  substitution :  thus 

f(x,  y,  z,  p,  q)  =  a  quantity  independent  of  t 
=  its  value  when  t  =  0 

=/(#<>,  y<>,  z*,  Po,  ?o) 
=  0, 
so  that  the  above  values  are  connected  by  this  relation. 

If  this  is  to  be  equivalent  to  the  original  differential  equation, 
then  p  and  q  must  be  equal  to  the  derivatives  of  z  with  regard  to 
x  and  y:  the  requirement  is  met  as  follows.  Let  the  quantities 
#o>  yo,  z<>,  PO,  <?o  be  functions  of  u,  a  new  parametric  variable,  so 
that  x,  y,  z,  p,  q  are  now  functions  of  t  and  u.  So  far  as  variations 
with  regard  to  t  are  concerned,  the  system  of  equations  gives 


Let 

„  _  dz  dx         "by 

du  du         du ' 
then 

and 


_ 

"tit  ~  dtdu  *  dtdu  dtdu  dt  du     dt  du 

_dp  dx  dq  dy  dp  dx  dq  dy 

du  dt  du  dt  dt  du  dt  du 


on  substituting  from  the  equations.     But 

Y  fa  ,   Y  dy      7  dz          dp      Q  dq  _  ft 
^  5  —  r-t^  —  '"•"o  —  r-r»L  —  r  y  5—  —  U, 
du         du         du         du         du 

because  the  values  of  x,  y,  z,  p,  q  satisfy  the  equation 
f(x,  y,  z,p,  g)  =  0; 
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hence 

dx        dy 


so  that 

E=E^™, 

where  E0  denotes  the  value  of  E  when  t  =  0.     Now  Z  is  a  regular 

rt 
function  of  t  in  the  vicinity  of  t  =  0,  and  therefore  I    Zdt  is  finite. 

Jo 
Hence  it  is  necessary  and  sufficient  that  the  equation 

#o  =  0 
should  be  satisfied  in  order  that  E  may  vanish,  that  is, 


88.  This  equation  may  be  satisfied  in  three  distinct  ways. 
In  the  first  of  these  ways,  both  x0  and  y0  involve  u;  in  that 
case,  let 

®o=f(u),    y0=g(u),    z»  =  h(u\ 

so  that  the  relation 


becomes  an  equation  which,  with/(#0,  y0,  z0,  p0,  q0)  =  0,  determines 
p0  and  q0.  In  the  second  of  the  ways,  only  one  of  the  variables 
x0  and  y0  involves  n,  say  y0:  in  that  case,  let  #„  =  «>  2/o  =  w, 
z0=g  (u)  ',  then 

g'(u)  =  q0> 

and  the  equation  f(x0-,  y0,  z0,  p0,  gfa)  =  0  determines  p0.  In  the 
third  of  the  ways,  neither  of  the  variables  XQ  and  y0  involves  u  :  in 
that  case,  let  XQ  —  a,  y0  =  j3:  then  z0  does  not  involve  u,  and  we  may 
write  z0  =  7,  where  ct,  ft,  7  are  constants,  and  /(a,  ft,  7,  p0,  q0)  =  0. 

In  all  these  cases,  we  have  E0  =  0  and  therefore  E  —  0,  that  is, 

dz  _     Gx        "by 
du,        du        du' 
and  we  had 

dz  _     dx        dy 
dt=Pdt  +  qdt' 

These  relations  shew  that,  when  z  is  expressed  in  terms  of  x  and  y 
consistently  with  the  relations  obtained,  its  derivatives  with  regard 
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to  x  and  y  are  p  and  q.    Moreover,  we  can  prove,  exactly  as  in  §  86, 
that  the  equation 

f(x,y,z,p,  ?)  =  0 

is  satisfied  :  thus  we  have  an  integral  of  the  original  equation. 

Consider  the  three  cases  in  turn  :  for  all  of  them,  we  have  to 
make  the  respective  substitutions  in 

x  =  x(t,  as,,  y0,  z0,  p0,  q0\ 


Z  =  z(t,x0,y0,z0,-p0,q0). 

In  the  first  case,  we  eliminate  t  and  u  between  the  three 
equations:  there  results  a  single  relation  between  x,  y,  z.  The 
assigned  initial  conditions  are  such  that  x  =  x0,  y  =  y0,  z  =  z0, 
functions  of  a  variable  parameter  u:  or  getting  rid  of  u  by 
elimination,  •  we  can  say  that,  when  some  relation 


is  satisfied,  then  z  becomes  some  function  of  x  and  y.  No  limita- 
tion except  regularity  has  been  imposed  upon  the  functions  :  thus 
z  becomes  an  assigned  arbitrary  function  of  x  and  y,  when  these 
are  connected  by  any  assigned  relation  <f>  (x,  y)  =  0.  The  integral 
is  general. 

In  the  second  case,  for  the  initial  conditions,  we  have  x  =  x0  =  a, 
y  =  y0  =  u,  z  =  z0  =  g(u),  that  is,  when  x  =  <z,  z  =  g(y).  Here  g  can 
be  an  arbitrary  function.  We  have  a  special  form  of  the  first  case, 
obtained  by  writing  <f>  (x,  y)  —  x  —  a.  The  integral  is  general. 

In  the  third  case,  we  have  to  eliminate  three  quantities  t,  p0,  q9 
between  the  equations 

x  =  x(t,  a,  ft,  7,  p0,  qQ), 
y  =  y(t,  a,  ft,  7,  p9,  £0), 
z  =  z  (t,  a,  ft,  7,  p0,  q0), 


The  resulting  equation  involves  a,  ft,  7  arising  as  values  of  x,  y,  z. 
One  of  these  may  be  taken  as  an  initial  value  :  the  other  two  may 
be  arbitrary.  When  they  are  quite  arbitrary,  the  integral  is 
complete. 
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As  regards  the  derivation  of  the  result,  it  is  to  be  noted  that 
the  values  of  p0  and  q0  are  given  by 

/Oo,  2/0,  z»,  Po,q<>)  =  o, 

„  fa*  ,  „  92/o  _  9*o . 
Podu+q°du~du} 

if  /  be  a  regular  function  of  its  arguments,  the  two  equations  can 
be  resolved  for  p0  and  q0,  provided  the  magnitude 

d£dyo_d£dxo 
dp0  du      dq0  du 

does  not  vanish.  We  may  assume  this  to  be  the  case  for  the  first 
two  of  the  three  alternatives,  because  we  have  excluded  the 
hypothesis  that  P0  and  Q0  are  zero :  it  does  not  arise  for  the  third 
alternative. 

Again,  the  equations  for  x  and  y  may  be  resolved  for  t  and  u  in 
the  vicinity  of  t  =  0  and  u  =  u0,  provided 

dx  "by      "by  dx 
dt  du      dt  du 

does  not  vanish  there,  that  is,  provided 

p  dyQ     n  9«o 

•*   0   ~i         ~~  Vo    1 

du  du 

does  not  vanish :  this  is  the  above  magnitude,  assumed  not  to 
vanish.  The  values  of  t  and  u  so  obtained  are  substituted  in  the 
expression  for  z,  which  becomes  the  integral. 

It  might  of  course  happen  that  P0  =  0,  Q0  =  0,  without  X0  +  p0Z0 
and  Y0  +  q0Z0  vanishing:  the  possibility  is  discussed  later  (Chap- 
ter VII,  §  109)  and  will  be  seen  to  provide  a  singularity. 

89.  The  preceding  analysis  and  argument  are  valid  in  estab- 
lishing this  result,  save  in  one  set  of  circumstances  controlling  the 
hypotheses  adopted.  It  has  been  assumed  that  P,  Q,  X  +  pZ, 
Y+qZ  are  regular  functions  of  their  arguments  in  the  vicinity  of 
the  values  XQ,  y0,  z0, p0,  q0;  but  if,  for  all  sets  of  values  satisfying 
the  necessary  relation 

/Oo,  2/o,  Zo,Po,  ?o)  =  0, 
it  should  happen  that 

P  =  0,     Q  =  0,     X+pZ=0, 
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then  the  only  regular  integrals  of  the  system  of  ordinary  equations 

are 

x  =  x»,    y=y<>,    z  =  z0,    p=po,    q=q», 

and  the  results  can  no  longer  be  established. 

The  case,  as  before,  is  usually  that  of  the  singular  integral :  it 
is  put  on  one  side,  for  it  admits  of  other  treatment  as  follows.  The 
equations 

/=0,     P  =  0,     Q  =  0,     X+pZ=Q,     Y+qZ=0 

coexist.  If  it  is  possible  to  eliminate  p  and  q  between  them,  there 
will  result  an  equation  between  x,  y,  z,  which  is  the  singular 
integral.  If  it  is  not  possible  to  eliminate  p  and  q,  then, /being 
supposed  irreducible,  they  will  serve  to  determine  p  and  q:  the 
values  of  p  and  q  are  substituted  in 

dz  =  pdx  +  qdy, 

and  quadrature  leads  to  an  integral  involving  one  arbitrary  con- 
stant :  it  may  (§  78)  be  regarded  as  a  specialised  or  particular  form 
of  the  complete  integral. 

Further,  if  P,  Q,  X  +  pZ,  Y+qZ  are  not  regular  functions  of 
their  arguments,  the  inference  as  regards  the  ordinary  equations 
cannot  be  made  and  so  the  result  cannot  be  established.  Special 
integrals  can  thus  arise :  but  it  is  not  the  only  source  of  such 
integrals. 

90.     One  other  exceptional  case  requires  special  mention,  viz. 

that  in  which 

pP+qQ=0, 

though  neither  P  nor  Q  vanishes :  it  is  a  case  which  occurs  when 
f  is  homogeneous  in  p  and  q  of  any  degree.  An  integral  of  the 
ordinary  equations  is  then 

z  =  quantity  independent  of  t 

~  z$ , 

and  if  it  should  happen  that  we  are  dealing  with  conditions  leading 
to  a  complete  integral,  it  is  clear  that  the  equation  z  —  z^  cannot 
be  used  for  purposes  of  elimination. 

As  in  corresponding  difficulties  (§§  58,  59),  we  use  a  Legendrian 
transformation,  introducing  a  new  variable  z'  by  the  relation 
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and  assigning  other  associated  variables  in  the  form 


The  quantity  p'P'  +  q'Q'  which  occurs  in  the  modified  system  is 
obtained  from 


by  making  the  above  substitutions  ;  this  does  not  vanish  in  general, 
and  so  the  process  can  be  applied  to  the  modified  equation:  the 
integral  of  the  original  equation  can  be  deduced  as  before. 

Note  1.  Both  in  Cauchy's  method  and  in  Darboux's  modi- 
fication, an  integral  has  been  obtained  which  has  been  declared  a 
general  integral.  Its  expression  certainly  contains  an  arbitrary 
function  in  the  least  restricted  case  ;  but  this  property  is  not,  of 
itself,  sufficient  to  secure  the  character  in  the  customary  form. 
A  general  integral  is  given  by  the  elimination  of  a  between  the 
equations 

g{x,y,z,  a,f(a)}  =  0, 

£  +  §[/*<«)-<* 

da      dfj 

that  is,  one  of  the  equations  is  the  derivative  of  the  other  with 
regard  to  the  parameter  which  is  to  be  eliminated.  Of  course,  when 
the  elimination  can  be  actually  achieved,  this  relation  between  the 
two  equations  disappears  ;  usually,  however,  the  expression  of  the 
general  integral  must  be  left  in  this  form. 

In  particular  instances,  the  result  can  be  verified  by  bringing 
the  last  two  equations  into  an  equivalent  form  which  exhibits  the 
relation  characteristic  of  the  general  integral. 

Note  2.  The  general  integral  that  has  thus  been  obtained  is 
the  integral  specified  in  Cauchy's  existence-theorem. 

Taking  the  simpler  form,  we  have  an  integral  such  that  y  =  y9 
and  z  =  z0  =  (j>  (y0),  when  x  =  x0,  where  <j>  can  be  any  function 
subject  to  the  conditions  involved  in  the  existence-theorem  for 
ordinary  differential  equations:  in  other  words,  the  integral  is 
such  that  z  acquires  a  value  $  (y),  when  x=  x0.  The  conditions 
have  relation  to  the  regularity  of  the  coefficients  in  the  ordinary 
equations  and  of  the  integrals  of  those  equations;  they  are  the 
same  as  those  set  out  in  Cauchy's  existence-theorem,  and  so  need 
not  be  repeated  here. 
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Of  course,  it  must  not  be  assumed  that,  if  all  the  conditions 
required  in  the  proof  of  the  theorem  are  not  satisfied,  the  integral 
does  not  exist  :  in  such  a  case,  we  merely  are  not  in  a  position  to 
affirm  its  existence. 

Ex.  1.     An  example  is  given  by  Cauchy*:  he  discusses  the  equation 

pq-xy=Q. 
The  initial  values  must  be  such  that 

Po  qo~  ^0^0=0- 
The  subsidiary  system  of  ordinary  equations  is 

dx  _dy  _  dz      dp  _dq 

~q~~p~zpq~~y~'^' 

and  a  unique  system  of  regular  integrals  satisfying  all  the  conditions  is 
given  by 


the  same  branch  of  the  irrational  quantity  being  taken  in  q  as  in  y.    We  have 


when  we  take,  in  accordance  with  the  preceding  theory, 

#0  =  «,     z0  =  <f)  («),     qo  =  <f)'  (MO), 

we  have  a  general  integral  given  by  the  two  equations  :   and  when,  also  in 
accordance  with  the  preceding  theory,  we  take 

y0=a,     2o=/3, 
where  a  and  /3  are  arbitrary  constants,  the  second  equation  becomes 

(z-W  =  (y-a?(x-xtf, 
giving  rise  to  a  complete  integral.     And  there  is  no  singular  integral 

If  the  subsidiary  equations  are  treated  by  Darboux's  method,  they  can  be 
taken  in  the  formt 

dx  _  dy       dz       dp      dq  dt 

q  ~  p  ~2pq~  y  ~  x  ~2pq( 

*  L.c.,  t.  n,  p.  249. 

t  The  new  variable  t  is  at  our  disposal,  and  any  modification  tending  to  simplify 

the  equations  may  be  adopted;  accordingly,  -^—  is  chosen  instead  of  dt,  as  the 

2pq 

common  value  of  the  fractions  in  the  subsidiary  equations. 
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Integrals  of  these,  which  give  #0>  yo,  «o>  Pot  ?o  as  the  values  of  x,  y,  z,  p,  q, 
when  2=0,  are 


The  first  three  equations  give 


the  assumptions 

y0  =  w,     20  =  <H*0>     qo  =  <j>'(u), 

lead    to    the    general    integral    as    before,    on    the    elimination    of    w:    the 
assumptions 

#0  =  0,       20  =  & 

lead  to  the  complete  integral  as  contained  in  the  second  of  the  two  equations. 
Ex.  2.     Discuss  similarly  the  equation 

2xz  —px2  +  qxy  +  q*x  =  0, 

obtaining  its  complete  integral  and   its  general  integral.     Are  there  any 
limitations  upon  the  initial  conditions  caused  by  the  form  of  the  equation  ? 

(Mansion.) 
Ex.  3.     Integrate  the  equation 


where  a  is  a  constant.  (Mansion.) 

Ex.  4.     As  a  slight  variation  in  the  details  of  working  in  any  particular 
question  when  a  Cauchy  integral  is  required,  we  obtain  the  integral  of 

xzp+yzq=xy, 

which  is  such  that  z  becomes  $  (y),  when  x=x0. 
The  ordinary  equations  are 

dx  _  dy  _        dz 
xz  ~  yz     pxz  +  qyz 

both  y  and  z  can  be  expressed  in  terms  of  x,  on  using  the  original  equation, 
by  integrals 

-  =  constant,     z2  -  xy  =  constant. 
x 

We  take  y—u  and  z=(f>  (u\  when  x=x0:  thus 
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Eliminating  u,  the  relation  is 


which  gives  the  integral  in  question. 

In  this  case,  there  is  no  limitation  upon  the  form  of  the  function  <£. 

GEOMETRY  OF  THE  INTEGRALS. 

91.  It  is  found  convenient,  particularly  for  equations  involving 
two  independent  variables,  to  associate  geometrical  considerations 
with  the  analysis.  A  slight  use  of  this  association  has  already 
been  made  (§  21),  by  way  of  interpreting  an  integral  of  an  equation: 
we  shall  now  proceed  to  greater  detail,  particularly  in  order  to 
indicate  the  significance  of  the  various  equations,  to  illustrate  the 
relations  of  different  integrals  to  one  another,  and  to  discuss  some 
at  least  of  the  singularities  which  have  received  no  more  than 
passing  mention  in  the  preceding  sections.  The  differential 
equation,  when  there  are  two  independent  variables,  is  taken  to  be 

f(x,  y,  z,p,q)  =  0; 
its  complete  integral  is  taken  to  be 

<f>  (x,  y,  z,  a,  6)  =  0, 

where  a  and  b  are  arbitrary  constants  ;  and  other  integrals  can  be 
deduced  by  methods  already  explained. 

The  equation  <f>  =  0  is  the  equation  of  a  double  family  of  sur- 
faces. All  these  surfaces  are  such  that  /=  0  is  satisfied  ;  con- 
sequently, they  are  said  to  satisfy  the  differential  equation.  Also, 
f=  0  is  given  by  the  elimination  of  a  and  b  between  the  equations 


Through  any  point  of  space  x,  y,  z,  there  passes  a  simple 
infinitude  of  the  surfaces.  The  tangent  planes  at  the  point  can  be 
represented  by  the  equation 

z-z=p(x'-x)  +  q  (y'  -  y\ 

where  x',  y',  z'  are  current  coordinates;   and  the  normals  to  the 
surfaces  are  given  by  the  equations 

x'  —  x  _yr  —  y  _z'  —  z 
P         ~9~       -1 
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All  these  normals  lie  on  the  cone 


this  cone  of  normals  will  be  denoted  by  N.  The  reciprocal  of  the 
cone  of  normals  is  the  envelope  of  all  the  tangent  planes  at  the 
point  to  the  surfaces  satisfying  the  differential  equation : .  this  cone, 
the  envelope  of  the  tangent  planes,  will  be  denoted  by  T. 

The   equation   of  the   cone   T  can  be  simply  constructed  as 
follows.     The  tangent  plane  is 

/  /     f  \     .  /     i  \ 

>y     ^_    7   —   y>i   (  //»     T._    //»  \     I      />/')/        --   ni  \    • 
&  &    fJ    Vtt/  *X/  /      |^    \J    \    U      ^^     U  i     . 

we  require  the  envelope  of  this  plane,  subject  to  the  condition 
f(x,  y,  z,  p,  q)  =  0,  and  therefore  we  have 

0  =  (V  -  x)  dp  +  (y'  -  y)  dq, 

(Jf~  Or 

0  —        (i  i")  i       -r-  fi  a 
dp    J       dq 

so  that  the  equation  of  the  cone  T  is  given  by  the  elimination  of 
p  and  q  between  the  equations 

z'-z=p  (x  -x)  +  q(y'-  y}' 
x'  —  x     y  —  y 

IT   IT    . 

dp  dq 

The  result  will  obviously  be  of  the  form 

F  (  z'  —  z      y  —  y\  _  _ 

Jl    I  #/.  1J '.  Z)         f  ,      ~—j          •  I  —  U. 

V  x  -x     x  -xj 

Moreover,  the  equations  of  the  generator  of  T,  which  lies  in  the 
tangent  plane  in  question,  are 

x'  —  x  _  y  —  y  _      z'  —  z 

J  (Y\        •*__        i        Q       J 

dp  dq         ^  dp        dq 

this  generator  is  the  line  along  which  the  tangent  plane  touches 
the  cone  T,  and  it  obviously  is  perpendicular  to  the  corresponding 
normal  on  the  reciprocal  cone  N. 
Again,  take  any  plane 

z'  =  ouv'  +  /3y'  -f  y 

in  space :  if  this  plane  touches  an  integral  surface 
<t>  (x,  y,  z,  a,  b)  =  0, 
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the  point  of  contact  is  given  by 


The  coordinates  of  the  point  of  contact  satisfy  the  equation 
f(x,y,  z,  a,£)  =  0, 

whatever  a  and  6  may  be  :  and,  of  course,  as  the  point  lies  in  the 

plane,  we  have 

z  =  ax  +  fry  +  y. 
But  the  two  equations 


determine  a  plane  curve  :  owing  to  its  source,  it  is  the  locus  of 
points  of  contact  of  integral  surfaces  with  the  assumed  plane. 
This  curve  lying  in  the  plane  will  be  denoted  by  C. 

Moreover,  as  this  plane  touches  a  surface  at  the  point  a,  y,  z,  it 
touches  the  cone  T  which  is  associated  with  the  point  ;  we  may 
therefore  regard  the  curve  G  as  the  locus  of  those  points  in  the 
plane  at  which  the  plane  touches  the  associated  cones  T.  And, 
conversely,  a  cone  T  associated  with  a  point  is  the  envelope  of 
those  planes  whose  curves  G  pass  through  the  point. 

Consequently,  the  integral  surfaces  which  satisfy  the  differential 
equation  can  be  regarded  in  two  ways.  On  the  one  hand,  all  those 
which  pass  through  a  given  point  have  their  tangent  planes 
enveloped  by  a  cone  T  :  on  the  other  hand,  all  those  which  touch 
a  given  plane  have  their  points  of  contact  with  the  plane  lying 
upon  a  curve  C  in  the  plane.  Each  of  these  is  obviously  deducible 
from  the  other  by  reciprocal  polars. 

Ex.  1.  Shew  that  if  the  curve  C  is  a  degenerate  curve,  composed  of  a 
number  of  straight  lines,  and  if  the  (Legendre)  transformation 


is  applied  to  the  partial  differential  equation,  the  transformed  differential 
equation  is  linear. 

(Goursat.) 
Ex.  2.     Shew  that,  if  integral  surfaces  be  given  by  an  equation 

x2  +y  2  +  22  =  2ax  +  2by  +  2cz, 
where 

(aa  +  bi3+cy-l?  =  (a*  +  b*  +  c?)(a*+l&  +  y2), 

a,  £,  y  being  given  constants,  and  a,  b,  c  arbitrary  constants  subject  to  this 
condition,  the  curves  C  are  circles. 

(Goursat.) 
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CHARACTERISTICS:  THEIR  PROPERTIES. 

92.  Now  consider  a  general  integral  as  deduced  from  a  com- 
plete integral ;  it  is  given  by  the  equations 

0  =  0  {#,  y,  z,  a,  g  (a)}  =  0, 

d<f>     30     90    ,,  ,      „ 

-r  =  -^-  +  ^-g  (a)  =  0, 
da      da     dg y 

where  g  (a)  is  an  arbitrary  function :  the  surface,  represented  by 
the  general  integral,  is  obtained  by  eliminating  a  between  the  two 
equations.  The  equation  0  =  0  is  one  of  the  surfaces  included  in 

the  complete  integral ;   the  equation  -^-  =  0  then  determines  a 

curve  on  the  surface  0  =  0,  being  in  fact  the  intersection  of  0  =  0 
with  the  surface  that  arises  from  a  consecutive  value  of  a;  the 
curve  thus  given,  for  any  value  of  a,  is  called  a  characteristic  of  the 
surface  0  =  0.  The  general  integral,  arising  from  the  elimination 

of  a  between  <f>  =  0  and  -3-  =  0,  is  thus  the  locus  of  the  character- 
da 

istics  of  the  surfaces  0  =  0,  which  arise  for  any  one  function  g  and 
for  all  values  of  a. 

On  any  surface  represented  by  a  complete  integral,  there  is  an 
infinitude  of  characteristics :  they  arise  because  g(a)  is  an  arbitrary 
function  which  can  be  assigned  in  an  infinitude  of  ways.  Through 
any  ordinary  point  on  such  a  surface,  there  passes  certainly  one 
characteristic :  for,  at  that  point,  there  are  two  independent  equa- 
tions to  determine  a  and  g(a).  Moreover,  through  any  ordinary 
point  there  passes  only  one  characteristic  in  general :  because  the 

two  equations,  0  =  0  and  •—-  =  0,  in  general  give  -unique  values  for 

act 

the  ratios  dx:dy: dz. 

At  any  point  on  a  characteristic  of  0  =  0,  the  curve  is  touched 
by  the  tangent  plane  there :  it  is  also  touched  there  by  the  tangent 
plane  at  that  point  to  the  consecutive  surface,  because  it  lies  on 
that  surface.  Hence  the  tangent  line  to  the  characteristic  is  the 
intersection  of  the  tangent  planes  to  two  consecutive  surfaces 
through  the  point,  that  is,  it  coincides  with  the  generator  of  the 
cone  T  along  which  the  cone  touches  the  tangent  plane  to  0  =  0. 
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The  general  integral  touches  the  surface  0  =  0  along  the 
characteristic.  On  the  surface  0  =  0,  the  tangent  to  the  surface 
is  determined  by  the  values  of  p  and  q  which  are  given  by 

90  80  „  80  .  80  A 
^  +  P^  =  0,  -^  +  q^  =  0. 
dx  ^  dz  ty  oz 

At  that  point  on  the  general  integral,  the  value  of  a  is  given,  in 

terms  of  x  v  z,  bv  -^  =  0  :  when  this  value  of  a  is  substituted 

J   da 

in  0  =  0,  the  values  of  p  and  q  determining  the  tangent  plane 
to  the  general  integral  at  the  point  are  given  by 

90         80     dd>  da  80         90     dd>  da 

^r+p^r  +  ~r1  j-  =  0,     ~r  +  q-*r  +  ^-  j-  =  0, 
9#      r  dz      da  ax  oy      *  oz      da  ay 

that  is,  they  are  the  same  as  for  the  tangent  plane  to  0  =  0, 
because  ~  =  0.     As  the  tangent  planes  are  the  same  at  every 

point,  the  general  integral  touches  the  surface  0  =  0  everywhere 
along  the  characteristic. 

Further,  if  two  integral  surfaces  touch  at  a  point,  they  touch 
everywhere  along  the  characteristic  through  the  point  :  for  each 
of  them  touches  the  general  integral  everywhere  along  the 
characteristic. 

Again,  general  integrals  arising  from  the  assumption  of 
different  forms  of  arbitrary  function  represent  different  surfaces, 
being  the  loci  of  the  characteristics:  it  is  natural  to  enquire 
whether  two  different  surfaces  representing  general  integrals  have 
any  characteristics  in  common.  It  is  obvious  that  the  equations 

*0r,y,*,a,&)  =  0f     b=g(a),          +       /(a)  =  0, 


will  represent  the  same  curve  on  the  two  different  surfaces  for 
each  value  of  a,  which  satisfies  the  relations 

g(a)  =  h  (a),    g'  (a)  =  h'  (a)  ; 

and  that,  if  there  are  m  such  values  of  a,  the  two  surfaces  will 
have  m  characteristics  in  common. 

Now  pass  to  the  limit  when  these  m  characteristics  coincide  : 
F.  v.  15 
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then  the  common  value  of  a  is  a  root  of  multiple  order  in  +  1  of 
the  equation 

g(a)  =  h  (a), 
so  that  we  have 


Then  along  this  common  characteristic  the  two  surfaces  repre- 
senting the  general  integral  have  contact  of  order  m.  The 
derivatives  of  z,  up  to  and  including  those  of  order  m,  belonging 
to  the  surface 


involve  derivatives  of  g(a)  of  order  not  higher  than  m;  and 
similarly  for  the  derivatives  of  z,  given  by 

r)fi\         r)rf\ 

<f>  (x,  y,  z,  a,  c)  =  0,     c  =  h  (a),     ^  +  ^  h'  (a)  =  0, 

derivatives  of  h  (a)  of  order  not  higher  than  m  occur.  Owing  to 
the  relations  between  g(a)  and  h(a),  the  derivatives  of  z  at  a 
common  point  are  the  same  for  the  two  surfaces  up  to  order  m  ; 
and  therefore  the  two  surfaces  have  contact  of  order  m  along  the 
characteristic. 

It  is  an  immediate  corollary  that,  if  two  integral  surfaces  have 
contact  of  order  m  at  any  point,  they  have  contact  of  that  order 
along  the  whole  characteristic  through  the  point. 

Ex.  1.  These  properties  are  used  by  Darboux  to  determine  the  integral 
surface  or  surfaces  which  pass  through  any  given  curve  K. 

We  may  assume  that  K  does  not  lie  on  the  singular  integral,  if  any: 
otherwise,  a  single  surface  is  at  once  given  ;  and  other  surfaces  will  occur 
among  those  which  represent  complete  integrals  or  general  integrals. 

We  may  also  assume  that  K  does  not  lie  on  a  complete  integral  :  otherwise, 
a  single  surface  is  at  once  given  ;  and,  if  K  be  a  characteristic,  an  infinitude 
of  surfaces  satisfies  the  required  condition. 

Accordingly,  take  any  point  P  on  the  curve  K  and  draw  the  tangent  PQ 
to  the  curve  at  the  point  P  :  through  the  line  PQ  draw  a  plane  to  touch  the 
cone  T  associated  with  the  point.  Then,  for  the  point,  we  have  values  of 
x,  y,  z,  p,  q,  the  two  latter  being  given  by  the  tangent  plane  :  by  means 
of  the  integrals  of  the  equations  of  the  characteristics,  we  construct  the 
complete  integral  having  these  for  initial  values.  This  complete  integral 
touches  the  curve  K  at  the  point  P.  Through  this  point  P  draw  the  charac- 
teristic on  the  complete  integral  ;  it  touches  the  curve  K  at  the  point. 


92.]  DEVELOPABLE  227 

Xow  let  P  travel  along  the  curve :  for  each  successive  position,  we  have 
a  characteristic ;  the  locus  of  these  characteristics  is  the  integral  surface 
required,  and  (being  such  a  locus)  it  is  a  general  integral.  It  can  also  be 
obtained  as  the  envelope  of  the  complete  integrals  touching  K. 

If  only  a  single  tangent  plane  can  be  drawn  through  PQ  to  the  cone  T, 
the  general  integral  thus  obtained  constitutes  the  whole  of  the  surface 
required.  If  several  tangent  planes  can  be  drawn,  the  general  integral 
consists  of  a  corresponding  number  of  sheets. 

Ex.  2.  Shew  that,  if  the  curve  K  lies  on  a  surface  representing  a  complete 
integral  though  it  is  not  a  characteristic  on  that  surface,  no  other  integral 
surface  can  be  drawn  through  K. 

(Darboux.) 

93.  It  is  convenient  to  consider  the  developable  surface 
circumscribed  to  an  integral  surface  along  a  characteristic :  it  is 
called  the  characteristic  developable. 

To  obtain  the  simplest  properties,  consider  less  particularly 
any  two  surfaces  S  and  S':  let  a  plane  touch  them  in  A  and  A' 
respectively ;  then  the  developable  surface  circumscribed  to  S  and 
S'  is  the  envelope  of  such  planes.  A  generator  of  the  developable 
is  the  intersection  of  two  consecutive  planes:  hence  A  A'  is  a 
generator,  because  a  plane,  consecutive  to  the  supposed  plane, 
touches  S  in  A  and  S'  in  A. 

Take  a  plane  P  and,  in  that  plane,  the  curve  C  which  is  the 
locus  of  its  points  of  contact  with  integral  surfaces.  Suppose  that 
the  two  preceding  surfaces  S  and  S'  touch  the  plane,  and  let  their 
points  of  contact  be  Q  and  Q',  being  points  on  (7;  then  QQ'  is  a 
generator  of  the  developable  circumscribed  to  S  and  S'.  Now  let 
S  and  S'  be  consecutive  surfaces :  the  circumscribed  developable 
becomes  the  characteristic  developable  circumscribed  along  the 
characteristic  which  is  the  ultimate  intersection  of  S  and  S':  the 
points  Q  and  Q'  coincide,  and  the  line  QQ'  becomes  the  tangent  to 
C.  Hence  the  generator  of  the  characteristic  developable  through 
a  point  on  the  characteristic  is  the  tangent  to  C  at  that  point. 

Moreover,  the  cone  T,  being  the  envelope  of  the  tangent 
planes  at  the  point  to  all  the  integral  surfaces  through  the  point, 
touches  P  at  the  point :  the  generator  along  which  it  touches  P 
is,  as  seen  above,  the  tangent  to  the  characteristic  line. 

Take  the  characteristic,  being  the  intersection  of  two  con- 
secutive surfaces,  and  draw  the  tangent  planes  along  it :  the 
envelope  of  these  is  the  characteristic  developable,  and  the 

15—2 
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generator  of  this  developable  at  any  point  is  the  tangent  there 
to  the  curve  G.  Accordingly,  at  any  point  on  the  characteristic 
line,  draw  the  tangent  :  construct  the  plane  which  touches  the 
cone  T  along  this  tangent  :  in  this  plane,  obtain  the  curve  C  :  the 
tangent  to  C  at  the  point  is  the  generator  of  the  characteristic 
developable  through  the  point,  being  the  intersection  of  two  con- 
secutive tangent  planes  to  the  surface  along  the  characteristic. 

94.  On  the  basis  of  these  geometrical  properties  we  can 
obtain  the  differential  equations  of  the  characteristics  :  these  will, 
of  course,  be  a  set  of  ordinary  equations,  because  each  characteristic 
is  a  curve  and  therefore  admits  of  only  one  independent  variable. 

The  tangent  line  to  the  characteristic  at  any  point  x,  y,  z,  is 
the  generator  of  the  cone  T  lying  in  the  tangent  plane;  the 
equations  of  this  generator  were  obtained  (§  91)  in  the  form 

x'  —  x     y  —  y         z'  —  z 
~    ~\V  +  qV' 

dp  dq  dp      ^  dq 

and  therefore  the  direction  of  the  tangent  to  the  characteristic 
satisfies  the  equations 

dx  _  dy  _         dz          _  , 

w=w=~    w~ 

_±L  rn   -J-     _|_    Q   ^L 

"dp      dq      r  dp      *  dq 
say.     Next,  the  curve  C  in  the  plane 

/  -  z  =  p  (x'  -  x)  +  q  (y  '  -  y) 

satisfies  the  equation  - 

f(x',  y,  z,  p,  q)  =  0, 

where  p  and  q  define  the  plane  :  hence  the  tangent  to  C  at  the 
point  is  given  by 


so  that 


This  direction  is  to  be  the  same  as  the  intersection  of  the  tangent 
plane  at  the  point  with  the  tangent  plane  at  a  consecutive  point 
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on   the   characteristic:    at   this   consecutive   point,   the   tangent 
plane  is 

/  -  (z  +  dz)  =  (p  +  dp)  [x  -  (x  +  dx)}  +  (q  +  dq)  [y  -  (y  +  dy)}, 
and  therefore,  along  the  intersection,  we  have 

—  dz  =  (x'  —  x)  dp  —pdx  +  (y  —  y)  dq  —  q  dy. 
But,  along  the  characteristic, 

dz  =  pdx  +  qdy; 
and  therefore 

(x'-x)dp  +  (i/-y)dq  =  0, 
that  is, 

Sxdp  +  Bydq  =  0. 
Hence 


—  —       —  +  Q  — 

dx     r  dz     dy         dz 

say.     Also,  the  variations  along  the  characteristic  must  be  subject 
to  the  equation 

f(x,  y,  z,  p,  q)  =  0, 
and  therefore 


. 
Cx  dy    '       dz  dp   l       dq 

Substituting,  we  find 

du  +  dv  =  0  ; 

consequently,  the  equations  of  the  characteristic  are 
dx  _  dy  _         dz         _  _  dp  __  _  dq 


jr         -     -- 

dp      dq      r  dp      *  dq          \da;     ^dzj          \dy      *  dz 

But  these  are  the  equations  which  occur  in  Cauchy's  method  of 
integration,  whether  in  its  original  form  or  in  Darboux's  presenta- 
tion :  accordingly,  it  is  usually  described  as  the  method  of  charac- 
teristics. 

The  integration  of  these  equations  gives  an  integrated  form  of 
the  equations  of  the  characteristic,  coupled  with  the  assignment  of 
initial  values  satisfying 

f(x,y,z,p,q)  =  Q,     dz=pdx  +  qdy; 
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these  initial  values  are  regarded  as  functions  of  a  variable  u: 
when  this  variable  is  eliminated  between  the  equations 

y  =  y(x,  x0,  y0,  z0,  p0,  q0)} 
z  =  z  (x,  x0,  y0,  ZQ,  p0,  q0)\  ' 

the  result  is  a  single  equation  representing  a  surface  which, 
whether  the  integral  be  general  or  be  complete,  is  a  locus  of 
characteristics. 

Ex.     Denoting  any  integral  of  the  partial  equation 

f(x,y,*,p,  ?)=o 

by  z,  the  derivatives  of  x,  y,  z,  with  respect  to  a  variable  t  by  xf,  y',  z1,  and  any 
arbitrary  function  of  t  by  T,  verify  that  the  conditions,  necessary  and 
sufficient  to  secure  a  stationary  (zero)  value  for  the  integral 


T  (px'  +  qy'  —  z'}  dt, 

I 

are  the  equations  of  the  characteristics  of  the  partial  differential  equation. 
Apply  this  method  to  deduce  the  condition  that  two  equations 

may  possess  a  common  integral.  (Hilbert.) 

95.  In  the  preceding  investigation  of  the  equations  of  the 
characteristics,  they  have  been  associated  analytically  with  the 
original  partial  differential  equation :  it  is  desirable  to  associate 
them  also  with  the  integral  of  the  differential  equation. 

The  differential  equation  f(x,  y,  z,  p,  q)  =  0  is  the  result  of 
eliminating  a  and  b  between  the  equations 

<£  =  </>  (x,  y,  z,  a,  b)  =  0 

<f>i  =  x h  T>  x-  =0 


and/=0  is  the  only  equation  which  results  from  that  elimination. 
The  only  independent  relations,  that  connect  differential  elements 
dx,  dy,  dz,  dp,  dq,  are 

d$  =  0,     dfa  =  0,     d<f>2  =  0 ; 

and  df=Q  is  a  relation  connecting  these  differential  elements : 
hence  quantities  X,  /u,,  p,  free  from  differential  elements,  must  exist 
such  that  the  relation 

df—  \d(J> 
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is  satisfied*,  and  therefore  we  have 


because/,  <f>,  <f>l,  fa  vanish  together. 

As  a  and  b  do  not  occur  in/  and  do  occur  in  <f>,  fa,  fa,  we  have 


parts  such  as<f>^  —  h  <f>,  ^f-  +  <f>0  ^  vanishing,  because  of  the  integral 
^  9a          da          da 

equations  under  consideration.     Moreover,  p  occurs  in  fa,  but  not 
in  <f>  or  fa  :  and  q  occurs  in  fa,  but  not  in  <f>  or  fa  ;  hence 

§£-J*       ^  =  0^ 

dp~^dz'  dq      Pdz' 

Again, 

5 

+  P 


fad*' 


hence 

9/        9/ 


9/        9/         /a2<6          92<i>          92<^>  92<f> 

-  ~  =        --          -  - 


92<f>\ 

^ 

92r2/ 


-i  +  2?  5-      + 
9y2        a  9y9^ 

Now  the  integral  equations  of  the  characteristics  are 
<f>  =  <f>(x,  y,  z,  a,  b)  =  0,     b  =  g  (a), 

*-£+*£     =°-  4'^'<«)- 

*  The  equation 

f=*<f>  +  t*<t>l  +  P<t>2 

can  also  be  obtained  by  the  ordinary  theory  of  elimination. 


,  ,  2     7  , 

I*    --  +  0  -^T-+/3^~"  +  "  ~a 
9a          9c>  /         V  9a          96 
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We  have,  from  foregoing  equations, 

,,  d<f>\         /90,     I/90A  ,   n  /<tya  ,  i/9</>2 

4-  P  -^f-   +  AM  -£-  +  0  -^r   +  P  \  "a  —  ""  °  3T 

36/         \da          do/      r  \da 

and  therefore,  along  any  characteristic, 


that  is, 


But  as  >/r  =  0  permanently  along  the  characteristics,  we  have 


that  is, 


and  therefore 

da?     c?v 
—  =  -^  =  w, 

P-        P 

say,  where  c&c  and  dy  are  elements  of  a  characteristic.     Conse- 
quently, 


because  the  relation  ^  =  /~+P^  =  ^  is  satisfied  in  connection 

ox         oz 

with  our  equations;   and  similarly 

df\  =  _d$d 
$y      q  dz)          dz 
Also 

dp      dz  dq      dz 
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Hence,  gathering  together  the  various  results,  we  have 
d  x     d  c?  rf  d 


_     _     _ 

~T?      df\       r?~   a/ 

\dx+Pdz)      ~\+qd* 


These  equations  are  satisfied  along  the  characteristics;  and  they 
have  been  derived  from  the  integral  equations. 

Ex.    As  an  illustration  of  the  elimination  process,  consider  the  equation 

0 =2  -  ojr2  —  by-  —  ab=0 : 
then 

and  so 

Now  it  is  easy  to  verify  that 


=z— ax* -by*  —  ab  —  £(-  +  x  \  (p  — 


identically  :  and  therefore 


Thus 


which  are  satisfied  in  virtue  of  the  equations  <£i=0,  02=0:  these,  together 
with  0=0,  lead  to/=0. 

96.     In  these  discussions  the  surface,  which  is  connected  with 
a  complete  integral,  has  been  given  by  a  single  equation 

<f>  (x,  y,  z,  a,  6)  =  0. 

In  the  general  theory  of  surfaces,  it  often  is  convenient  to  have 
a  parametric  representation,  whereby  x,  y,  z  are  expressed  in  terms 
of  two  independent  parameters  :  when  this  mode  is  adopted  for  the 
representation  of  the  complete  integral,  we  should  have  equations 
of  the  type 

x  =  h  (u,  v,  a,  b),    y  =  k  (u,  v,  a,  6),     z  =  I  (u,  v,  a,  6). 
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The  single  equation  of  the  complete  surface  would  be  obtained  by 
the  elimination  of  u  and  v  between  these  three  equations  ;  hence, 

taking 

$  (x,  y,  z,  a,b}  =  a(x-  /?,)  +  j3  (y  -  k)  +  7  (z  -  l\ 
we  have 


dh      Qdk         dl 

0  =  a?r  +  /3^  +  y^r 

du        du        ou 

dh      Odk         dl 
O^a^-  +p^~  +  7~- 

dv         dv         ov 

df>_    dh        djc         dl^ 

~: 


d6        dh      ndk         dl 

-db  =  adb  +  /3db  +  7db 

The  characteristic  is  given  by 


k  .  ,       u    _  o 

7      +    b  ~ 


Accordingly,  the  equations  of  the  characteristic  are 
x  —  h,     y  =  k,     z  =  1 
b=f(a) 


the  form  earlier  considered  would  be  given  by  the  elimination  of 
u,  v,  b  among  these  five  equations. 
As  regards  p  and  q,  we  have. 

dz  =  pdx  +  qdy 
for  all  variations ;  hence  p  and  q  are  given  by  the  equations 

dl  _     dh        dk' 
du        du        < 

dl         dh         i 
The  differential  equation 
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results  from  the  elimination  of  u,  v,  a,  b  between  these  two  equations 

and 

x  =  h,     y  =  k,     z=l. 
Taking 


dh        dk      dl\       „(    dh        dk     dl 

^  +  q^-^)+E(p^r  +  q^-- 
du      *du      duJ  V  dv      *  dv 

and  noting  the  explicit  occurrences  of  variables,  as  well   as  the 
disappearances  of  parameters  and  constants,  we  have 

V-A     V-B     V-C 

to     A>      8y         '      dz~ 
df       T)  oh  ,    j?  dh 

o  —  =  •*•'  o  --  1"  -"  "o~  > 

dp          ou  dv 

V     ndk  +  Fdk* 

^-  =  1>  ^—  4-  A  5-  , 
dq  ou  fft 

.dh       vdk       n  ol       n  /    &h         &k      &l\ 
0  =  -  -4  ~  --  B  =  --  C  »-  +  D  (p^,  +  q^-z-z-» 
du          du          du  \    du?      *  du2      du*/ 


.dh       vdk       ndl       .  /     &h  d*k       3*1  \ 

=  -A=--  B  -  --  C  =-+  D  (p^-^  +9^-5-  -5-57 
dv  dv  dv  \    dudv      *  dudv     dudv/ 


d*k 


dh       ^dk       ndl       n  /      32A  o~k        d*l  \ 

-  --  B  -  --  C  5-  +D  (p^^-  +  q^^^-^^- 
da          da          da          \    cuctt         duoa     duca 


(     8»A 
^  \    dvda 


k        d*l  \ 


dvda        dvda     dvda    ' 


dh  dk  dl 


.  n 

A  b       '  °        +        P 


db  '      86  \    dudb        dudb  ~  dudb 

„/    &h       &k     m  \ 

"(Pdvdb+q  dvdb      dvdb)' 

The  last  four  equations  determine  the  ratios  A  :B:C:D:E,     The 
equations  of  the  characteristic,  being 

dx  __  di/  __          dp         _         dq 

VdA  +  E  -  '  "  D*-  +  E  -  ""  ~(  = 

du  dv          du          dv 

dz 
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,     df    df    df    df    a/- 
on substituting  for  ~ ,  ~ ,  f- ,  ^- ,  £- ,  take  the  simple  form 
dx    dy    dz    dp    dq 

du  _dv  _         dp  dq 


D     E     -(A+pC)     -(B 

when  the  values  of  x,  y,  z  are  inserted.  While  these  are  the 
general  equations  of  the  characteristic,  it  is  clear  that  the  direction 
of  the  characteristic  at  any  point  on  the  surface  is  given  by 

du  _  dv 
D  =  ^' 

where  the  quantity  D :  E  is  given  by  the  preceding  equations  and 
where  the  magnitudes  p  and  q,  which  occur  in  that  quantity,  are 

p          q  i 

8  (I,  k)      d  (h,  I)      8  (h,  k) ' 
d  (u,  v)      d  (u,  v)      d  (u,  v) 


EDGE  OF  REGRESSION:  INTEGRAL  CURVES. 
97.     Returning  now  to  a  complete  integral  surface 

cf>  (x,  y,  z,  a,  b)  =  0, 
we  have  the  characteristics  given  by 


As  has  been  seen,  these  equations  represent  the  general  integral 
surface  when  a  and  b  are  eliminated,  this  surface  being  the  locus 
of  the  characteristics.  When  a  and  b  are  not  eliminated,  the 
equations  represent  the  characteristics  which  lie  on  this  general 
integral  surface. 

Now  take  a  characteristic  on  the  general  integral  determined 
by  a  value  a,  and  a  neighbouring  characteristic  determined  by 
a  value  a  +  8a,  where  Sa  is  infinitesimal  :  the  equations  of  the 
former  are 

*-<>.    35-  <>• 


=    , 
da  da      da- 
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keeping  Sa  sufficiently  small:  hence  the  ultimate  intersection  of 
two  consecutive  characteristics  is  given  by 


The  three  equations  determine  the  point  of  intersection,  giving  its 
coordinates  as  functions  of  a.  When  a  is  eliminated  between  the 
three  equations,  the  two  resulting  equations  give  a  curve,  which  is 
the  locus  of  the  ultimate  intersections  of  the  characteristics.  This 
curve  lies  on  the  surface 

*-0,    £-0, 
da 

which  represents  the  general  integral  ;  on  the  analogy  of  develop- 
able surfaces,  Monge  called*  it  the  edge  of  regression  of  the  general 
integral  surface. 

This  locus  may  be  regarded  as  the  envelope  of  the  characteristics 
on  the  general  integral  :  for  it  touches  a  characteristic  at  its  point 
of  ultimate  intersection  with  its  neighbour.  To  verify  this  state- 
ment, we  note  that  the  curve  passes  through  the  point  :  for  it  is 
the  locus  of  such  points.  Further,  to  obtain  its  tangent  at  the 
point,  we  assume  that,  for  it,  a  is  determined  as  a  function  of 
x,  y,  z  by  means  of  the  equation 


and  that  the  value  of  a  is  substituted  in  the  other  two  equations  : 
the  values  of  dx  :  dy  :  dz,  derived  from  them,  are  then  given  by 

<ty  +  ^da  =  0,     d^  +  ^da=0, 
da  da      daz 

where 


and  so  for  the  others  :  that  is,  the  values  are  given  by 


which  are  the  equations  determining  the  ratios  da:  :  dy  :  dz  for  the 
characteristic  at  the  point:  hence  the  two  curves  touch  at  the 
point.  Thus  all  the  characteristics  on  the  general  integral  touch 
the  edge  of  regression. 

*  Application  de  V  Analyse  a  la  Geomftrie,  %  vi  :  the  last  edition  was  edited  by 
Lioaville  in  1850. 
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Ex.     The  simplest  example  of  all  arises  when  the  complete  integral  is  a 

double  family  of  planes 

(a,  b). 


The  general  integral  is  of  the  form 


being  a  developable  surface,  for  it  is  the  envelope  of  a  plane  whose  equation 
contains  one  parameter.  The  characteristics  are  the  generators:  they  are 
the  intersections  of  consecutive  planes,  and  each  is  the  curve  of  contact  of  a 
plane  with  the  general  integral.  The  envelope  of  the  generators  is  the  edge 
of  regression  of  the  developable  surface. 

98.  We  have  seen  that  the  tangent  to  the  characteristic  at 
any  point  P  is  a  generator  of  the  cone  T  associated  with  P]  hence, 
as  the  equation  of  this  cone  is 

F  (x,  y,  z, 
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P  being  the  point  x,  y,  z,  the  tangents  to  the  characteristic,  and 
therefore  the  characteristic  itself  at  the  point,  satisfy  the  equation 

dz    i 


Curves  satisfying  this  equation  are  called  integral  curves. 

It  is  clear  that  characteristics  are  included  among  these  integral 
curves:  it  is  equally  clear  that  they  are  not  the  most  general 
integral  curves,  because  F  =  0  is  only  a  single  equation  involving 
two  unknown  quantities  and  one  of  these  can  be  assumed  arbi- 
trarily, the  equation  then  determining  the  other.  Properties 
sufficient  to  distinguish  characteristics  among  integral  curves  have 
already  (§§  92,  93)  been  given. 

The  edge  of  regression  of  the  general  integral  is  easily  seen  to 
be  an  integral  curve :  for,  at  any  point  on  it,  the  tangent  is  the 
same  as  that  of  the  characteristic  which  touches  it  there.  The 
latter  at  the  point  satisfies  F  =  Q:  hence,  also,  the  equations  of  the 
edge  of  regression  satisfy  F=0. 

Conversely,  every  integral  curve  can  be  obtained  as  an  edge  of 
regression.  Owing  to  the  equation,  the  tangents  to  the  integral 
curves  through  the  point  are  the  generators  of  the  cone  associated 
with  the  point.  Taking  any  integral  curve,  its  tangent  is  a 
generator  of  the  cone,  and  the  direction  of  the  generator  deter- 
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mines  a  characteristic  through  the  point,  which  characteristic 
accordingly  touches  the  integral  curve  at  the  point:  moreover, 
it  is  the  only  characteristic  which  can  be  drawn  through  the  point. 
Now  it  has  been  proved  (Ex.  1,  §  92)  that  a  general  integral 
passing  through  a  curve  is  generated  as  the  locus  of  the  character- 
istics drawn  through  the  points  of  the  curve  :  and  the  result  is  not 
affected  by  the  angle  of  intersection  between  the  curve  and  the 
characteristic.  Hence  in  the  present  case,  taking  the  aggregate  of 
the  characteristics  tangent  to  the  integral  curve,  we  have  a  general 
integral  surface:  on  that  surface,  the  integral  curve  is  the  envelope 
of  the  characteristics  and  therefore  is  an  edge  of  regression. 

Hence  we  may  take 


,  ,  , 

da  da* 

as  the  comprehensive  integral  curve  satisfying  the  equation  F  =  Q. 

The  contact  relations  of  the  various  integral  surfaces  with  one 
another  will  be  discussed  later:  it  is  worth  noting  the  contact 
relations  of  these  integral  curves  with  the  surface  <£  =  0. 

At  a  point  along  the  integral  curve  determined  by  the  relations 


-,          -, 
da 

we  have 

d+  +  Qda 

da 

jdd)     d*d>  . 

d-^+-r-^da 

da      aa2 

that  is, 

d<t>  =  0,     d^ 
da 

Again,  because  d<f>  =  0,  we  have 


that  is, 

dty  +  (d  ^}  da  =  0, 
V    daj 

and  therefore 

dty  =  0. 

Consequently,  along  the  integral  curve,  we  have 
0=0,     d<f>  =  0,     &$  =  0  : 
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shewing  that  the  integral  surface  <£  =  0  is  cut  in  three  consecutive 
points  by  the  integral  curve.  Thus  the  edge  of  regression  of  the 
general  integral  has  contact  of  the  second  order  with  the  complete 
integral  surface  from  which  it  originates. 

The  edge  of  regression  of  a  general  integral  is  given  by  the 
equations 


-'     da       >    da* 

the  quantity  b  is  any  function  of  a,  and  the  equations  involve 
b',  b",  the  first  and  the  second  derivatives  of  b.  As  there  thus 
arises  a  curve  associated  with  any  assumed  function,  there  thus 
will  arise  an  infinitude  of  such  curves  associated  with  all  forms 
of  the  function. 

Let  those  curves  among  this  infinitude  be  selected  which  are 
such  that 


that  such  curves  do,  in  general,  exist  can  be  seen  as  follows.  For 
variations  along  any  edge  of  regression,  the  ratios  dx  :  dy  :  dz 
satisfy  the  equations 

dd>  +  -j-da  =  0, 
da 


- 
da 


hence,  if  the  edge  of  regression  be  such  that 


its  direction  at  the  point  is  given  by 


,  ,  . 

da  da2 

Between  these  three  equations  and  the  equations 


,  ,  , 

da  da2 

we  eliminate  a,  6,  b',  b",  and  we  have  two  resulting  equations 
involving  dx  :  dy  :  dz.     The  two  differential  equations  (which  will 
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be  algebraical  in  form  when  $  is  algebraical)  define  curves:  so  that 
curves  of  the  specified  type  do  exist  in  general.  Further,  along 
such  a  curve  x,  y,  z,  dx  :  dy  :  dz  are  expressible  in  terms  of  a  para- 
metric variable,  say  t  :  hence  at  the  point,  the  foregoing  equations, 
when  resolved,  will  express  both  a  and  b  in  terms  of  t  and  so,  on 
the  elimination  of  t  between  the  expressions,  will  give  b  in  terms 
of  a. 

To  find  the  order  of  contact  of  this  curve  with  the  integral 
surface  from  which  it  originates,  we  proceed  as  before.  Along  the 
curve,  we  have 

<ty  =  0,     d^  =  0,    d^  =  0. 
da  da- 

Also,  since  d$  =  0,  we  have 

d  (d<f>)  =  0, 
that  is, 


and  therefore 

<£</>  =  0. 

And,  since  d  ~r~  =  0,  we  have 
da 


that  is, 
so  that 


-. 

da 
And,  since  d*<[>  =  0,  we  have 

d  (dz<j>)  =  0, 
that  is, 


so  that 

d3<f>  =  0. 

Hence  along  the  curve  in  question,  we  have 


at  the  point  :  consequently,  the  curve  in  question  meets  the 
integral  surface  in  four  consecutive  points  :  that  is,  the  curve  has 
contact  of  the  third  order  with  the  surface. 

F.  v.  16 
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Ex.  1.  The  equation  of  a  sphere,  that  is  absolutely  unrestricted,  contains 
four  arbitrary  independent  constants :  hence,  when  it  is  made  subject  to  two 
independent  conditions,  the  equation  will  contain  two  arbitrary  constants 
and  may  be  regarded  as  giving  the  complete  integral  of  some  partial  diffe- 
rential equation. 

To  obtain  a  general  integral,  we  select  a  family  of  these  spheres  and 
construct  their  envelope.  The  characteristics,  being  the  intersections  of 
consecutive  spheres,  are  circles:  each  sphere  touches  the  envelope  surface 
along  a  circle.  The  edge  of  regression  on  the  envelope  surface,  which  is  the 
general  integral,  is  itself  the  envelope  of  the  characteristic  circles;  and  the 
earlier  investigation  shewed  that,  where  the  sphere  meets  this  edge  of 
regression,  it  meets  the  edge  in  three  consecutive  points. 

But  there  is  one  general  integral  for  which  the  contact  is  closer.  By  an 
appropriate  choice  of  a  functional  relation  between  the  two  constants  in  the 
complete  integral,  we  obtain  the  envelope  of  one  selected  family  of  spheres  : 
each  sphere,  where  it  meets  the  edge  of  regression  on  this  envelope  surface, 
meets  it  in  four  consecutive  points,  and  therefore  is  its  osculating  sphere. 
The  characteristics  are  the  circles  which  are  the  intersections  of  consecutive 
spheres :  hence,  for  this  general  integral,  they  are  the  osculating  circles  of  the 
edge  of  regression. 

Ex.  2.  As  a  particular  instance  of  the  last  example,  construct  the  various 
equations  of  the  complete  integral,  the  general  integral,  and  the  selected 
general  integral,  when  the  edge  of  regression  is  a  regular  helix ;  and  obtain 
the  partial  differential  equation  satisfied  by  the  integrals. 

Ex.  3.  In  the  explanations  in  the  general  theory,  all  the  surfaces  and 
curves  concerned  are  unrestricted  in  properties ;  it  has  been  assumed  that 
the  various  contacts  are  possible. 

Consider,  in  particular,  a  plane.  Its  equation  involves  three  independent 
constants  when  completely  unrestricted :  if  the  plane  be  subject  to  one 
condition,  two  independent  constants  will  remain  in  the  equation,  which  then 
can  be  regarded  as  giving  the  complete  integral  of  a  partial  differential 
equation.  To  obtain  a  general  integral,  we  make  one  of  the  constants  an 
arbitrary  function  of  the  other  and  proceed  to  obtain  the  envelope  of  the 
planes  so  selected.  As  their  equation  involves  one  arbitrary  parameter,  this 
envelope  is  a  developable  surface:  the  characteristics  are  the  generators, 
being  the  intersections  of  consecutive  planes ;  and  each  plane  osculates  the 
edge  of  regression  of  the  surface. 

But  it  is  not  possible  to  select  a  general  integral  so  as  to  have  closer 
contact  between  the  plane  and  its  edge  of  regression :  because  not  more  than 
three  consecutive  points  of  a  curve  can  lie  in  a  plane,  unless  at  a  singular 
point,  or  unless  the  curve  be  a  plane  curve. 

In  this  case,  the  selected  general  integral  of  §  98  does  not  occur. 

99.  In  discussing  the  selected  general  integral,  and  its  edge 
of  regression  with  which  a  complete  integral  has  triple  contact, 
the  complete  integral  is  supposed  known ;  and  the  equations  of  the 
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Discuss  also  the  integrals  of  the  equation  which  has 


for  its  complete  primitive. 

Ex.  3.  It  has  been  proved  that  every  integral  curve  (§  98)  can  be 
represented  as  an  edge  of  regression  of  a  general  integral  :  it  has  also  been 
proved  that  an  integral  surface  touching  an  edge  of  regression  has  contact  of 
the  second  order:  hence  every  integral  curve,  touching  an  integral  surface, 
has  contact  of  the  second  order  with  that  surface. 

Verify  this  proposition  directly  from  the  equations. 

(Lie.) 

LIE'S  CLASSIFICATION  OF  EQUATIONS. 

100.  In  the  discussion  of  the  characteristics,  regard  has  been 
paid  chiefly  to  their  association  with  the  surface  represented  by 
the  general  integral  :  but  they  can  be  considered  also  in  their 
association  with  the  surface  represented  by  the  complete  integral. 
It  is  in  this  connection  that  Lie  has  considered  them*,  in 
particular,  classifying  partial  differential  equations  according  to 
the  nature  of  the  characteristics  as  curves  upon  the  complete 
integral  surface.  Some  of  his  results  can  be  obtained  very 
simply  as  follows. 

Among  the  various  curves  that  can  be  drawn  upon  a  surface, 
three  of  the  most  important  classes  are  asymptotic  lines  (being 
the  lines  touched  by  the  principal  tangents  of  the  surface  at 
successive  points),  lines  of  curvature,  and  geodesies  ;  and,  accord- 
ingly, Lie  investigates  those  partial  differential  equations  of  the 
first  order,  the  surface  integrals  of  which  have  characteristics 
belonging  to  one  of  these  three  classes  of  curves  upon  the  surface. 

(i)  The  directions  of  the  asymptotic  lines  upon  a  surface  at 
any  point,  being  the  directions  of  the  principal  tangents  at  the 
point,  are  given  by 

pdx  +  qdy  =  dz, 

rdx2+2sda;dy  +  tdy*  =  0, 
in  the  usual  notation  :  as 

dp  =  rdx  +  sdy,     dq  =  sdx  +  tdy, 

the  latter  equation  is 

dpdx  +  dqdy  =  0. 

*  Math.  Ann.  t.  v  (1872),  pp.  188—200. 
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If  these  are  the  characteristics  of  the  surface  integral  of  an 
equation 

f(x,  y,  z,  p,  q)  =  0, 

they  must  accord  with  the  ordinary  differential  equations  of  the 
characteristics  (§  94).  Hence 

\  9/      fif        3/\  9/ 

la+a+tfaTa^0; 
j  dp      \dy      a  dzj  dq 

and  this  condition  is  sufficient,  as  well  as  necessary,  to  secure  the 
property.  Accordingly,  any  function  f,  which  satisfies  this  con- 
dition, will  lead  to  a  differential  equation  possessing  the  property 
that  the  characteristics  are  asymptotic  lines  upon  the  integral 
surface. 

Ex.     Verify  that  a  complete  integral  of  the  foregoing  equation,  which 
must  be  satisfied  by  /,  is 

/=  ax  +  by  -      -      z  +g  (cp  +  q)  +  h, 


where  a,  b,  c,  g,  h  are  arbitrary  constants:  obtain  other  integrals  of  that 
equation:  and  discuss  the  surface  integrals  of  the  equation  /=0  for  the 
respective  forms  of  /. 

(ii)     The  directions  of  the  lines  of  curvature  at  any  point  of  a 
surface  are  given  by 

pdx  +  qdy  =  dz, 

(dx  +pdz)  dq  =  (dy  +  q  dz)  dp. 

If  these  are  the  characteristics  of  the  surface  integral  of  an 
equation 

f(x,y,z,p,q)  =  0, 

they  must  accord  with  the  ordinary  differential  equations  of  the 
characteristics  ;  hence  (§  94) 

/'9/         ¥\  |3/         /    d/         3A) 

^  +  y^-)\^-+p\p^-  +  <i^-)t 

\dy      a  dzj  (dp         \    dp      *  dqj) 
(¥   '     3/ 

==-- 

that  is, 


3//    df        df\ 

+      P     --  =°j 
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and  this  condition  is  sufficient,  as  well  as  necessary,  to  secure  the 
property.  Accordingly,  any  function  /,  which  satisfies  this  con- 
dition, will  lead  to  a  differential  equation  possessing  the  property 
that  the  characteristics  are  lines  of  curvature  upon  the  integral 
surface. 

(iii)  The  determination  of  equations  such  that  the  integral 
surfaces  have  geodesies  for  their  characteristics  is,  at  first  sight,  a 
problem  leading  to  equations  of  the  second  order.  Geodesies  are 
given  by  the  equations 

1  d?x__\  ^/__^£. 
pdi?~~q  d&~~d&' 
and  these  can  be  replaced  by  the  equations 

dz  _     dx        dy 
di=PTt  +  q~di' 

,.  (d^x  dy     dzy  dx 

(1    _1_   «2  4.  f}*\       _    _J?    __  £   _ 

'  p  *9)(d?  dt     dt*  dt 


=  a—-n 

V  dt     p  dt)\dt  dt      dt  dt 

where  t  is  any  variable.  When  the  partial  differential  equa- 
tion is 

f(as,y,z,p,  7>=0, 

the  characteristics  are  given  by 

dx=<£      dy_df      dz_     8/         df 
<ti~dp'      dt~dq'     dt~Pdp+qdq' 

dP  =  -dJL_     ¥      ^£=_^_     §/" 
dt         dx     Pdz'     dt~     dy     qdz' 

The  first  of  the  two  equations  for  the  geodesies  is  satisfied 
identically;  when  substitution  is  effected  in  the  other  equation, 
it  becomes  a  partial  differential  equation  of  the  second  order  —  a 
result  to  be  expected,  when  the  curvature  property  of  the  geodesic 
is  used. 

But  an  equation  of  the  first  order  can  be  obtained,  by  using  the 
known  properties  of  geodesic  parallels  and  their  orthogonal  geo- 
desies*. The  element  of  arc  upon  the  surface  is  given  by 

ds*  =  (1  +  p*)  do?  +  2pq  dxdy  4-  (1  +  q2)  df  ; 
*  Darboux,  TMorie  generate  des  surfaces,  t.  n,  pp.  424  et  seq. 
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if  6  be  an  integral  of  the  equation 


containing  a  non-additive  constant  a,  the  geodesies  are  given  by 

80 

~-  =  constant. 
da 

On  the  basis  of  this  property,  the  equation  of  the  required  surfaces 
can  be  constructed. 

Let  <f>(x,  y,  z)  denote  any  function  of  x,  y,  z:  and  let  the 
(unknown)  value  of  z  of  the  surface  be  supposed  substituted  in  <£, 
so  that  it  becomes  the  foregoing  function  0  ;  then 

80     dd>         d<t>       80     8<£        8<fr 

_    _          *          I        |j   _  _  _    —    _  •_    _L    Q    _ 

dx      dx     ^  dz  '     "by     dy      ^  dz  ' 
When  these  values   are   substituted   in   the   above   equation,  it 


or,  what  is  an  equivalent  form, 


When  a  value  of  z  is  obtained  so  as  to  satisfy  this  equation,  and 
when  it  is  substituted  in  the  assumed  function  $(&,  y,  z},  the 
latter  becomes  a  quantity  6,  such  that  6  =  constant  gives  a  family 
of  parallel  curves.  The  orthogonal  geodesies  on  the  surface  are 
given  by 

80 

=-  =  constant 

da 

=  0, 

say,  for  one  geodesic,  where  a  is  a  non-additive  constant  in  0. 
Now 

<l>(x,y,  z}  =  6(x,y,  a), 

and  the  quantity  a  has  entered  only  through  z,  as  given  by  the 
integral  of  the  foregoing  equation  :  hence 

8£  <fc=80 
dz  da     da 
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so  that,  as  ^-  is  not  zero,  we  have 

02 

da~ 

and  this  gives  a  geodesic  on  the  surface.     But 
z  =  function  (x,  y,  a), 

da 

are  the  equations  of  the  characteristic :  hence  the  surfaces,  obtained 
by  integrating  the  equation 

d(f>     9$\2_/-i   ,  ^2  ,  ^2\  f/®^Y_u/^Y 

o      )    T  I  ?\       I     T 


where  <f>  (x,  y,  z)  is  any  function  of  x,  y,  z,  have  geodesies  for  their 
characteristics*. 


Ex.  1.    Shew  that,  if  the  normals  to  a  surface  touch  the  sphere  ,r2  +y2  +22=  1, 
its  equation  satisfies  the  partial  differential  equation 


integrate  this  equation,   discussing   the    characteristics    and    the    edge   of 
regression.  (Monge.) 

Ex.  2.     If  the  characteristics  of  a  non-linear  equation  are  straight  lines, 
the  equation  is  of  the  form 


(Goursat.) 
Ex.  3.     Shew  that  the  characteristics  of  the  equation 


are  curves  in  parallel  planes;   and  indicate  how  to  form  the  equation  of 
surfaces  whose  characteristics  are  plane  curves. 

*  These  results  are  due  to  Lie,  who  gives  other  properties  in  his  memoir  quoted 
on  p.  244.  The  method  of  establishment  differs  from  Lie's,  which  is  based  upon 
properties  of  complexes  of  lines  and  curves. 


CHAPTER   VII. 

SINGULAR  INTEGRALS  AND  THEIR  GEOMETRICAL  PROPERTIES: 
SINGULARITIES  OF  THE  CHARACTERISTICS. 

THE  authorities  used  in  the  construction  of  this  chapter  have  been  quoted 
at  the  beginning  of  the  preceding  chapter. 

101.  We  now  proceed  to  consider  the  relations  of  the  Singular 
Integral  (which  will  be  assumed  to  exist)  with  the  various  integral 
surfaces  and  curves  that  have  been  discussed.  That  Singular 
Integral  is  given  by  the  equation,  which  results  from  the  elimi- 
nation* of  a  and  b  between  the  equations 

*(.,»...,  J)-0,    f*-0.     |f  =  0, 

or  by  part  of  that  resulting  equation ;  the  value  of  z  must  be  such 
that  the  differential  equation  is  satisfied.  In  that  case,  the 
resulting  equation  (or  the  part  of  the  resulting  equation)  repre- 
sents the  envelope  which  then  is  possessed  by  the  family  of 
complete  integral  surfaces :  as  the  values  of  p  and  q  are  the  same 

*  It  is  to  be  borne  in  mind  that  the  singular  integral  is  assumed  to  exist, 
so  that  it  will  arise  as  indicated  in  the  text.  The  result  of  the  elimination  in 
general  is  not  to  give  an  integral  of  the  equation  ;  the  eliminant  contains  the  locus 
of  conical  points  (if  any),  the  locus  of  double  lines  (if  any),  and  other  loci,  which 
are  not  integrals  of  the  differential  equation.  For  a  discussion  of  such  matters, 
which  are  not  our  concern  at  this  stage,  reference  may  be  made  to  a  memoir  by 
M.  J.  M.  Hill,  Phil.  Trans.  A  (1892),  pp.  141—278. 

Moreover,  it  is  assumed  that  the  elimination  is  possible,  so  that  the  three 
equations  are  independent  of  one  another.  This  condition,  however,  is  not  always 
satisfied;  and  it  is  easy  to  construct  exceptions  of  the  type 

.     ,,  C<t>        G<t> 

<f>  =  \  ^ hM  ^T  , 

Oa         ob 

which  would  make  the  three  equations  equivalent  to  two  only.  Again,  such 
matters  are  not  our  present  concern :  we  assume  that,  the  elimination  is  possible, 
and  that  it  leads  to  the  singular  integral. 
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at  any  point,  common  to  the  envelope  and  the  complete  integral 
surface,  the  latter  surface  is  touched  by  the  envelope  at  a  common 
point.  Let  the  envelope  be  denoted  by  E. 

The  three  equations  are  equivalent  to  the  equation  of  E  and 
to  values  (or  to  sets  of  values)  of  a  and  b:  by  each  such  set  of 
values  of  a  and  b,  there  is  given  a  point  on  E  where  it  is  touched 
by<£  =  0. 

Take  any  point  P  on  E,  and  let  the  values  of  a  and  b  at  P  be 
denoted  by  a0  and  60.  A  characteristic  through  P  is  given  by 

$  (x,  y,  2,  a0,  b0)  =  0,     60  =/(a0), 


but  these  equations  are  satisfied,  whatever  be  the  form  f(a0), 
because  the  equations 

?*-0,    ^  =  0 

da0  db0 

are  satisfied  at  the  point  ;  hence  an  infinitude  of  characteristics 
passes  through  any  point  on  the  envelope.  Moreover,  all  these 
characteristics  through  P  touch  E  there  :  for  they  pass  through 
P  as  a  point  on  the  complete  surface  which  touches  E  at  the 
point. 

Take  any  two  curves  PT  and  PT'  on  E  passing  through  P  ; 
let  T  and  T'  denote  points  consecutive  to  P  on  those  curves 
respectively  ;  also  let  a0  +  da0,  b0  +  db0  be  the  values  of  a  and  b  for 
T,  and  a0  +  Sa0,  b0  +  8b0  be  their  values  for  T'.  Then  along  PT, 
the  values  at  P  of  the.  differential  elements  dx,  dy,  dz  are  given  by 

0  =  f  dx  +  f  dy  +  ~  dz  +  ^-  da0  +  £  db0, 

dx          dy  dz          9a0  ob0 

92<6  92<f>  92<f>  92<f>  2 

0= 


da0dx          da0dy    '      da0 

92<f>  92<f>  92d 

0  =  sr^   dx  +  _r  ;    dy  +  5^  dz 

' 


sr  _r  5  o  *  > 

db0dx          db0dy    '      db0dz          da0db0  960 

and  the  last  two  terms  in  the  first  equation  vanish.  Now  the 
complete  integral  touching  E  at  T'  cuts  the  complete  integral 
touching  E  at  P  in  the  characteristic  whose  equations  ;nv 

90      Sb0  d(f>  _    . 
9  =  0,     ^  --  r  K—  5T  s  v  , 
9a0     oOo  960 
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and  the  direction  of  the  tangent  to  this  characteristic  is  given  by 
the  two  equations 


0  =         -  dx  +  ^—rdy+  —^  dz 
oa^dy    '       oa^oz 


If  then  this  characteristic  touches  PT  at  P,  the  last  two  equations 
giving  the  ratios  dx  :  dy  :  dz  must  be  satisfied  by  the  values  of 
dx,  dy,  dz  belonging  to  PT  :  hence 

r-<£  ,          c3^  Sb9f  &<f>  d-<b  „  \ 

^da^  +  ^—^j-  db0  +  ^  U-^r  dao  +  -^  db0)  =  0, 
c'/  -  <?a,360  000X900300          3oo       / 

that  is, 


Moreover,  this  relation  is  symmetrical  between  the  two  sets  of 
differential  elements  that  are  associated  with  T  and  T'  respectively. 
Hence  we  have  Darboux's  theorem*: 

If  we  take  any  direction  PT'  through  a  point  P  on  E  which 
represents  the  singular  integral,  and  if  PT  be  the  direction  of  the 
characteristic  luhich  is  the  intersection  of  the  complete  integrals 
touching  E  at  consecutive  points  P  and  T',  then  PT'  is  the  direction 
of  the  characteristic  which  is  the  intersection  of  the  complete  integrals 
touching  E  at  consecutive  points  P  and  T. 

Characteristics,  in  directions  such  as  PT  and  PT'  at  P,  may  be 
called  conjugate  :  obviously,  any  characteristic  has  a  conjugate. 

When  a  characteristic  coincides  with  its  conjugate,  so  that  it 
may  be  called  self  -conjugate,  its  direction  at  the  point  on  the 
envelope  is  given  by 


Hence,  in  general,  there  are  two  sets  of  curves  upon  the  envelope 
such  that,  at  every  point  upon  each  of  them,  the  tangent 
characteristic  is  self-conjugate  ;  such  curves  may  be  called  asym- 


60. 
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ptotic   curves.      The   two   curves   through   any  point   touch   one 
another,  if  the  equation 


8a02  8602  ~   da0db 

is  satisfied  at  the  point.  If  the  equation  is  satisfied  everywhere 
upon  the  envelope,  then  there  is  only  one  asymptotic  curve  through 
a  point,  and  there  is  only  a  single  set  of  such  curves  upon  the 
surface. 

These  results  are  the  analogue  of  the  results  in  the  ordinary 
theory  of  surfaces :  the  singular  integral  corresponds  to  a  surface, 
the  complete  integrals  correspond  to  the  tangent  planes,  the 
characteristics  to  the  tangent  lines,  conjugate  directions  to  con- 
jugate directions,  and  asymptotic  curves  to  asymptotic  curves. 

102.  These  properties  of  the  singular  integral  have  been 
derived  from  the  complete  integral  with  its  associated  curves 
and  surfaces:  they  can  be  used  to  bring  the  singular  integral 
into  relation  with  the  original  partial  equation 

f(x,y,z,p,  q)  =  0. 

We  have  seen  that,  through  any  point  on  the  singular  integral 
surface,  there  passes  an  infinitude  of  tangent  characteristics :  the 
direction  therefore  of  a  characteristic  through  such  a  point,  as 

given  by 

dec     dy  dz 

W  =  W=   9/ ,    df 

^L        _^L        f)  — — \-  Q  — 

dp      dq         dp        dq 
must  be  indeterminate,  and  so 

jjf-o.   ff-o. 

dp  dq 

Moreover,  the  equation  must  be  identically  satisfied  when  the 
values  of  z,  p,  q  belonging  to  the  singular  integral  at  the  point  are 
substituted;  hence 

df        df        df        df      _ 

^+P^-+r^r  +s^~  =°> 
dx     r  dz        dp        dq 

df       df       df     .df 
^-+q^-  +  s^-+tf-  =  Q, 
dy        dz        dp        dq 

that  is,  in  connection  with  the  former  equations,  we  must  have 

df        df  df        df 

f-+PZ-**Q,     ^-  +  2:T  =  0- 

dx    r dz  dy        dz 
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We  thus  have  the  former  aggregate  of  equations  :  every  singular 
integral  must  satisfy  the  equations 

/.o,  £-0,  ff-o,  s/+Plf=o,  F+?F=°- 

dp  dq  fix    r  dz  dy     *dz 

It  does  not  follow  that  these  equations  definitely  determine 
a  singular  integral.  We  have  already  indicated  one  class  of 
exceptions,  when  the  five  equations  are  satisfied  in  virtue  of  two 
only,  so  that  p  and  q  cannot  be  eliminated  among  them.  But,  as 
pointed*  out  by  Darboux,  there  may  be  other  exceptions.  Thus, 
suppose  the  five  equations  do  determine  z,  p,  q  as  functions  of  x 
and  y  ;  then,  along  the  surface  expressing  z  in  terms  of  x  and  y, 
the  equation 


dy    '      cz          cp  dq 

is  satisfied,  that  is,  in  virtue  of  the  five  equations,  we  must  have 

?if 

^-  (dz  —  pdx  —  qdy)  =  0. 

/}/" 
If  f-  does  not  vanish,  by  virtue  of  the  values  of  z,  p,  q  in  terms  of 

oz 

x  and  y,  then 

dz  —  p  dx  —  q  d  y  =  0  ; 

the  relation  between  z,  x,  y  is  then  a  singular  integral.     But  if 

?)f 

—-  does  vanish  by  virtue  of  these  values,  we  are  not  justified  in 

making  the  inference;  the  general  case  then  requires  separate 
consideration,  though  in  any  particular  instance  the  test  of 
satisfying  the  equation  can  be  applied  immediately. 

Ex.  1.     Prove  that  the  normal  to  the  singular  integral  surface  is  a  double 
line  on  the  cone  N  of  normals  at  the  point.  (Darboux.) 

Ex.  2.     Obtain  the  partial  differential  equation  of  the  first  order  which 
has 

(Z  +  OUK)  (z  +  by)=x2+y2 

for  a  complete  integral.     Does  it  possess  a  singular  integral  ? 

Discuss  the  characteristics:    and,   in    particular,   prove    that    there    is 
a  rectilinear  edge  of  regression  of  the  type  indicated  in  §  97. 

[The  edge  of  regression  in  question  is  given  by 

ax  =  ty  =  yz, 

*  L.c.,  p.  67  ;  see  also  §  76,  ante. 
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where 

y2 

and  the  relation  between  a  and  b  is 


Ex.  3.     Discuss  the  integrals  of  the  equation 

(2-^)2_l?3  =  0; 

and  indicate  the  character  of  the  integral 

z  =  \(x  —  a)2.  (Darboux.  ) 

Ex.  4.     If  an  equation  of  the  first  order  possesses  singular  integrals  and 
can  be  expressed  in  a  form 

aum  +  bvn  +  CWP  =  0, 
where  m,  n,  p  are  integers,  the  singular  integrals  satisfy  the  equations 

«  =  0,     v  =  Q,     w  =  Q.  (Darboux.) 

103.  The  relation  between  the  surfaces  represented  by  the 
general  integral  and  the  singular  integral  respectively  can  be 
indicated  simply.  In  the  equations  of  the  singular  integral, 
which  are 


the  quantities  a,  b  are  functions  of  x,  y,  z:  if,  therefore,  we  take 

b=f(a), 

where  f  is  any  function,  we  are  selecting  a  curve  through  a  point 
on  the  singular  integral.  At  every  point  on  this  curve,  the 
equations 


are  satisfied  :  as  these  are  the  equations  of  the  general  integral, 
the  curve  lies  upon  the  surface  represented  by  that  integral.  At 
any  point  on  this  curve  common  to  the  two  surfaces,  the  values  of 
p  and  q  are  the  same,  being  given  by 

3<f>        9d>  9<f>  ,      d<j>     A 

o    +  P  -*r  =  °'     sr  +  ff  a    ••  $ 

dx      ^  dz  ty         %z 

together  with  the  other  equations  :  hence  the  two  surfaces  touch 
along  a  curve. 

It  may  happen  that  the  equation 
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determines  not  a  single  curve  alone  but  a  number  of  curves  on  the 
singular  integral  :  in  that  case,  each  of  the  curves  is  common  to 
the  singular  integral  and  the  appropriate  general  integral  deter- 
mined in  connection  with  the  above  equation,  and  the  two  surfaces 
touch  one  another  at  every  point  on  each  of  the  curves.  Hence 
the  general  integral  and  the  singular  integral  touch  one  another 
along  a  curve  or  curves  :  or,  what  is  the  same  property,  through 
any  curve  on  the  surface,  represented  by  the  singular  integral, 
there  passes  the  surface,  represented  by  the  general  integral  which 
is  the  envelope  of  the  complete  integrals  that  touch  the  singular 
integral  along  the  curve. 

ORDER  OF  CONTACT  OF  THE  SINGULAR  INTEGRAL  WITH  THE 
GENERAL  INTEGRAL  AND  THE  COMPLETE  INTEGRAL. 

104.  We  have  seen  that  the  singular  integral,  when  it  exists, 
is  the  envelope  of  the  complete  integrals,  each  of  which  touches  it 
at  one  or  more  points  :  it  also  touches  the  general  integrals  along 
a  curve  or  curves.  We  have  to  consider  the  order  of  the  contact, 
a  matter  already  (§§  92,  98)  discussed  for  characteristics  and  com- 
plete integrals. 

The  assumed  singular  integral  is  given  by  the  single  equation 
which  results  from  the  elimination  of  a  and  b  between 


let  this  single  equation  be  supposed  resolved  with  regard  to  zt  so 
that  it  has  the  form 

Z  =  ,fr(x,  y). 

We  introduce  a  new  dependent  variable  £  defined  by  the  equation 

£=z-^(x,y); 
the  complete  integral  now  is 


Derivatives  of  the  first  order  (and  of  all  orders)  with  regard  to 
a  and  b  are  the  same  as  before  :  hence,  when  the  elimination  of 
a  and  6  is  performed  between  the  equations 
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and  the  eliminant  is  resolved  with  regard  to  f,  the  resolved 
equation  of  the  singular  integral  is 

r-o. 

Now  it  may  be  that,  in  both  forms,  there  are  several  branches  of 
the  singular  integral  leading  to  resolved  equations;  in  that  case, 
one  of  them  is  certainly  £  =  0  in  the  second  form;  and  though  this 
will  not  simultaneously  represent  all  branches  of  the  singular 
integral,  it  will  suffice  for  the  discussion  of  the  order  of  contact 
at  the  point.  Accordingly,  without  loss  of  generality  for  the 
immediate  purpose,  we  may  take  the  singular  integral  in  the  form 

*«0.. 

The  values  of  p  and  q,  in  general,  are  given  by 


_  0  4.  n       -  0  • 

~i        *  1*  <5      —  V>       ^         T  U  ~^.      —  v  . 

ox         oz  oy         02 

for  our  present  purpose,  z  =  0,  so  that  p  =  0,  q  =  0  :  and  therefore 


-  - 

^—  —  v,        ~  —  —  V. 

ox  dy 

Thus  we  have,  at  all  points  of  the  singular  integral  taken  in  the 
form  z  =  Q,  the  five  equations 

6-Q      ^_0      <ty_0      8<£_0      9<J>_0 
*     "     8a        '      db  ~°'     8~*        '     8iT 

o  i 
But  we  do  not  have  ^-  =  0,  in  addition  :  for  the  point  would  then 

be  a  singularity,  conical  or  otherwise,  on  the  complete  integral  : 
and  circumstances  would  be  exceedingly  special  if  such  a  singularity 
of  the  complete  integrals  were  to  lie  on  the  envelope  of  those 
integrals. 

Take,  first,  a  general  integral  in  the  form 

</>  (as,  y,  z,  a,  b)  =  0,     6  =/(«), 

^  = 
da      d 

it  touches  the  singular  integral  z  =  0  at  one  point  and  along  a  curve 
through  the  point.  Consider  variations  in  the  vicinity  of  any  such 
point.  On  the  singular  integral  z  =  0,  they  will  be  represented  by 
dx  and  dy  ;  the  variations  da  and  db,  as  determined  for  the  singular 
integral  by  dx  and  dy,  are  not  at  once  required  for  the  present 


104.]  WITH   OTHER   INTEGRALS  257 

purpose.  On  the  general  integral,  they  will  be  represented  by 
dz,  da,  and  by  the  same  values  of  dx  and  dy  as  for  the  singular 
integral  :  and  the  order  of  contact  of  the  two  surfaces  at  the  point 
will  be  measured  by  the  order  of  dz,  expressed  in  terms  of  the 
small  quantities  dx  and  dy.  Thus,  for  the  general  integral,  we 
have 


dy  dz          da 


where  the  unexpressed  terms  are  the  aggregate  of  terms  bilinear 
in  dx,  dy,  dz,  da.  But  at  the  point  of  contact  of  the  singular 
integral  and  the  general  integral,  we  have 

3<t>  _  0  d<t>  _  0  d<t>  _  n 
~ —  —  ^>  ^ —  —  ">  ~~r~  =  "> 
dx  dy  da 

so  that  dz  is  at  least  of  the  second  order  of  small  quantities ;  hence 
dz  is  given,  accurately  to  the  second  order  of  small  quantities 
inclusive,  by  the  equation 


But,  because  -3-  =  0  for  the  general  integral,  we  have 

d  fd<f> 
--- 


, 

-  -j-  da,  =  0, 

dy\daj  da? 

accurately  to  the  first  order  of  small  quantities  :  thus 


dz 


da- 
accurately  to  the  second  order  inclusive. 

When  the  contact  between  the  surfaces  is  of  the  first  order, 
dz  is  of  the  second  order  in  the  small  quantities  dx  and  dy.     The 
p.  v.  17 
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right-hand  side  of  the  above  expression  for  dz  does  not  vanish  for 
all  values  of  dx  and  dy,  except  under  special  conditions;  and 
therefore  the  contact  between  the  general  integral  and  the  singular 
integral  at  any  point  is  usually  of  the  first  order.  There  are 
apparently  two  directions,  given  by 

t'fy 
d*' 

where  t  satisfies  the  quadratic 

d^fd^        d^       d^\(^(d4\      l 

^ 


(dxda          dy\da 

along  which  dz  is  of  the  third  order  ;  but  these  two  directions  will 
later*  be  proved  to  be  the  same,  a  property  that  can  be  verified  by 
means  of  the  analysis  that  follows. 

105.  When  the  contact  between  the  surfaces  is  of  the  second 
order,  dz  is  of  the  third  order  in  the  small  quantities  dx  and  dy  ; 
and  therefore  the  right-hand  side  of  the  expression  obtained  for 
dz,  being  generally  accurate  up  to  the  second  order,  must  vanish 
up  to  that  order  for  all  values  of  dx  and  dy.  That  this  may  be  the 
case,  we  must  have 

,    2 


da?  dx2  ~    dad~x          dbdx     ' 

&$d^  =  /82<fr       ft,  32(/>\  /a*0       b,  32<M 
da?  dxdy      \dadx          dbdx/  \dady          dbdy/  ' 


da?  fy*~   doty          dbdy     ' 
so  that,  if  we  take 


da?~     dxdy  ' 
we  must  have 


—    ti  _  L 

dxdy         dy*  ' 
and  also 


. 

dadx         dbdx         dady  dbdy 

We  can  prove  that  the  last  equation  is  satisfied  in  virtue  of  the 
other  two,  as  follows. 

*  See  §  125. 
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Consider  the  variations  along  the  singular  integral  in  the 
immediate  vicinity  of  the  point  of  contact  ;  the  quantities  dx  and 
dy  determine  variations  da  and  db  along  the  singular  integral,  and 

det\  rlrf\ 

conversely  :  and  because  ^-  =  0  and  ^-  =  0,  these  are  subiect  to 

dx  dy 

the  relations 

j    ,    &<t>  j        &<!>   JL 
dy  +  =-±-  da  +  ==%-  db  =  0, 


=-  ==- 

dxoy          dadx          dbdx 


, 
da  +        -  db  =  0. 


- 
dxdy          dy*          oaoy  obey 

Multip^ong  the  second  equation  by  p  and  subtracting  from  the 
first,  we  have 


^--\ 
\oadx 

In  order  to  take  all  directions  through  the  point,  we  must  keep 
dx  and  dy  independent  of  one  another;  and  therefore  da  and  db 
are  independent  of  one  another,  so  that 


dadx         dady 


dbdx 
Hence  the  equation 


dadx        dbdx         dady  dbdy 

is  satisfied  for  all  values  of  6':  and  this  holds  in  virtue  of  the 
equations 

a-^>_    a2<fr       d-(f)       a^> 

dx2         dxdy  '      dxdy          dy'2  ' 

Consequently,  if  one  general  integral  has  contact  of  the  second  order 
with  the  singular  integral,  all  general  integrals  have  contact  of  that 
order  with  the  singular  integral. 

Ex.  1.     Prove  that,  if  the  equation 


cty2  ~  yixfn/J 
is  satisfied  at  any  point  on  the  singular  integral,  then  the  equation 

ctyc*$_  (  c2<f>  \* 

8^  W  ~  \tadb) 
is  also  satisfied  :  and  conversely.  (Darboux.) 

Ex.  2.     Discuss  the  preceding  proposition  in  the  text  when  „—  ?-  vanishes. 

17—2 
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106.  Now  consider  the  order  of  contact  between  the  complete 
integral  and  the  singular  integral  at  a  point.  In  the  vicinity  of 
the  point,  variations  along  the  complete  integral  are  given  by 
dx,  dy,  dz  alone ;  for  a  and  b  are  constants  along  the  complete 
integral.  As  its  equation  is 

</>  O,  y,  z,  a,  b)  =  0, 
those  variations  are  given  by 


da;  dy        '  dz 

+  1W^+       ,      Q 


t*.     m  O   J 

But  ~  =  0  and  ~  =  0  at  the  point  in  question  :  hence,  accurately 
to  the  second  order  inclusive, 

2  2      ,    ,       82<f>  , 

y+! 


The  expression  on  the  right-hand  side  does  not  in  general  vanish 
for  all  values  of  dx  and  dy,  except  under  very  special  conditions  : 
hence  the  contact  between  the  complete  integral  and  the  singular 
integral  is  usually  of  the  first  order.  There  are  however  two 
directions  given  by 


where  t  satisfies  the  quadratic 


da?          da;dy         dy2 

along  which  dz  is  of  the  third  order  ;  the  point  is  usually  a  double 
point  on  the  curve  of  intersection  of  the  two  surfaces,  and  these 
directions  are  the  tangents  to  this  curve  at  the  point. 

Special  interest  attaches  to  the  case  when  these  two  directions 
coincide  :   the   two  surfaces  are  then  said  to  osculate.     In  that 

case,  we  have 

dty_      92<ft         d'2(j>          crty. 
da?         dxdy  '     dxdy        dy2  ' 

and  conversely,  if  these  conditions  hold,  the  two  surfaces  osculate. 
Taking  account  of  the  earlier  result  relating  to  general  integrals, 
we  have  the  theorem:  if  the  complete  integrals  do  not  osculate  the 
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singular  integral,  then  no  integral  has  contact  of  the  second  order 
with  the  singular  integral :  but  if  the  complete  integrals  do  osculate 
the  singular  integral,  then  all  the  general  integrals  have  contact  of 
the  second  order  with  the  singular  integral. 

Ex.  Prove  that,  if  the  complete  integral  osculates  the  singular  integral, 
all  the  characteristics  passing  through  the  point  of  contact  have  the  same 
tangent. 

Illustrate  this  property  by  reference  to  the  spheres  that  osculate  a 
surface.  (Darboux.) 


SINGULARITIES  ox  THE  CHARACTERISTICS. 

107.     In  the  preceding  discussion  of  the  surfaces  and  curves 
associated  with  the  integrals  of  the  differential  equation 


we  have  been  concerned  mainly  with  regions  that  are  devoid  of 
singularities  for  those  surfaces  and  curves;  the  effect  of  possible 
singularities  must  now  be  considered.  Also,  it  will  be  convenient 
to  consider  at  the  same  time  the  exceptional  cases  of  the  preceding 
investigations  that  were  noted  (§§  85,  89)  but  not  discussed.  We 
shall  proceed,  as  before,  from  the  characteristics. 

It  may  be  assumed  that  the  equation  f=  0  has  been  trans- 
formed so  as  to  be  free  from  irrationalities  ;  and  we  shall  discount 
the  loss  of  generality  in  assuming,  as  will  be  done,  that  f  is  a 
regular  function  of  its  arguments.  Take  the  tangent  plane  to  any 
integral  surface  as  the  plane  z  =  0,  and  the  point  of  contact  for 
origin:  then  at  that  point  p  =  Q,  q  =  Q;  in  the  vicinity  of  the 
point,  /is  a  regular  function  of  x,  y,  z,  p,  q,  which  vanishes  at  the 
point.  The  equations  of  the  characteristic  are 

dx  _  dy  _       dz  dp  dq  , 

-~-  ==-  = 


we  propose  to  discuss  the  form  of  the  characteristic  in  the  vicinity 
of  the  origin,  according  to  the  varieties  of  form  of  /=  0. 

If  P  vanishes  but  not  Q,  the  axes  of  x  and  y  can  be  changed  to 
another  set  such  that  neither  the  new  P  nor  the  new  Q  shall 
vanish  at  the  point  :  similarly,  if  either  X  -f  pZ  or  F  +  qZ  should 
vanish  but  not  both,  a  change  can  be  made  such  that  neither  of 
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the  quantities  in  the  new  position   shall  vanish.     Also,  taking 
account  of  earlier  exceptions,  we  thus  have  the  following  cases: 
I.        All  the  denominators  are  different  from  zero  at  the  point  : 

II.  The  quantities  P  and  Q  vanish  at  the  point,  but  not  the 

others  : 

III.  The  quantities  X  +pZ  and   Y+qZ  vanish  at  the  point, 

but  not  the  others  : 

IV.  All  the  denominators  vanish  at  the  point,  but  Z  is  not 

zero: 

V.       All  the  quantities  X,  Y,  Z,  P,  Q  vanish. 

Of  these,  the  first  is  included  in  order  to  make  the  set  complete  : 
it  is  the  assumption  that  was  made  in  the  earlier  investigations 
and,  as  there,  it  will  be  found  to  constitute  the  origin  an  ordinary 
point.  The  second  has  been  left  over  from  §  88,  and  the  fifth 
from  §  78;  and  the  fourth  has  given  a  singular  integral,  if  such  an 
integral  exists.  Let 

/=  ax  +  by  +  cz  +  gp  -f  hq  +  .  .  ,  . 

108.  Case  I.  As  X  +  pZ,  Y+qZ,  P,  Q  do  not  vanish  at  the 
origin,  a,  b,  g,  h  are  not  zero.  Hence,  assuming  that  t  vanishes  at 
the  origin,  we  have,  in  the  immediate  vicinity, 

dx  dy          —dp        —  dq, 

-          "       ~  =        ~  = 


and  therefore 


dz  =  —  (ag  +  bh)  tdt  +  .  .  .  , 
so  that 


Hence,  in  the  vicinity  of  the  origin,  the  characteristic  is  given  by 

h 

y=<j*+-> 

ag  +  bh   n 

?  —  _  _ti  _  //.a   i 

2g* 

the  origin  is  an  ordinary  point  on  the  characteristic,  which 
touches  the  plane  z  =  0  there.  This,  as  already  indicated,  is  the 
former  result. 
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109.     Case  II.     As  P  and  Q  vanish  at  the  origin,  we  have 

<7  =  0,      h  =  0. 
Let 

/=  ax  +  by  +  cz  +  (a'x  +  b'y  +  c'z)p  +  (a"x  +  b"y  +  c"z)  q 


where  <f>(x,  y,  z,  p,  q)  contains  terms  of  the  second  degree  in 
x,  y,  z  alone,  and  all  other  terms  in  all  the  quantities  of  higher 
degree  in  the  aggregate.  Two  of  the  equations  of  the  character- 
istic now  are 


so  that 


in  the  vicinity  of  the  origin  ;  and  the  other  equations  are 
dx 


dz         dx         dy 
_  —  .)  ___  i_  n    y 

dt~p  dt     q  dt' 

(A)  First,  suppose  that  neither  of  the  quantities  aa  +  fib  and 
j3a  +  76  vanishes  ;  this  is  the  most  general  case  as  it  involves  no 
restricting  relation  between  constants.  Then  we  have 


so  that 

z  =  £(oo5  +  2/3ab 

and  therefore,  in  the  immediate  vicinity  of  the  origin,  the  charac- 
teristic is  given  by 

y  =  fix  +....,      z  =  fjixI+..., 

where  /*  and  /*'  are  determinate  constants.  The  origin  is  a  cusp 
on  the  characteristic;  the  tangent  at  the  cusp  lies  in  the  plane 
z  =  Q,  along  the  line  y  =  fix. 

It  thus  appears  that,  when/=0,  P  =  0,  Q  =  0,  while  X+pZ 
and  Y+qZ  are  not  zero,  and  when  they  allow  the  elimination  of 
p  and  q  between  the  three  equations  (which  is  the  most  general 
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case,  as  not  involving  relations  among  the  equations),  the  surface 
given  by  the  eliminant  is  a  locus  of  cusps  of  the  characteristics. 
Hence,  in  general,  the  surface  obtained  by  eliminating  p  and  q 
between  the  equations 

/=0,     P  =  0,     Q  =  0, 

is  a  locus  of  cusps  of  the  characteristics;  through  every  point  of  the 
surface  there  passes  a  characteristic  having  a  cusp  at  that  point. 

If  it  should  happen  that  aa2  +  2/3a6  4-  76*  vanishes  though 
aa  +  /36  and  /3a  -f  jb  do  not  vanish,  the  only  difference  is  that,  in 
the  vicinity  of  the  origin, 

5 

y  =  fjbx  +  .  .  .  ,     z  =  \x?  +  Xjar  +  .  .  .  ; 

the  origin  is  still  a  singularity  on  the  curve  in  general,  of  an  order 
higher  than  a  cusp. 

Ex.     Prove  that  the  tangent  plane  of  the  characteristic  developable  is 
given  by 

z  +  atx  +  bty  +  J  (aa2  +  2ftab  +  y&2)  t3  =0, 

keeping  the  most  important  terms,  and  that  therefore  the  point  is  an  ordinary 
point  for  the  developable.  (Darboux.) 

(B)  Next,  suppose  that  one  (but  not  both)  of  the  two 
quantities  aa  +  /36,  (3a  +  76  vanishes  :  let 

/3a  +  76  =  0. 
Proceeding  as  before,  we  have 


and  therefore,  in  the  vicinity  of  the  origin,  we  have 

f 

y  =  pz  +  .  .  .  ,     z  =  px  +  .... 

The  origin  is  a  cusp  on  the  characteristic  ;  the  tangent  to  the  cusp 
is  the  axis  of  y. 

If  X  =  0,  or  if  a  =  0,  or  if  both  \  and  a  vanish,  the  origin  is  still 
a  singularity  on  the  curve  of  an  order  higher  than  a  cusp  :  the 
curve  still  touches  the  plane  of  z  at  the  origin. 

(C)     Lastly,  suppose  that 

aa  +  J3b  =  0,     (3a  +  76  =  0  : 
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then,  in  the  most  general  case,  that  is  subject  to  these  conditions, 
we  find 


so  that,  in  the  vicinity  of  the  origin, 

4 

y  =  fj.j-+...,      z  =  fix3  +  .... 

The  origin  is  a  singularity  on  the  characteristic  :  and  the  tangent 
to  the  characteristic  lies  in  the  plane  of  z  —  0  along  the  line  y  =  fix. 

Similarly,  for  other  special  relations  among  the  constants,  we 
obtain  a  corresponding  result  :  in  every  case,  the  equation  obtained 
by  eliminating/)  and  q  between  /  =  0,  P  =  0,  Q  =  Q,  when  X  +pZ 
and  Y  +  qZ  do  not  vanish,  is  a  locus  of  singularities  on  the  charac- 
teristics. 

110.  Case  III.  As  X  +pZ  and  F+  qZ  vanish  at  the  origin, 
we  have 

a  =  0,     6  =  0; 

but  P  and  Q  do  not  vanish  there,  so  that  g  and  h  are  different 
from  zero.     Hence 

/=  cz  +  gp  f  hq  +  (a'x  +  b'y  +  c'z)p  +  (a"x  +  b"y  +  c"z)  q 


where  ijr  contains  terms  of  the  third  and  higher  orders.     The 
equations  are 

dx  dy      , 

- 


so  that 
also 


so  that 


--£  =  (c  +  a')p  +  a"q  +  Ax  +  By+..., 

dq      ,, 
—  -77  =  6  »  +  (6    +  c)  a  +  .DJ;  +  Cy  +  ..., 

at  y 


Hence 

dz         dx         dy 
dt=p~di  +  q~di 

=  -  £  (Ag* 
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and  so 


z  =  -l  (Ag* 

Consequently  the  characteristic,  in  the  vicinity  of  the  origin,  is 
given  by 

y  =  px  +  .  .  .  ,     z  =  pa?  +  .  .  .  ; 

the  point  is  an  inflexion  on  the  characteristic,  and  the  inflexional 
tangent  to  the  characteristic  lies  in  the  plane  of  z  along  the  line 
y**iue. 

Ex.    Prove,  by  means  of  reciprocal  polars  applied  to  Case  II  or  otherwise, 
that  the  surface,  obtained  by  eliminating  p  and  q  between  the  equations 

/=0,     X+pZ=0,     Y+qZ=0, 

is  a  locus  such  that,  at  every  point  on  it,  the  characteristic  developable  of 
the  equation  /=0  has  a  singular  plane.  Sketch  the  characteristic  developable 
in  the  vicinity  of  the  point.  (Darboux.) 

111.     Case  IV.     Here  we  have 

/=0,     P  =  0,     Q  =  0,     X+pZ=0,     Y+qZ=0, 

while  Z  is  not  zero.  These  are  five  equations,  which  involve  five 
quantities  x,  y,  z,  p,  q:  hence  if  f,  already  supposed  regular,  be  a 
polynomial  function  of  its  arguments,  there  would  in  general  be 
only  a  limited  number  of  sets  of  values  of  the  five  variables,  and 
therefore  only  a  limited  number  of  such  points. 

Taking  the  origin  to  be  such  a  point,  we  assume  (as  before) 
that  x,  y,  z,  p,  q  all  vanish  there  :  hence 

a  =  0,     6  =  0,    0  =  0,     A  =  0, 

and  the  equations  of  the  characteristic,  in  the  immediate  vicinity 
of  the  origin,  are 

—  =  a'x  +  b'y  +  c'z  +  ap  +  @q  +  .  .  .  , 
-     =  a"x  +  b"y  +  c"z 


dz         dx        dy 
•  —  =  *)  --  1-  n 

dt     p  dt  +  q  dt' 
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As  the  only  regular  integrals  of  these  equations,  which  vanish 
when  t  =  0,  are 

#  =  0,     y  =  0,     z  =  Q,    p  =  0,     9  =  0, 

it  is  simpler  to  make  x  the  independent  variable  of  the  character- 
istic and  omit  t  completely.  It  is  clear  that  z  is  of  a  higher  order 
of  small  quantities  than  x  or  y  in  the  vicinity  of  the  origin ;  hence, 
retaining  only  the  most  important  terms  within  this  vicinity,  the 
equations  may  be  taken  in  the  form 

dy  _  a"x  +  b"y  +  ftp  +  yq 
dx       ax -f  b'y  +  ap  +  ftq  ' 

dp  _  Ax  +  By  +  (c  +  a')p  +  a"g 
dx  a'x  +  b'y  +  ap  +  ftq 

dq  _Bx+Cy  +  b'p  +  (b"  +  c)q 
dx  a'x  +  b'y  +  ap  +  ftq 

Then*  there  are  integrals  of  these  equations  of  the  form 

y  =  x  (p  +  77), 
p  =  x  (a-  +  IT), 


where  p,  <r,  r  are  constants,  and  rj,  TT,  K  are  functions  of  x  that 
vanish  with  x.  As  regards  the  constants,  they  are  given  by  the 
equations 

a"  +  b"p 

p= E 


a'  +  b'p 
_  A  +  Bp  +  (c  +  a')  <T  +  a"r 
a'  +  b'p  +  orer  -f  /8r 

'p  +  b'<r  +  (b"  +  c}T 
a'  +  b'p  +  aa-  +  ftr 


p0  =  a"  +  b"p  +  &<r  +  7T, 

a-B  =  A  +  Bp  +  (c  +  a')  a-  +  a"r, 


Writing 
we  have 


Hence  B  is  a  root  of  the  equation 

'  a'-B,         b'    ,  a        ,  ft 

a"   ,     b"-0,  ft        ,  7 

A    ,       B     ,     c  +  a'-e,  a" 

B    ,        G    ,          b'         ,  b"  +  c-6 


=  0; 


*  See  Part  ni  of  this  treatise,  chapters  xi,  xn. 


268 


SPECIAL   FORMS   OF 


[111. 


when  6  is  known,  any  three  of  the  earlier  equations  determine 
p,  <r,  T. 

For  the  quantities  77,  TT,  K,  we  have 


p+v+vji^-l 


_  p0  +  b"r) 


so  that 


6 


OLTT+{3K    ' 


drj 


to  the  order  of  quantities  retained ;  and  similarly 

x~  =  -g{(B-  b'a-}  77  +  (c  +  a  -  a<r  -  0)  TT  +  (a"  -  /3<r)  K}, 


X  ^—  =  ^\(U  — 


and  the  quantities  77,  TT,  K  are  to  vanish  with  x.     The  characters  of 
these  functions  depend  upon  the  roots  of  the  critical  cubic 


b"-b'p-0-n,  (3-ap 

B  —  b'<r        ,     c  +  a'  —  a.ar  —  0  — 
C-b'r  b' 


=  0 


y-pp 

a"  -  /3a- 
OLT  ,     b"  +  c—  jSr  —  6  —  p 

in  p:  and  these  can  be  expressed  in  terms  of  the  roots  of  the 
preceding  quartic. 

Let  6l,  02,  03,  0t  be  the  roots  of  that  quartic :  of  these,  suppose 
that  0i  is  the  root  of  the  quartic  chosen,  and  that  the  corresponding 
values  of  p,  a-,  T  have  been  obtained.  Multiply  the  columns  of  the 
quartic  determinant  by  1,  p,  a-,  r  and  subtract  the  sum  of  the  last 
three  from  the  first :  the  determinant  is 

p(01-0),     b"-0,  0 

<r  (0J-0),         B    ,     c  +  a'-O, 

r(01-0),         C    ,  b'       , 

Multiply  the  first  row  by  p,  a-,  T  in  turn  and  subtract  the  products 
from  the  second  row,  the  third  row,  and  the  fourth  row  in 
respective  succession :  the  determinant  is 

—  0,  b'         ,  a.            , 

0     ,  b"-b'p-0,  @-ap 

0     ,  B  -b'a-    ,  c  +  a-aa-0, 

0  G-b'r  V-OLT 


ft 

7-/8/0 

a"  -  /3a 

W+C-J3T-0 


/3 

7 

a" 

b"+c-0 
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and  it  is  equal  to  the  determinant  in  the  quartic  equation.    Hence 
the  roots  of 

b"-b'p-6,  j3-ap       ,  y-/3p  =0 

B-b'o-    ,     c  +  a'-acr-d,          a"  -  &<r 
C-b'r    ,  b'-ar       ,     b"  +  c-j3r-0 

are  02,  03,  04.     But  the  cubic  in  /j.  is 

1  b"  —  b'p  —  01  —  p,  ft  —  °-P  }  V~@p  =  0; 

B  —  b'cr        ,     c  +  of  —  acr  —  01  —  fj,,  a"  —  y9cr 

C-b'r        ,  b'-ar  ,     b"  +  c  -  ftr-  0,  -  p 

hence  the  roots  are 

..     I     A     Q        /}        /} 

/*  +  "i       "a>  "3,  "4; 

that  is,  the  roots  of  the  cubic  in  /i  are 

/)  /\  f\  f\  /I  f\ 

1/2         ^1>  3         vl>         "^4         vlj 

where  0j  is  the  root  of  the  quartic  selected  for   the  case  under 
consideration. 

We  shall  denote  these  roots  by  ^,  //2,  /-ig. 

112.  Of  the  various  sub-cases,  it  will  be  sufficient  to  mention 
some  of  the  more  important. 

(i)  Let  the  three  roots  of  the  critical  cubic  be  unequal  to  one 
another,  no  one  of  them  being  a  positive  integer;  then  the  pre- 
ceding equations  possess  integrals,  expressing  17,  TT,  K  as  unique 
regular  functions  of  x  which  vanish  with  x.  For  this  characteristic, 
we  have 

y  =  (p  +  rj)x, 


the  point  in  question  is  an  ordinary  point  on  the  curve,  which  has 
its  tangent  lying  in  the  plane  z  =  0  along  the  line  y  =  px. 

Further  integrals  may  be  possessed  by  the  equations,  on  the 
preceding  assumption  as  to.  the  roots:  but  the  integrals  are  not 
regular  functions  of  x. 

If  the  real  parts  of  ^,  /^,  ^  are  positive  and  are  such  that  no 
one  of  the  quantities 

(raj  —  1)  /ij  +  7«2/i2  +  m3fj,3  +  w4, 


/«!/*!  +  111^  +  (m3  -  1)  /A3  +  mt, 


270  CRITICAL  [112. 

vanishes  for  positive  integer  values  ml,  m2,  m3,  w4,  such  that 
ml  +  w2  +  m3  +  m4  ^  2,  the  equations  possess  a  triple  infinitude  of 
non-regular  integrals  that  vanish  with  x:  these  integrals  are 
regular  functions  of  x,  x^,  aF*,  oP».  There  is  thus  a  triple  infinitude 
of  curves  through  the  point :  it  is  easily  seen  to  be  a  singularity 
on  each  of  them. 

If  the  real  parts  of  ^  and  /^  be  positive,  if  that  of  /u,3  be 
negative,  and  if  no  one  of  the  quantities 

(nij,  -!)/*!+  m2/u,2  +  m3,     m^  +  (w2  —  1)  yu,2  +  ms 
vanishes  for  positive  integer  values  m1}  m2,  ms,  such  that 

m1  +  m2  +  ms.  ^  2, 

the  equations  possess  a  double  infinitude  of  non-regular  integrals 
that  vanish  with  x :  these  integrals  are  regular  functions  of  x,  x^ , 
x^.  There  is  then  a  double  infinitude  of  curves  through  the 
origin :  it  is  easily  seen  to  be  a  singularity  on  each  of  them. 

If  the  real  part  of  ^  be  positive,  and  if  the  real  parts  of  p^  and  /JLS 
be  negative,  the  equations  possess  a  single  infinitude  of  non-regular 
integrals  that  vanish  with  x ;  these  integrals  are  regular  functions 
of  x  and  x^.  There  is  then  a  single  infinitude  of  curves  through 
the  origin ;  the  point  is  easily  seen  to  be  a  singularity  on  each  of 
them. 

If  the  real  parts  of  /i1(  /u,2,  /A,  be  each  negative,  the  regular 
integrals  first  indicated  are  the  only  integrals  of  the  equation 
which  vanish  with  x.  As  already  proved,  the  origin  is  then  an 
ordinary  point  upon  the  sole  characteristic,  which  passes  through 
it  touching  the  plane  2  =  0  at  the  point. 

(ii)  Let  the  three  roots  of  the  critical  cubic  be  unequal  to  one 
another,  and  let  one  (but  only  one)  of  them,  say  fa,  be  a  positive 
integer. 

Unless  a  particular  condition  among  the  coefficients  in  the 
equations  be  satisfied,  the  equations  possess  no  regular  integrals 
that  vanish  with  x.  When  that  condition  is  not  satisfied,  they 
possess  a  simple  infinitude  of  non-regular  integrals  that  vanish 
with  x,  being  regular  functions  of  x  and  x  log  x,  if  the  real  parts  of 
/u-2  and  us  are  negative :  they  possess  a  double  infinitude  of  non- 
regular  integrals  that  vanish  with  x,  being  regular  functions  of 
x,  x  log  x,  and  oP*,  if  the  real  part  of  /A2  is  positive  and  the  real  part 
of  f*3  is  negative ;  they  possess  a  triple  infinitude  of  non-regular 
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integrals  that  vanish  with  x,  being  regular  functions  of  x,  x  log  x, 
xf^,  &**,  if  the  real  parts  of  /^  and  /^  are  positive.  Every  curve 
passing  through  the  point  has  the  origin  for  a  singularity. 

When  the  particular  condition  among  the  coefficients  in  the 
equation  is  satisfied,  the  equations  possess  a  simple  infinitude  of 
regular  integrals  that  vanish  with  x:  each  of  these  gives  a 
characteristic  touching  the  plane  z  =  0  along  the  same  tangent 
y  =  px  in  that  plane,  and  the  point  of  contact  is  an  ordinary  point 
for  each  curve  in  the  infinitude.  Further,  when  the  condition  is 
satisfied,  the  equations  possess  either  a  double  infinitude  or  a  single 
infinitude  of  non-regular  integrals  according  as  the  real  parts  of  fi^ 
and  n3,  or  of  only  one  of  them,  are  positive,  these  integrals  being 
regular  functions  of  x,  a?*  and  x**,  or  of  x  and  either  xT*  or 
a^*3,  according  to  the  respective  cases ;  for  each  of  these  curves,  the 
origin  is  a  singularity.  But  if  the  real  parts  of  /^  and  /^  are 
negative,  the  equations  are  devoid  of  non-regular  integrals. 

And  so  for  other  cases :  the  results  depend  upon  the  characters 
of  the  integrals  of  the  equations  for  77,  TT,  K  :  and  these  characters 
are  known  by  the  critical  conditions  *  as  regards  the  roots  ^  /*,, 
fa.  Regular  integrals  make  the  origin  an  ordinary  point  on  the 
corresponding  characteristics :  non-regular  integrals  make  the 
origin  a  singularity  on  the  corresponding  characteristics. 

113.  At  the  beginning  of  the  discussion,  it  was  pointed  out 
that  the  five  equations 

/=0,     P  =  0,     Q  =  0,     X+pZ  =  Q,     Y  +  qZ=0 

will,  in  general,  give  a  finite  number  of  determinations  of  sets  of 
values  of  the  variables  involved :  so  that,  in  general,  there  will  be 
a  finite  number  of  points  in  space  at  which  the  characteristics 
must  be  considered  for  the  present  purpose.  The  preceding 
discussion  is  typical  of  the  discussion  to  be  effected  at  each  such 
point  for  any  particular  equation  of  the  assumed  character. 

But  the  five  equations  may  be  of  such  a  form,  or  they  may  be 
so  related,  that  they  do  not  determine  a  set  of  values  or  a  limited 

*  These  are  set  out  for  equations  of  the  form  in  question  in  n  variables,  in 
§  187,  chapter  xn,  vol.  m,  of  this  treatise.  They  were  proved  in  full  detail  for  all 
the  cases,  that  arise  in  a  system  of  two  equations,  in  my  memoir,  On  the  integrals 
of  systems  of  differential  equations,  published  in  the  Stokes  1899  Commemoration 
volume  (vol.  xvni,  1900)  of  the  Transactions  of  the  Cambridge  Philosophical 
Society. 
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number  of  sets  of  values  for  the  five  variables  involved.  In  that 
event,  there  are  three  possible  alternatives,  always  on  the  adopted 
hypothesis  that  the  equation  /=  0  is  irreducible  : 

(a)  they  may  determine  four  of  the  variables  in  terms  of  the 
remaining  one,  say,  y,  z,  p,  q,  in  terms  of  x  ;  there  then 
is  a  curve-locus  in  space,  and  values  of  p  and  q  are 
associated  with  each  point  on  the  curve  : 

(6)  they  may  determine  three  of  the  variables  in  terms  of 
the  remaining  two,  say  z,  p,  q  in  terms  of  x,  y  ;  there 
then  is  a  surface-locus  in  space,  and  values  of  p  and  q 
are  associated  with  each  point  on  the  surface  : 

(c)  they  may  determine  two  of  the  variables  in  terms  of  the 
remaining  three,  say  p,  q  in  terms  of  x,  y,  z]  values  of 
p  and  q  are  then  associated  with  each  point  of  space. 

The  third  of  these  alternatives   has  already  been  discussed 
(§§  78,  79)  :    substitution  of  p  and  q  in 


followed  by  a  quadrature,  leads  to  a  surface  integral  of  the  equa- 
tion. A  characteristic  through  any  point  on  such  a  surface  lies  in 
the  surface.  The  second  of  these  alternatives  leads  to  a  singular 
integral  of  the  equation,  unless  Z=Q;  we  shall  come  to  the 
consideration  of  the  characteristics  through  a  point  on  the  surface 
after  the  discussion  of  the  first  alternative,  which  can  be  discussed 
briefly  after  the  earlier  analysis. 

114.     Suppose,  then,  that  the  five  equations 

/=0,     P  =  0,     Q  =  0,     X+pZ=0,     Y+qZ  =  Q 
determine  a  curve-locus 

y  =  u  (x),     z  =  v  (x), 

together  with  values  of  p  and  q  as  functions  of  x  in  the  form 
P  =  TT  (x),     q  =  K  (x). 

Take  any  point  on  this  locus,  say  x  =  x0  ;   transfer  the  origin  to 

that  point,  and  let 

7r(#0)  =  7r0,     K(XO)  =  KO. 

Then  the  form  of/  must  be  such  that  the  five  equations  give 
y  =  0,     2  =  0,     p  =  Tr0>     q  =  K0, 
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when  x  =  0.     As  may  easily  be  verified,  we  have 

f  =  c(z  —  XTTO  —  yK0)  +  higher  powers  of  x,  y,  z 
+  (p-ir0}R(x,  y,  z^-ir^q-K,) 
+  (q  -  *„)  S  (x,  y,z,p-  TTO,  q  -  /c0), 

where  R  and  S  are  regular  functions  of  their  arguments  :  these 
functions  must  vanish  when  x  =  0,  y  =  0,  z  =  0,  p  =  ir0,  q  =  KO: 
and  there  must  be  limitations  on  the  form  of  f  sufficient  to  make 
the  five  equations  equivalent  to  four  only,  though  the  precise  form 
of  the  limitation  is  not  necessary  for  the  present  purpose.  What 
is  required  is  the  nature  of  this  point  as  a  point  on  the  charac- 
teristic. 

The  point  is  the  origin  :  as  usual,  we  take  the  tangent  plane 
to  the  integral  surface  to  be  z  =  0,  so  that  p  =  0,  q  =  0  at  the  point 
on  the  characteristic.  Let 

X<>  =  R  (0,  0,  0,  -  7r0,  -  /c0)  -  -n-0R0'  -  K0S0'  , 

H0=  S  (0,  0,  0,  —  TTo,  —  «0)  —  7T0  R0"  —  K0S0", 
T>  '    -D  a    a  i     a  "  i  f  ^-^     ^.R      ^     ^$         i. 

where  Ry  ,  RO  ,  S0,  S0    are  the  values  of  —  ,  ^-  ,  —  ,  ^—  ,  when 

op     oq     op    oq 

x,  y,  z,  p,  q  all  are  made  zero  :  then,  in  the  vicinity  of  the  origin 
along  the  characteristic,  we  have 


as  two  of  the  equations.     Also,  let  R1>  R?,  S1}  £,  denote  the  values 

„  dR    dR    dS    dS      ,  n         .  ,       ,  , 

of  -?r—  ,  =—  ,  =—,  =—  ,  when  x,  y,  z,  p,  q  all  vanish  :  then  two  other 
ox  .  oy    ox    oy 

equations  of  the  characteristic  are 

-  -     =  -  CTTO  -  TTo^j  -  K0S1  =  p0,  say, 


-       =  -  CKO  -  ir0R^  —  K0£2  =  <r0,  say, 
in  the  immediate  vicinity  of  the  origin.     Hence  in  that  vicinity, 


are  the  most  important  terms  in  the  equations  of  the  charac- 
teristic. It  is  clear  that,  unless  X^  and  /*<>  both  vanish,  the  origin 
is  an  ordinary  point  on  the  characteristic,  and  that  its  tangent  lies 
in  the  plane  z  =  Q  along  the  line  X0y  —  ^x  =  0. 

F.  v.  18 
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The  inference  cannot  be  made  if  X0  =  0  and  //0  =  0.  The 
further  consideration,  in  this  event,  will  not  be  undertaken ;  in  the 
complicated  analysis  that  would  be  necessary,  particularly  as 
regards  the  forms  of  the  integrals  of  the  differential  equations, 
the  details  would  be  substantially  similar  to  those  which  have 
been  given  for  the  case  when  the  five  equations  determine  sets  of 
values  for  the  five  variables. 

115.  Coming  to  the  remaining  alternative,  in  which  the  five 
equations  determine  z,  p,  q,  as  functions  of  x  and  y,  and  assuming 
(as  has  been  assumed  throughout)  that  Z  does  not  vanish  for  such 
relations,  we  know  (§  78)  that  the  equations  define  a  singular 
integral ;  and  our  quest  is  the  examination  of  the  characteristics 
at  and  near  any  point  on  this  integral  surface. 

Let  the  singular  integral  be  given  by  z  —  6  (x,  y)  :  then,  when 
a  new  variable  £  is  defined  by  the  relation  z  —  6 (x,  y}  =  £,  the 
singular  integral  will  be  given  by  £=  0,  as  in  §  104.  Hence  we 
may  take  the  plane  z  =  0  as  the  singular  integral.  Moreover,  Z  does 
not  vanish  on  account  of  z  =  0  and  it  does  not  vanish  identically : 
consequently,  we  may  take  the  differential  equation  in  a  resolved 

form 

f=z-<f>(x,y,p,  q)  =  0. 

Take  any  point  on  the  singular  integral 

*  =  0, 

and  make  it  the  origin ;  moreover,  as  z  is  steadily  zero  along  the 
singular  integral,  the  associated  values  of  p  and  q  are 

p  =  0,     9  =  0. 
The  singular  integral,  thus  defined  by 

3  =  0,     p  =  0,     q  =  0, 
is  to  satisfy  the  equations 

/_„,    jj*_o,     f*-0,     %-p-O.    I*-J-0, 

J  dp  2q  ox  dy 

that  is,  d>,  ^  ,  ^ ,  5- ,  ~  must  vanish  when  p  =  0,  q  =  0 ;  and 
op     oq     ox     dy 

therefore  <f>  is  of  the  form 

(j)  =  p*  (a  +  ax  +  ay  +  Ap  +  A'q  +  . . .) 
+  b'y  +  ...) 
>  +  c'y  +  Cp  +  C'q  +...). 
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We  require  the  equations  of  the  characteristics  in  the  immediate 
vicinity  of  the  point  x  =  0,  y  =  0,  z  =  0  on  the  singular  integral  :  in 
differential  form,  they  are 

dx  dy  _     dp  dq 

2*p^<20q  +  ...  =  20p+2yq  +  ...  =  p+  ...  =  q  +  ...  ' 

integrals  of  which  for  the  immediate  vicinity  of  the  origin  are 
p=tcq  +  ..., 


K  being  an  arbitrary  constant.     Also,  as 
dz=pdx  +  qdy 

=  2  (a*2  -I-  2,3*:  +  7)  qdq  +  .  .  .  , 
we  have 


Hence    the    equations   of   the   characteristic   in   the   immediate 
vicinity  of  the  origin  are 


4  (ay 

where  K  is  an  arbitrary  quantity  :  and  the  solution  is  satisfactory 
unless  ay  —  ft-  vanishes.  Now  the  curve  touches  z  =  0  at  the 
origin,  and  the  tangent  to  the  curve  lies  in  this  plane  along  the 
line 


y=  —  s*j 

ate  +  (3 
when  K  is  arbitrary,  the  quantity  -       -^  also  is  arbitrary  unless 

ay  —  ft2  vanishes:  and  therefore  a  characteristic  can  be  drawn 
touching  every  line  in  the  plane.  We  thus  have  the  former 
result  :  — 

When  an  equation  has  a  singular  integral,  then   through  any 
point  on  it  there  passes  an  injinitude  of  characteristics  unless 


dp2  dq-        dpdq, 

vanishes  at  the  point;  each  characteristic  touches  the  singular 
integral  there  and  has  the  point  for  an  ordinary  point,  and  no 
two  characteristics  have  the  same  tangent.  Moreover,  all  these 

18—2 
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characteristics  lie  on  a  surface  which  touches  the  singular  integral 
and  has  the  point  of  contact  for  an  ordinary  point.  For,  in  order 
to  obtain  this  integral  surface  from  the  equations  of  the  character- 
istics, all  that  needs  (§  84)  to  be  done  is  to  make  the  initial  values 
satisfy  the  equations 

f  =  0,     dz  =  p  dx  +  q  dy. 

In  the  present  case,  both  of  these  equations  are  satisfied  at  the 
point  by  taking 

a/c2  +  2/3tc  +  7=0. 

Hence,  in  the  immediate  vicinity  of  the  point  of  intersection  of  the 
surface  with  the  singular  integral,  we  have 


on  the  surface  ;  and  therefore 

KX  +  y  =  0,     z  =  /JLO?  +  ...  ; 

the  point  of  intersection  is  an  ordinary  point  on  the  surface,  and 
the  two  surfaces  touch  there. 

If  however  ay  —  /32  =  0,  without  a,  /?,  7  separately  vanishing, 
we  may  take 

/3  =  aO,     7  =  1&2. 

We  still  have  an  infinitude  of  characteristics  through  the  point, 
given  by  the  equations 

p  =  /cq+  ..., 

x  =  2  (K  +  6)  aq  +  .  .  .  , 


they  touch  the  plane  z  =  0  at  the  origin,  and  the  tangents  are 
given  by 

y-ftp, 

that  is,  the  infinitude  of  characteristics  have  a  common  tangent  at 
the  origin  :  and  as 


the  origin  is  an  ordinary  point  for  each  of  the  characteristics. 

This  infinitude  of  characteristics  still  lies  on  a  surface  (which 
of   course  gives  an  integral   of  the   differential   equation).      To 
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obtain  its  equation  from  the  equations  of  the  characteristics,  we 
make  the  initial  values  satisfy  the  equations 

/  =  0,     dz  =  pdx  +  qdy. 

In  the  present  case,  both  of  these  equations  are  satisfied  at  the 

point  by  taking 

K  +  6  =  0. 

With  these  initial  values,  we  have,  for  the  characteristics, 


=  {(A'  +  25)  /c2  4-  (45'  +  2C)K  +  3C"} 
and  therefore 


Hence,  at  the  point  of  intersection  of  the  singular  integral  and 
the  surface  that  is  the  locus  of  the  characteristics,  we  have 

y  =  px+  ..., 
z  =  <rx*  +  ..., 

along  the  surface  :  and  therefore  the  point  is  a  singularity  on  the 
surface  that  is  the  locus  of  the  characteristics.  The  two  surfaces 
touch  at  the  point  which,  on  the  assumptions  implicitly  made  that 
neither  X  nor  p  nor  K\  +  fi  vanishes,  is  a  cusp  on  the  locus  con- 
taining the  characteristics  through  the  point. 

Even  if  a,  y9,  7  be  zero,  the  same  kind  of  result  holds  :  for  it  is 
sufficient  in  that  event  to  make  *  =  0  :  we  merely  have  different 
values  of  X  and  /z.  Hence  we  have  the  result  : 

When  an  equation  has  a  singular  integral,  and  when  the  relation 


dp3  dq2  ~  \dpdq 

is  satisfied  at  any  point  of  it,  an  infinitude  of  characteristics  passes 
through  the  point  having  a  common  tangent  that  also  touches  (or  lies 
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in)  the  singular  integral.  All  the  characteristics  lie  on  a  surface 
which  touches  the  singular  integral  at  the  point  and  has  the  point  for 
a  singularity. 

Ex.  1.      Prove   that,   when   an   equation  f(x,y,z,p,q}=0  possesses  a 
singular  integral  in  the  form 

z  =  4>  (X,  y\ 
T^f 
such  that  jr  does  not  vanish  at  all  points  on  the  surface  represented  by  that 

integral,  the  general  integral  which  touches  the  singular  integral  along  a 
curve  can  be  represented  in  the  form 


where  £  is  a  regular  function  of  x  and  y,  and  the  complete  integral  can  be 
represented  in  the  form 


where  u  and  v  are  regular  functions  of  x  and  ?/.  (Darboux.) 

Ex.  2.     Shew  that  the  characteristics  of  the  equation 

(pz  —  x)2—-q2(x2+z2  —  1) 
are  plane  curves,  and  that  the  locus  of  their  cusps  is 

^•2  +  22  =  l.  (Goursat.) 

Ex.  3.     Discuss  the  various  integrals  of  the  equation 

{p(a*  +  #-l*)  +  qxy}*  =  q*  (1  -z2)  (x*+f+z2-  1). 

(Goursat.) 

116.     Case  V.     Here  we  have 

/=0,     P  =  0,     Q  =  0,     X  =  0,     F=0,     Z=0. 

These  are  six  equations  involving  five  variables  :  hence  they  can 
coexist  only  if  connected  by  certain  relations.  If  so  connected, 
they  may  be  equivalent  to  five  equations,  or  to  four,  or  to  three,  or 
to  two  :  on  the  assumption  that  /=  0  is  irreducible,  they  cannot  all 
be  satisfied  in  virtue  of  one  equation  alone.  We  shall  assume  that 
/  is  a  polynomial  function  of  its  arguments. 

When  the  six  equations  are  equivalent  to  five,  the  equations 
determine  a  limited  number  of  sets  of  values  for  the  five  variables. 
Taking  any  one  of  these,  we  have  to  consider  the  form  of  the 
characteristic  at  the  point.  As  before,  we  take  the  point  for  origin, 
and  the  tangent  plane  of  the  complete  integral  is  made  the  plane 
z  =  0  :  so  that  we  have 

ar=0,     y  =  0,     z  =  Q,    p  =  0,     q  =  0 

at  the  point.  It  is  clear  that  there  can  be  no  terms  of  the  first 
order  in  /:  so  that  the  constant  c,  of  §  110,  is  zero.  In  other 
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respects  the  analysis  of  §§  111,  112  applies  in  the  present  sub-case  : 
and  the  nature  of  the  point  on  the  characteristic  is  the  same  as  for 
the  corresponding  alternatives  in  that  discussion. 

When  the  six  equations  are  equivalent  to  four,  determining 
y,  z,  p,  q  as  functions  of  x,  the  discussion  of  §  111  will  suffice  for  the 
present  sub-case.  When  they  are  equivalent  to  two  only,  their 
significance  is  similar  to  that  of  the  corresponding  equations 
already  (§  109)  discussed. 

It  remains  therefore  to  discuss  them  when  they  are  equivalent 
to  three  equations  only,  expressing  z,  p,  q  as  functions  of  x  and  y  : 
we  have  seen  that  it  was  not  possible*  definitely  to  declare  that 
the  relation  between  x,  y,  z  is  a  singular  integral,  because  of  the 
vanishing  of  Z.  The  method  of  §  104  is  not  applicable  :  for  the 
equation  /  =  0  cannot  be  resolved  with  regard  to  z  because  Z=  0  : 
indeed,  it  cannot  be  resolved  with  regard  to  any  of  the  variables 
so  as  to  give  a  regular  equation  because  X,  Y,  Z,  P,  Q  all  vanish. 
Suppose  that 

/=0,     P=0,     Q  =  0, 

are  three  independent  equations  giving  z,  p,  q  as  functions  of  x  and 
y  :  and  that  these  values  make  X,  Y,  Z  all  vanish.  When  the 
values  are  substituted,  they  make  /=  0,  P  =  0,  Q  =  0  satisfied 
identically  :  hence  f 


= 

dx      dp  dx      dq  dx      dz  dx 


dP 
If  then  —  does  not  vanish  when  the  values  of  z,  p,  q  are  sub- 

oz 

stituted  in  it,  it  will  be  sufficient  that  the  equations 

dP      dPdp      dPdq      dP 

"o  —  •"  "^  —  5  —  '  ~^~  o  —  •  ~^~  P  —  J, 
ox      dp  ox      oq  ox      dz 


+ 
dy      dp  dy      dq  dy      dz  * 

shall  be  satisfied  in  order  to  secure  that  the  relation  between 
x,  y,  z  is  an  integral  of  the  partial  equation.     The  equation  Q  =  0 

*  Except,  of  course,  by  direct  substitution  in  the  partial  differential  equation. 
t  The  equation  /=0  gives  no  further  information  when  thus  treated,  because 
P,  Q,  X,  Y,  Z  all  vanish  for  the  values  in  question. 
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r)O 

can  be  treated  similarly,  and  will  give  a  similar  result  if  —  does 
not  vanish  for  the  values  in  question. 

But  the  obvious  tests,  which  really  are  the  equivalent  of  sub- 
stituting in  the  differential  equation,  are  that  values  of  p,  q,  z 
should  satisfy 


if  these  relations  are  satisfied,  the  relation  between  x,  y,  z  is  an 
integral. 

The  subject,  in  the  case  when  Z  =  0,  admits  of  considerable 
expansion  :  but  it  will  not  be  pursued  further  in  this  place. 
Darboux  has  given  some  discussion  *  of  a  limited  class  of  equations  ; 
there  seems  plenty  of  opening  for  further  investigation. 

Ex.  1.     Consider  the  equation 


which  already  (§  78)  has  been  discussed.     The  equations 

/=0,     X=Q,     Y=0,     Z=Q,     P=Q,     Q= 
are  satisfied  in  virtue  of  the  two  relations 


x     y 

and  these  lead  to  an  integral 

S2  =  a 

which  is  not  a  singular  integral  as-  it  certainly  is  not  the  envelope  of  the 
complete  integrals  of  the  equation.     But,  though  it  satisfies 

Z=0, 
it  is  an  integral  of  the  original  equation. 

Ex.  2.     Consider  the  equation 


The  equations 

/=0,     X=0,     F=0,     Z=0,     P=0,     Q=0 

are  satisfied  by  a  relation 

2  =  0 

(with  jo  =  0,  <?=0),  which  is  an  integral:  and  the  complete  integral  is 


What  is  the  relation  between  the  two  integrals  ? 
*  In  §  35  of  his  memoir. 
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Ex.  3.     Consider  the  equation 


The  six  equations 

/=0,     JT=0,     F=0,    Z=0,    P=0,     Q=Q 

are  satisfied  by 

2=0,    js-l=0,    ^-1=0: 

but  z=0  is  clearly  not  an  integral  of  the  partial  differential  equation. 
The  same  holds  of  any  equation 

f(p+a,  q+b)=z°\ 

where  the  constant  m  is  greater  than  unity,  a  and  b  are  constants  which  do 
not  vanish,  and  /  is  a  regular  function  of  its  arguments  containing  no  terms 
of  order  lower  than  two  in  p+a  and  q  +  b  combined.  All  the  six  equations 

are  satisfied  by 

2=0,    p+a=0,     q+b=0: 

but  2  =  0  is  not  an  integral  of  the  equation. 

Ex.  4.     Discuss  the  relation  of  the  locus  z=0  to  the  complete  integral  and 
to  the  general  integral  of 


Ex.  5.     Shew  that  all  the  integrals  of 

which  touch  the  integral  2  =  0  along  the  axis  of  y,  are  given  by 

z=Aa?- 

{»+ 
where  .4  and  n  are  arbitrary.  (Darboux.) 

Ex.  6.     Obtain  the  complete  integral  and  the  general  integral  of  the 
equation  in  the  preceding  example.     Is  2  =  0  a  singular  integral  ? 

Ex.  1.     Integrate  the  equations : 

(ii)     p3+q3+z(p  +  q)=zz: 
(iii)    pq(p+q)+z(p*+q*)=zz, 

discussing,  for  each  of  them,  the  relations  between  the  integral  2=0  and  the 
other  integrals. 


CHAPTER   VIII. 

THE  METHOD  OF  CHARACTERISTICS  IN  ANY  NUMBER 
OF  INDEPENDENT  VARIABLES. 

THE  present  chapter  gives  an  account  of  Cauchy's  method  of  characteristics 
as  applied  to  a  single  equation  in  n  independent  variables  :  and  the  account 
is  made  brief,  because  the  process  and  the  results  are  a  generalisation  of  the 
process  and  the  results  for  two  independent  variables,  as  expounded  at  con- 
siderable length  in  the  two  preceding  chapters.  Moreover,  as  the  geometry 
of  ordinary  space  has  been  amply  used  for  illustration  of  the  simpler  case,  it 
is  not  deemed  necessary  to  enter  at  any  length  into  illustrations  of  the  more 
general  case  derived  from  the  hypergeometry  of  n  +  1  dimensions. 

Reference  may  be  made  to  the  works  of  Cauchy  and  of  Darboux,  quoted  at 
the  beginning  of  chapter  vi.  Many  of  the  results  towards  the  end  of  this 
chapter  are  believed  to  be  new  :  and  the  subject  admits  of  considerable 
development. 

117.  The  method  of  characteristics  can  be  employed  when 
there  are  n  independent  variables  x1>  ...,  xn.  Adopting  Cauchy's 
use  of  Ampere's  practice,  we  change  the  independent  variables  so 
that  they  become  x-i,  uz,  ...,  un:  the  new  variables  are  functions 
of  #2,  ...,  xn  (and,  it  may  be,  of  x±  also)  which  are  independent  of 
one  another,  and  they  will  be  chosen  so  as  to  simplify  relations. 
Conversely,  #2>  •••>  #«>  z,  PI>  "-,pn  can  be  regarded  as  functions  of 
#!,  u2,  ...,  un\  and,  whatever  the  differential  equation  may  be,  we 

have 

dz  »        dxr 


z  ,          acr  ,.     0 

--=  2     pr^,  (t-2,  ...,n). 

OUi  r=2          OUi 

Differentiating  the  former  with  regard  to  U{  and  the  latter  with 
regard  to  ar1}  and  subtracting,  we  find 

dpi  _    3     ftpr  (far 

dui     r= 
holding  for  i  =  2,  .  .  .  ,  n. 
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When  proper  values  of  xz,  ...,  #„,  z,  pl,  ...,  pn,  in  terms  of 
#1}  «2,  ...,un,  are  substituted  in  the  differential  equation,  which 
may  be  taken  in  the  form 


it  becomes  an  identity  :  hence,  if 


for  i  and  .;'  =  !,  •  .  •  ,  n,  we  have 

Y  ±7dZ  -i     V    F  8<r*+   V    P  ^-O 
A  j  -H  Z  5  --  h    Z   -A  «  5  --  r    —    *i  ~  —  —  U, 

^i        »=2         O^'i        *=l         <**] 


the  latter  holding  for  /*  =  2,  ...,  /*.     Substituting  in  the  latter  for 
•=  —  and  ^-  ,  and  rearranging  the  terms,  we  find 


r=2 


"Zrf   \     3n   \ 

P        r\    Pr\.  —  O 
—  X]  5  —  I  5  —  >•  =  U. 


Thus  far,  the  new  variables  M2,  ...,  ««„  are  at  our  disposal:  let 
them,  if  possible,  be  chosen  so  that 

p  _  P  ^T-o 

J-  r        •*  1  5        ~"j 

dar! 

for  r  =  2,  .  .  .  ,  w,  these  n  —  1  equations  being  formally  independent 
of  one  another.  On  the  choice  thus  made,  the  foregoing  equation 
becomes 


and  it  holds  for  p  =  2,  . . . ,  w.  There  is  thus  a  set  of  n  —  1 
equations,  homogeneous  and  linear  in  n  —  I  quantities ;  the 
determinant  of  their  coefficients,  being 


does  not  vanish,  and  therefore  the  quantities  themselves  vanish, 
that  is, 
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for  r  =  2,  . . . ,  n.    Substituting  the  values  of  Xs,  . . . ,  Xn  thus  given, 

dz 
and  also  the  value  of  ^— ,  in  the  equation 

and  reducing,  we  have 


Consequently,  the  equations 


for  r  =  2,  .  ..,  n,  and  t=  1,  ...,  n,  are  satisfied:   it  will  be  noticed 
that  they  involve  no  derivatives  with  regard  to  u2,  ...,  un. 

Now  this  aggregate  of  2/i  —  1  equations  can  be  taken  in  the 
form 

dxl  _  dxz  _        _  dxn  _          dpl  dpn 

~~ 


which  are  a  set  of  ordinary  equations  ;  so  far  as  they  are  concerned, 
the  arbitrary  quantities  that  arise  in  the  integration  can  be  made 
functions  of  the  variables  u2,  ...,  un,  which  do  not  occur  explicitly 
in  the  set.  If  we  equate  each  member  of  the  above  aggregate  to 

dz 

p,P1+  ...+pnPn' 
the  equation 


will  be  satisfied  by  the  integrals  of  the  set;  no  limitation  will 
thereby  be  imposed  upon  the  arbitrary  functions  of  «2  ,  .  .  .  ,  un  that 
occur  in  the  integrals.  But  the  equations 


have  also  to  be  satisfied  ;   these  will  obviously  impose  limitations 
upon  the  arbitrary  functions  of  u^,  ...,  un, 

118.     Accordingly,  we  take  the  equations  in  the  form 
dxl     c?#2  dxn  dz 


-v 


dpi  dpn 
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introducing  a  new  variable  t  so  as  to  secure  the  general  symmetry 
in  Darboux's  presentation  of  Cauchy's  method:  t  is  the  inde- 
pendent variable  for  the  system  of  ordinary  equations.  Let 

2—^,       #!  =  £,     ...,    Xn  =  %n,       Pi  =  Tr1,    ...,  pn  =  TTn, 

be  a  set  of  initial  values  assumed  by  the  variables  in  the  aggregate 
of  ordinary  equations,  subject  at  this  stage  to  the  sole  condition 

/(&,   •••>  £n>  £  Tl»   ..-,  7Tn)  =  0. 

We  shall  suppose  that  not  all  the  quantities  PIt  ...,  Pn,  Xl  +  Zp1, 
...,  Xn  +  Zpn  vanish  for  these  initial  values  and  that  each  of  these 
quantities  is  a  regular  function  of  its  arguments  in  the  vicinity 
of  the  initial  values.  From  the  theory  of  ordinary  equations,  it 
is  known  that  the  equations  possess  a  unique  set  of  integrals 
which  are  regular  functions  of  t  and  are  such  that,  when  t  =  Q, 
they  acquire  the  assigned  initial  values  respectively:  let  these 
integrals  be 

#1    =#i  (t,    £1,    -..,    fn>    £    TI,    •••,    Tn), 


Xn  =  Xn(t,  &,  ...,  £„,  £  TTj,  ...,  7Ttt), 
Z  —  Z  (t,  glt  ...,  £„,  £,  TTi,  ...,  7Tn), 
Pi  =  pi  (t,  £i>  •••>  ^n,  (T,  Tj,  •••,  Tn), 


When  in  the  expressions  thus  obtained  we  make  the  quantities 
li,  •••>  %n,  £,  TTi,  ••-,  ""»  functions  of  i^,  ...,  un,  at  present  arbitrary 
subject  solely  to  the  condition 


it  is  necessary  that  they  should  satisfy  the  relation 
dz         9a?! 


(which  the  differential  equations  in  the  ordinary  system  shew  to 
be  satisfied),  and  the  relations 

dz  _       9a^  dxn 

^       ==  Pi  o        "T"  •  •  •    i    Pn  "*\       > 

dip         dUp  9uf 

for  /A  =  2,   .  .  .  ,  n,  if  the   above   integrals   thus   modified   are   to 
provide  integrals  of  the  original  partial  equation.     Let 

.        dz  dx-i  dxn 
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then,  as 

'bz 

dxt                   dxn 

dt~ 

^ll)t  +  '"  +  Pn~dt  ' 

so  that 

d2z 

V       fn      ^Xr     _L  °Pr   VXr 

dtdiip      , 

•*•     1  Pr  oj^       "T"  a        1.1 
,.=i  V     ctcu^     diip  dt 

we  have 

8XM       d'2z 

-   >  .    /  mt             -\-  f— 

[118. 


dt       dtdup     r=i  V     3^91^      dt 
'dpr  dxr     dxr  dpr 


n     / 

=  2 

r=l   v 


r=l 

The  quantities  must  satisfy  the  equation 

when  their  values  are  substituted :  hence 

Z  ^ H  S  ( Xr  r-^  +  Pr  ^-    =  0, 


and  therefore 

dLfi_      „  dz        5, 
dt  dup      r= 

so  that 


where  AM  is  the  value  of  ZM,  when  t  =  0.     Now  Z  is  a  regular 

rt 
function  of  t  in  the  vicinity  of  £  =  0,  so  that    I   Zdt  is   finite. 

Jo 

Consequently,  in  order  to  satisfy  the  relation 

it  is  necessary  and  sufficient  that  the  relation 

should  be  satisfied,  that  is, 

d£           d£i  d%n 

o —  =  TI  o h  •  •  •  +  7TW  ^ —  J 

GUp  Ollfi  vUfi 

and  this  must  hold  for  //,  =  2,  . . . ,  w.  We  thus  have  n  —  1  further 
conditions  imposed  upon  the  quantities  £j,  ...,  £n,  f,  TTJ,  . ..,  irnt 
regarded  as  functions  of  u?,  ...,  un. 
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Further,  when  these  conditions  are  satisfied,  and  when  the 
quantities  are  substituted  in  f(x1,  ...,  xn,  z,  plt  ...,  pn)  =  Q,  the 
equation  is  satisfied  identically.  For  we  have 

3£  =  z-+i  xrd-^+  2  pr^ 

dt          dt     r=i     r  dt      r=i     r  dt 
=  0, 

from  the  differential  equations  that  led  to  the  construction  of  the 
variables  as  functions  of  t,  u.2,  ...,  un.     Also,  as  L^  =  0,  we  have 


^rs=P^^r  +  "-+Pn^r; 


and  as  now 
and  as  always 


"_  v 

-o7~—    — 
ot      r= 


we  now  have 
that  is, 


uM     r=1 
and  therefore 


Thus 


and  therefore 

/(a?!,  ...,  xn,  z,  pl}  ...,  pn)  =  constant 

=/(fi»   —i  In,  t.  TI.   •••»  Tn) 
=  0. 

Consequently,  the  expressions  obtained  for  #!,  ...,  a?n,  2^,  plt  ...,  pn 
satisfy  the  equation 

/(#i,  •  ...  ,  vn,  e,p!,  ...,  pn)  =  0 

identically  when  their  values  are  substituted,  provided  only  that 
the  relations 

A2  =  0,  ...,  An  =  0 
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are  satisfied.     Moreover,  they  are  such  that 

"dt      r=i       dt 

f\/y  71  f)  rv\ 

\J&  ^\  Uwj* 

9ttM      r»l       <>V 

and  therefore,  if  2, pl ,  . . . ,  pn  can  be  expressed  in  terms  of  xl ,  ...,  xn 
alone,  on  the  elimination  of  t,  u2,  ...,  un,  the  n  quantities^  are  the 
derivatives  of  z  with  regard  to  the  n  variables  x,  that  is,  the  relation 
between  z,  xl}  ...,  xn  provides  an  integral  of  the  original  partial 
equation.  It  therefore  is  sufficient  that  the  initial  quantities 
£i>  •••>  Zn,  £.  7Ti>  ...,  7Tn  should  satisfy  the  n—I  relations 


r=1 


together  with  the  condition 


and  then  the  integral   will  be  given  by  the  elimination  of  the 
parametric  quantities  among  the  n  +  I  equations 

xl=xl(t,  £1:   ...,  ffn,  %,  irlt  ...,  7rn), 


Z   =Z    (t,    fl5     ...,    |n,     £    TTj,     ...,    7Tn). 

119.  The  conditions  as  regards  the  initial  values  may  be 
satisfied  in  various  ways. 

In  the  first  of  these  ways,  all  the  quantities  £  and  £  involve 
M2,  ...,  un;  the  n  —  1  relations,  together  with 


become  w  equations  for  the  determination  of  TTI,  ...,  ?rn.     These 
w  equations  can  be  resolved  for  these  magnitudes,  unless 

nlf      ,  nr 


should  vanish,  where 
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so  that  IIr  is  the  initial  value  of  Pr.  We  shall  assume  that  this 
quantity  does  not  vanish,  recognising  that  an  exceptional  case 
occurs  when  ni}  ...,  II  „  all  vanish. 

As  the  quantities  £,  gl}  ...,  gn  involve  the  n  —  1  variables 
u^,  ...,  un,  then  on  the  elimination  of  u^,  ...,  un,  we  have  two 
relations  which  may  be  represented  in  the  form 


in  other  words,  the  initial  conditions  are  such  that,  when  a  relation 


is  satisfied,  z  is  to  acquire  a  value  g(a;1,  ...,  xn).  All  the  require- 
ments are  now  satisfied,  without  any  further  restrictions  :  so  that 
g  can  be  taken  quite  arbitrarily,  as  also  can  <j>. 

The  integral  thus  obtained  is  the  general  integral. 

In  the  second  of  the  ways,  some  (but  not  all)  of  the  quantities 
?>  fi>  —i  fn  involve  the  n—  1  variables  «2,  ...,  un.  Suppose  that 
£i+i>  .—i  £»  do  not  involve  any  of  the  variables:  then  we  clearly 
have 

«Tt+i  =  tXi+i,  •••  >  £n  =  ant 

where  the  quantities  o,-+1,  .  ..,  a«  are  constants.     The  relations  are 

8?   _    4  djr 

~ 


_ 

~    —  *    " 
r=i 


for  jj,  =  2,  .  .  .  ,  n  :  these  shew  that  some  functional  relation  exists  in 
a  form 

£=<7  (£,..-,£), 

and  they  determine  the  values  of  TTI}  .  .  .  ,  TT»  :  and  then  irt-+1,  .  .  .  ,  7rn 
can  be  taken  as  arbitrary  functions  of  w2,  ...,  un,  subject  to  the 
equation 


All  the  requirements  now  are  satisfied,  without  further  re- 
strictions; so  that  the  function  g  can  be  taken  quite  arbitrarily. 
The  initial  conditions  are  such  that,  when 


z  is  to  acquire  a  value  g  (x^,  ...,  #t-). 

The  integral  is  of  the  general  type  :  clearly  it  is  a  specialised 
case  of  the  general  integral. 

F.  v.  19 
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In  the  third  of  the  ways,  all  the  quantities  £,  £,,  ...,  £n  may 
be  independent  of  the  variables  :  they  then  are  constants.  Among 
the  n  +  2  equations 

Xl=Xl(t,    ffj,   ...,   £n,   £  TTj,   ...,  7Tn), 


*^n •"»  \*>  £l>  •••>  £n>  b>  ""l>  •••>  ""»/i 
2  =  2  (£,  fi,  ...,  £n>  £  7T!,  ...,  7Tn), 
0=/  (  li,  •..,  £n,  Si  TI,  •••>  Tn), 

we  eliminate  the  n  +  1  quantities  t,  7r1}  ...,  7rn.     The  eliminant  is 
an  integral. 

As  there  are  n  + 1  constants,  which  are  values  of  the  variables, 
one  of  them  may  be  looked  upon  as  an  initial  value,  and  the  rest 
of  them  may  be  regarded  as  arbitrary.  The  integral  so  obtained 
is  a  complete  integral. 

It  is  clear  that  the  integral,  provided  by  the  second  of  the 
ways,  is  intermediate  in  character  between  the  complete  integral 
and  the  general  integral.  If  in  its  expression,  i  —  n  —  1,  it  effectively 
is  the  general  integral ;  if,  on  the  other  hand,  i  =  0,  it  effectively  is 
the  complete  integral. 

As  regards  the  possibility  of  giving  (or  even  expecting)  an 
explicit  form,  by  the  elimination  of  t,  uz,  ...,  un  among  the  n  +  1 
equations 

Xl  =  Xl   (t,  fi,   ...,   t;n,  f,  TTj,   ...,  7Tn), 


=  x 


=  Z  -   (t, 


.  .  ,  £„,   £,77-!,...,  7rB), 


we  may  resolve  the  first  n  of  the  equations  with  regard  to  t,u2,  ..., 
un,  and  substitute  the  values  so  obtained  in  the  last  :  the  resulting 
form  will  be  the  integral.  This  process  is  theoretically  possible, 
unless  the  quantity 


'dxl 


dun '       '  dun 
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vanishes  identically,  that  is,  unless  the  quantity 

P  P 

-*i>     •••>    -* 


un '      ' '  dun 

vanishes  identically.  In  assuming  this,  we  make  no  new 
assumption :  for  if  it  vanishes  identically,  its  value,  when  t  =  0, 
is  zero:  and  this  has  already  been  assumed  not  to  be  the  fact. 

120.  Various  assumptions  have  been  made  which,  as  in  the 
case  of  only  two  independent  variables,  restrict  the  application  of 
the  theorem  and  the  process. 

Thus,  it  has  been  assumed  that  the  quantities  P1}  ...,  Pn, 
Xl  +  plZ,  ...,  Xn  +  pnZ  are  regular  functions  of  their  arguments 
within  the  vicinity  of  the  assigned  initial  values.  If,  therefore, 
any,  or  some,  or  all,  of  these  quantities  are  characterised  by 
deviations  from  regularity,  whether  by  singularities  or  by  algebraic 
irrationalities  or  by  places  of  indeterminate  values  (to  mention 
only  the  more  familiar  examples),  then  the  theorems  relating  to  a 
set  of  ordinary  equations  no  longer  apply  of  necessity :  and  the 
further  inferences  are  then  not  necessarily  valid. 

Again,  it  has  been  recognised  that,  if  Plt  ...,  Pn  vanish  simul- 
taneously for  the  initial  values,  the  argument  is  not  completely 
effective:  as  in  the  case  of  two  independent  variables,  deviation 
from  regularity  can  be  caused  thereby :  and  the  equations  require 
further  consideration. 

Again,  it  has  been  assumed  that  Pl}  ...,  Pn,  Xl+p1Z,  ..., 
Xn  +  pnZ  do  not  simultaneously  vanish  for  values  of  the  variables 
connected  by  the  relation  f=  0 ;  but  instances  are  known  in  which 
this  assumption  is  not  justified,  the  equations 

/=0,     P1  =  0,...,P»=0,     Xl+p1Z  =  0,...,Xn+pnZ=0, 

being  consistent  with  one  another.  In  such  an  event,  there  are 
two  alternatives.  Either  the  quantities  pl,...,pn  can  be  eliminated, 
and  the  eliminant  is  a  relation  between  z,  x1}  ...,  xn:  this  relation 
then  provides  the  singular  integral  of  the  equation.  Or,  though 
the  elimination  is  not  possible,  the  equations  are  satisfied  (f=  0 

19—2 
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being  irreducible)  by  proper  values  for  at  least  two  of  the  quantities 
p  in  terms  of  the  remainder  :  let  there  be  m  such  equations,  where 
m^n;  then  these  equations  form  a  complete  system,  and  they 
have  an  integral  involving  n  —  m  +  I  constants,  which  integral  is  a 
specialised  case  of  the  complete  integral. 

Moreover,  there  is  no  guarantee  at  any  stage  that  every  possible 
integral  of  the  equation  can  be  derived  by  the  processes  adopted  : 
and  it  has,  in  fact,  been  found  to  be  the  case  that  a  partial  equation 
can  be  satisfied  by  an  integral  of  the  type  called  special,  not  falling 
within  any  of  the  indicated  classes. 

121.  As  in  the  case  of  two  independent  variables,  so  in  the 
case  of  n  independent  variables,  one  exceptional  instance  requires 
consideration.  It  may  happen  that,  though  no  one  of  the  quantities 
Pj,  ...,  Pn  vanishes,  still  the  relation 

p1P1+...+pnPn  =  0 

might  be  satisfied  :  it  would,  for  example,  be  satisfied  if  f  were 
homogeneous  in  the  derivatives  p.  One  of  the  integrals  of  the 
ordinary  equations  then  would  be 

z  =  quantity  independent  of  t 

=  z», 

a  relation  which  would  be  useless  for  purposes  of  elimination  if  the 
complete  integral  were  being  sought. 

In  such  an  event,  we  adopt  (as  in  the  case  of  two  variables  in 
the  corresponding  event)  a  Legendrian  transformation  of  the  type 

z'  =  z-p,xl, 

or  of  some  similar  type.  For  the  particular  transformation,  the 
associated  variables  are 

#2  =  ^2>   •'•)  xn   ~  xni       x\    =        pi> 
P*  =pa,  •  •  •  ,  Pn  =  Pn,      PI  =  ®i  • 

the  quantity  p/P/  -f  .  .  .  +  pn'Pn'  in  the  transformed  system  is  then 
obtained  from 

#1  (X,  +  #  £)  +  p.2Pi  +...+pnPn, 
that  is,  from 


by  making  the  above  substitutions.  This  quantity  does  not  vanish, 
and  so  the  process  can  be  applied  to  the  modified  system  ;  the 
integral  of  the  original  equation  can  be  deduced  as  before. 
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This  general  method  of  integration  has  been  illustrated  for  the 
case  of  two  independent  variables  :  it  is  unnecessary  to  illustrate  it 
in  detail  for  the  general  case. 

Ex.     Integrate,  by  Cauchy's  method,  the  equations 

(i) 

(ii) 

(iii) 


obtaining  in   each   case  an   integral  z  which   acquires  an  assigned  value 
2,  ...,*„),  when  xl=al. 


122.  The  ordinary  equations  subsidiary  to  the  integration  of 
the  partial  equation  can  also  be  obtained  as  follows.  In  space  of 
n  +  1  dimensions,  the  integral  represents  a  hypersurface,  which 
can  be  regarded  as  the  envelope  of  its  tangent  planes.  The 
equation  of  any  tangent  plane  is 

£-  z  =pl  (£  -  ar,)  +  ...  +pn  (£„-#„); 
when  the  envelope  of  this  plane  is  formed,  subject  to  the  law 

/(#!,  ...,  xn,  Z,P!,  ...,jpB)  =  0, 
we  have 

0  =  (£-  <d)  Bpl  +  ...  +  (£„  -  x.n)  8pn, 


and  therefore 


p              •••  P 

*  1  -* 

that  is,  in  the  vicinity  of  the  point 

dx1  dxn 


say,  giving  equations  for  a  direction  through  the  point.  Moreover, 
as  this  direction  belongs  to  an  integral  which  satisfies  the  equation, 
the  equation  f=  0  will  be  satisfied  identically  when  the  proper 
values  of  z,  pt  ,  ...,  pn  are  inserted  :  so  that 


for  r  =  1,  ...,  n.     Thus 
(Xr  +  Zpr) 
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Now 

dpn  _       (PZ       _  dpr  . 

dxr      dxrdxn      dxn ' 
and  therefore 

^1  J  ,    tyri  j  dpr   7  ,    8pr    7 

5*-  ctoj  +  . . .  +  -^  cten  =  5*-  oX  +  . . .  +  ^-  cten 

9#r  3#r  9#i  dxn 

=  dpr, 
so  that 

(Zr  +  Zpr)  dt  +  dpr  =  0, 

for  r=l,  . ..,  n.     Also 

ck  =  j^cfo?!  +  . . .  +  jOnCfo^ ; 
hence,  gathering  together  the  various  equations,  we  have 

dx^  _        _  dxn  __  dz  —  dpl  —  dpn 

A"=         =  7\=  p1P1  +  ...+p~Pn:=X1+plZ=        =  Xn+pnZ 

=  dt, 
which  are  the  equations  in  question. 

Next,  consider  the    various   integrals.     There   is   a  complete 
integral,  which  may  be  taken  in  the  form 

</>(>!,  ...,xn,  z,  «!,  ...,  an)  =  0. 

The  least  restricted  general  integral  is  obtained  by  eliminating  the 
n  constants  among  the  n  +  1  equations 

0  =  0,     «!  =  0  (02,  ...,  an), 

c^  =  8^a0a^  = 

dar     dar      3«i  dar 

for  r  =  2,  . . . ,  n ;  it  will  be  a  single  equation,  and  it  represents  the 
envelope  of  that  family  of  complete  surfaces  selected  by  the 
relation 

al  =  6(a2,  ...,  a^, 

In  the  uneliminated  form,  the  equations  represent  a  locus  of  one 
dimension,  which  is  the  intersection  of  n  consecutive  surfaces 
obtained  by  varying  the  n  —  1  independent  parameters  in 

<j>  (#!,   . . . ,  Xn,  Z,  0,d2,  ...,  0«)  =  0. 

On  the  analogy  of  ordinary  space,  such  a  curve  is  called  a  character- 
istic :  clearly  the  general  integral  is  a  locus  of  characteristics.  As 
a  characteristic  is  a  locus  of  one  dimension,  it  can  be  represented 
by  a  set  of  ordinary  equations,  which  are  easily  found  as  follows  to 
be  the  preceding  set. 
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The  differential  equation  is   obtained  by  the  elimination  of 
«!  ,  .  .  .  ,  an  among  the  n  +  1  equations 

<£  =  </>.Oi>  •••>  #n>  *,  0.1,  ...,  an)  =  0  ] 


for  r=l,  ...,n;  and  it  is  the  sole  equation  resulting  from  that 
elimination.  The  only  independent  relations,  that  connect  differ- 
ential elements  dxl,  ...,  dxn,  dz,  dp^,  ...,  dpn,  are 


and  df=  0  is  a  relation  connecting  those  elements  :  hence  quantities 
fi,  fii,  ...,  nn,  free  from  differential  relations,  must  exist  such  that 
the  relation 


is  satisfied  :  and  therefore 


because  f,  0,  <f>lt  ...,  <f>n  vanish  together. 

Because  no  one  of  the  constants  a,,  ...,  an  appears  in/,  we 
have 


for  r  =  1,  ...,  n.     Again,  />,  occurs  in  ^,  only  and  in  no  one  of  the 
other  quantities  <f>;  hence 

df_      3£ 

^   ^a»-? 

for  s  =  1,  .  .  .  ,  n.     For  the  integral  in  question,  we  have 

_  ff 

+  Pj 


and  therefore 


for  i  =  l,  ...,  w. 
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The  integral  equations  of  the  characteristic  are 
0  =  0,     al  =  d(ay,  ...,  On), 

^  +  ^a«,= 

caK      oa^  oaK 
for  K  =  2,  .  .  .  ,  n.     From  the  preceding  equations,  we  have 


>      d(h  d(f>\  i         j  n         i          _  n. 

+  o  —  -^     +  Mi    o  --  ^  ^  —  ^T~    +  .  .  .  +  /in  I  ^  --  r  ^  —  Q  —     -  U  > 
r     dardaj  \dar      ddrdchJ  \dar 

therefore,  along  a  characteristic, 


9a  n      ar      8ar  8a    ~ 

that  is, 

-^r\ 

" 


and  this  holds  for  r  =  2,  .  .  .  ,  n.     Now  i/rr  =  0  holds  permanently 
along  the  characteristic,  so  that 


and 

dz  =  pidx^  +  .  .  .  +  pndxn 

for  every  curve  on  0  =  0:  thus 


and  this  holds  for  r  =  2,  .  ..,  n.  The  n  -  1  equations  for  the  ratios 
of  (*i,  ...,  pn  are  exactly  the  same  as  the  n  —  l  equations  for  the 
ratios  of  dx^  ,  ...,  dxn  ;  hence 

dx-L  dxn 

—  =  ...  =  --  =  u, 

f*i  f*n 

say,  where  dx1}  ...,  dxn  are  elements  of  the  characteristic.  Con- 
sequently, 

n         2  -<b  82<6  82<^> 

+pi       +  P<K 
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because  the  relation 


holds  permanently  in  connection  with  the  equation.     Also 


Hence,  gathering  together  the  various  equations  that  are  satisfied 
along  the  characteristic,  we  have 

dj\  _  djfn  _  dz  _     —  dpi 

¥='"=;E=rir:      "W=^~,7¥~ 

fa  dp*      NP»  Pnfyn      d^  +  Pldz 

_     -  dpn         j/_ 
=  ' 


These  are  the  former  subsidiary  equations,  which  accordingly  are 
the  differential  equations  of  the  characteristics. 

Ex.  1.     Prove  that  the  envelope  of  the  amplitudes 
i«2  =  (a  -  #0  (a  -  #j)  (a  -  j?s), 

where  a  is  a  variable  parameter,  is  a  general  integral  of  the  differential 
equation 


and  find  the  relation  among  the  arbitrary  constants  in  the  complete  integral 
which  leads  to  this  general  integral. 

Ex.  2.     An  amplitude  of  one  dimension  is  given  by  the  equations 


Hnd  the  general  form  of  the  partial  differential  equation  of  the  first  order  for 
which  this  amplitude  can  be  a  characteristic,  and  verify  that  the  equation  in 
the  preceding  example  is  a  particular  case. 
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123.     The  complete  integral  is  an  amplitude  of  n  dimensions, 
represented  by 

ly  ...,  xn,  z,  «!,  ...,  o»)=0. 
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The  general  integral  is  an  amplitude  also  of  n  dimensions, 
obtained  as  the  result  of  eliminating  a2,  ...,  an  between  the 

equations 

,      0       d<f>  d<j) 

9  =  0,      -j—  =0,  ...,  -5  —  =  U, 
da2  dan 

on  taking  ^  —  6  (a.2}  .  .  .  ,  an)  :  the  n  equations  represent  an  amplitude 
of  one  dimension,  being  the  characteristic  :  and  various  loci,  of 
dimensions  of  all  orders  between  unity  and  n,  are  given  by  the 
elimination  of  the  various  sets  of  constants  that  can  be  selected 
from  a.2}  •  ••,an.  And  there  are  various  classes  of  general  integrals  : 
that  general  integral,  which  is  represented  by  means  of  the  fore- 
going equations,  is  the  most  comprehensive  of  them  all. 

The  singular  integral  (when  it  exists)  is  an  amplitude  also  of 
n  dimensions,  obtained  as  the  result  of  eliminating  a1}  .  .  .  ,  an  between 
the  equations 

*_o,  j^-0,  M=o,...,M_0. 

oa^  oa2  oan 

The  values  of  pl  ,  ...,  pn  at  any  position  on  the  complete  integral 
are  given  by 

8</>       a<£ 

sr*-*1"^ 

for  r=I,  ...,  n. 

The  values  of  pl  ,  .  .  .  ,  pn  at  any  position  on  the  general  integral 
are  given  by 


that  is,  by 


oxr 


for  r=I,...,n. 

The  values  of  plt  ...,  pn  at  any  position  on  the  singular  integral 
are  given  by 

?£+„  8^+  s  ^^  =  o 
dxr  dz      t~i  9«e  9^r 

that  is,  by 

30   ,       d<f>      _ 

ai  +  ^a^0' 

for  r=I,  ...,  n. 

Hence,  at  any  position  common  to  any  two  of  these  three 
integrals,  the  values  of  plf  ...,pn  are  the  same.    Regarding  z,  #,  ,  .  .  .  , 
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xn ,  pi ,  . . . ,  pn  as  defining  an  element  of  an  integral  of  the  differential 
equation,  we  can  express  this  last  result  in  the  form  that,  at  any 
position  common  to  any  two  of  the  three  amplitudes  represented  by 
the  complete  integral,  a  general  integral,  and  the  singular  integral, 
the  two  amplitudes  have  a  common  element. 
Moreover,  the  equations 

0  =  0,     ^  =  0,.    ,!*-  =  0 
dttj  oan 

usually  determine  one  set  of  values,  or  a  limited  number  of  sets  of 
values,  of  z,  x^,  ...,  xn,  in  terms  of  a,,  ...,an:  that  is,  the  number 
of  positions  common  to  the  complete  integral  and  the  singular 
integral  is  limited  and,  as  has  just  been  proved,  the  two  amplitudes 
have  a  common  element  at  each  common  position.  Also,  a  set  of 
values  of  a1}  ...,  an  determines  a  position  on  the  singular  integral. 

Again,  a  relation 

o1  =  ^(«2,  ...,  a^) 

determines  an  amplitude  of  one  dimension  within  the  singular 
integral;  and  at  every  position  on  this  amplitude  within  the 
singular  integral,  the  equations 

*-o,  £*-<>,..., 4*=o 

aa2  aan 

are  satisfied.  These  are  the  equations  of  the  general  integral, 
which  accordingly  contains  the  amplitude.  Hence  the  general 
integral  and  the  singular  integral  have  an  amplitude  of  one 
dimension  in  common  and,  as  has  been  proved,  the  two  integrals 
have  a  common  element  at  every  position  on  this  amplitude. 

The  complete  integral  and  a  general  integral  have  a  character- 
istic in  common,  being  an  amplitude  of  one  dimension.  Moreover, 
the  equations  of  the  characteristic  determine  the  relations  between 
z,  x,  p  uniquely  from  initial  values,  except  when  those  initial  values 
belong  to  singularities :  hence  if  two  complete  integrals  have  an 
element  in  common  at  any  position,  they  have  in  common  all  the 
elements  along  the  characteristic  through  the  position. 

Among  the  special  loci  to  be  considered  is  the  amplitude  which 
is  the  envelope  of  all  the  characteristics  on  any  general  integral. 
Taking  two  consecutive  characteristics,  we  have 
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along  one  of  them ;  along  the  other,  we  have 


[123. 


j- 

CiCln 


n  =  0, 


d?(j> 


+ 


dan  =  0, 


dar  dan 

the  latter  holding  for  r  —  2,  . . . ,  n.  At  positions  common  to  both, 
the  first  of  the  second  set  of  equations  is  satisfied  by  means  of  the 
first  set  of  equations ;  eliminating  the  ratios  da2 :  da3 :  . . . :  dan  from 
the  rest,  we  have 

=  0, 

da2dan 


say  H  (0)  =  0.  Thus  the  required  envelope  is  given  by  the 
elimination  of  a2,  ...,  an  among  the  equations 

ct(p  dd)  TT ,          „ 

0  ==  0,      — = —  =  0,  •  • . ,  "^ —  ==  0,      ti  (0) ==  0  '. 
dtt^  dcin 

it  is  an  amplitude  of  n  —  1  dimensions.  The  n  + 1  equations 
usually  determine  a  set  of  values,  or  a  limited  number  of  sets  of 
values,  of  z,  xl,  ...,  xn  in  terms  of  «2,  ...,  «n;  hence  the  number  of 
positions  common  to  a  complete  integral  and  the  envelope  of  the 
characteristics  on  a  general  integral  is  limited  :  and,  of  course,  they 
are  isolated  positions  on  the  amplitude  of  one  dimension,  along 
which  the  complete  integral  and  the  general  integral  have  elements 
in  common. 

Again,  consider  a  locus  intermediate  in  dimensions  between 
those  of  a  characteristic  and  a  general  integral :  such  an  one  is 
obtained,  for  example,  by  the  elimination  of  a2,  ...,  ar  between 
the  equations 

0  =  0,    —j —  =0,  . . . ,  -j —  =  0. 
da.2  aan 

The  result  of  the  elimination  will  consist  of  n  —  (?•  —  1)  equations ; 
and  therefore  it  will  represent  an  amplitude  of  r  dimensions  in 
the  hyperspace  under  consideration.  Its  equations  involve  the 
n  —  r  constants  ar+l,  ...,  an.  To  find  its  envelope,  we  take  a  con- 
secutive amplitude :  at  any  position  on  the  first,  we  have 


.      n  A 

0>  =  U,        -y—  =0,   ..., 
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at  any  position  on  the  second,  we  have 
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j~  dan  =  0, 
da 


d-<f> 
dagdar+1 


d'2<b 
- 


dan=0, 


dttgdOn 

for  s  =  2,  ...,  n.     At  a  position  on  the  envelope,  the  first  of  the 
latter  set  is  satisfied  by  the  earlier  equations:  eliminating 
...,  dan,  we  have 

=  0. 
'  dandar+1 

d-(f> 


da2dan '  dan2 

These  equations,  which  are  equivalent  to  r  independent  equations 
in  general,  together  with 


give  the  envelope  :  it  is  an  amplitude  ofn  —  r+I  dimensions. 

124.  It  is  not  proposed  to  make  the  complete  generalisation 
of  all  the  properties  in  ordinary  space  associated  with  partial 
differential  equations  in  two  independent  variables  :  only  one 
other  property  will  be  generalised  here.  We  shall  consider  the 
order  of  contact  in  which  a  common  element  is  possessed  by 
different  integrals. 

Assuming  that  the  singular  integral  exists,  we  know  that  it  is 
given  by  the  single  equation  which  results  from  the  elimination  of 
alt  ...,  an  among  the  equations 

..,xn,z,  a,,  ...,  a»)  =  0, 


Let  this  single  equation  be  supposed  resolved  with  regard  to  z, 
with  the  result 

z  =  ^r(x^  ...,  #„); 

and  introduce  a  new  dependent  variable  f,  defined  by  the  relation 


The  complete  integral  is  now 
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the  derivatives  with  regard  to  alt  ...,  an  are  unaffected.  Hence, 
when  we  make  the  elimination  as  before  and  resolve  this  new 
eliminant  with  regard  to  £,  the  same  resolution  as  before  leads  to 


We  therefore  may  take  the  singular  integral  in  the  form 

2  =  0. 

It  is  true  that  this  equation  has  arisen  out  of  the  resolution  of 
another  equation,  and  that  therefore  it  may  not  (and  generally 
will  not)  represent  the  singular  integral  in  the  whole  of  its  extent  : 
but  the  immediate  purpose  is  the  discussion  of  the  closeness  of 
possession  of  an  element,  common  to  the  singular  integral  and  to 
any  other  integral  at  a  common  position,  and  therefore  only  the 
immediate  vicinity  of  any  position  on  z  =  0  need  be  considered. 
Let  any  position  on  z  =  0  be  taken  :  when  chosen,  it  is  made  the 
origin,  so  that  we  are  considering  the  immediate  vicinity  of 

z  =  0,     x-i  =  0,  .  .  .  ,  xn  —  0. 

Moreover,  at  that  position  (and  at  any  other)  on  the  part  of  the 
singular  integral  under  consideration,  we  have 

^  =  0,  ...,  pn  =  0, 
because  z  is  steadily  zero. 

Let 

<£(#!,  ...,  xn,  z,  Ox,  ...,  an)  =  0 

be  an  integral  :  the  discrimination,  as  to  whether  it  is  general  or 
complete,  will  depend  upon  the  other  equations  (if  any)  that  are 
associated  with  it.  As  z  —  0  is  the  singular  integral,  then  at  every 
position  common  to  </>  =  0  and  the  singular  integral,  we  have 

"?*-o         ^-o- 

_     —  v,    .  ..,   _      —  \>  , 
odi  oa-n 

and  we  know  that,  at  any  such  position,  the  two  integrals  have  a 
common  element  so  that  the  values  of  p1  ,  .  .  .  ,  pn  for  </>  =  0,  as 
given  by 


for  r=  1,  .  ..,  n,  must  be  the  same  as  those  for  z  =  0.     The  latter 
vanish  :  hence,  at  a  common  element, 

ty      ft  8(*      n 

^-  =  0,  ....  5  —  =  0. 

daft  oxn 
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rlrh 

In  general,  ^-  will  not  vanish  there  :  the  position  then  would  be  a 
oz 

singularity  on  </>  =  0,  and  circumstances  would  require  to  be  very 
special  in  order  that  a  singularity  of  the  amplitude  <£  =  0  should 
lie  upon  its  envelope. 

Assuming  the  origin  to  be  the  common  element  in  question, 
we  thus  have 

W  -  o  8<£  _  o       8<^  -  0  ^  -  0 

^     —  v,    —  ,    ^  —  —  v,        r—  -  —  \J,    ...,    ^  —  —  V, 

dOi  oan  ox-i  oxn 

at  the  position  0,  .  .  .  ,  0  on  the  integral  <£  =  0. 

In  order  to  simplify  the  consideration  of  the  small  variations 
along  two  integrals  in  the  immediate  vicinity  of  a  common 
element,  Darboux  proceeds  as  follows.  As  in  the  case  of  two 
independent  variables,  so,  generally,  in  the  case  of  n  independent 
variables,  the  discussion  centres  round  an  aggregate  of  terms  of 
the  second  order  of  the  type 


(  &4> 

5-^— 
\dxidxj 


i    j 
+  5—5-—  dxiddp  + 


dada 


where  the  values  z  =  Q,  x^  =  0,  .  .  .  ,  a*n  =  0  and  the  corresponding 
values  of  aa,  ...,  an  are  to  be  substituted  in  the  coefficients  of  the 
bilinear  terms.  Let  a  homogeneous  linear  change  be  effected 
upon  the  variables  x,  and  another  upon  the  constants  a  :  these  do 
not  affect  the  position  of  the  common  element  and,  among  other 
things,  they  can  be  used  to  render  the  position  of  the  axes  of 
xlt  ...,  xn  more  precise.  The  number  of  constants  at  our  disposal 
in  two  such  transformations  is  2n2;  let  them  be  chosen  so  as,  if 
possible,  to  make  all  the  quantities 


for  all  values  of  i  and  j  from  1,  ...,  n  that  are  distinct  from 
one  another,  vanish  at  the  common  element.  In  general,  these 
conditions  amount  to  2«  (n  —  1)  relations  among  the  constants ; 
for  these,  the  2n-  constants  more  than  suffice.  Hence,  in  addition 
to  the  equations 
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satisfied  at  a  common  element,  we  may  also  suppose  that  the 
equations 

=0> 


for  i  and  j  =  1,  2,   ...,  ?i  but  unequal   to   one  another,  also  are 
satisfied. 

Consider,  first,  small  variations  along  the  singular  integral  in 
the  vicinity  of  the  common  element  :  these  can  be  represented  by 
dxli  ...,  dxn.  There  is  no  variation  of  z,  for  z  is  steadily  zero: 
the  small  variations  give  rise  to  variations  of  a1}  ...,an,  which  may 
be  represented  by  Ba1}  ...,  San.  All  these  variations  are  to  be 
subject  to  the  equations 


for  r  =  l,  ...,  n :  hence,  taking  account  of  all  the  quantities  that 
vanish,  we  have 

92<f>  ~  92<f>     7 

~^  oar  +   — ^—  dxr  =  0, 

G  CL'p  (j\JL,yQ3it-f 

dxrdar  dxr* 

for  r  =  l,  ...,  n.     Consequently,  other  n  equations 


are  satisfied  at  the  common  element  :  these  replace  n  of  the 
equations  containing  differential  elements  ;  and  the  other  n  of 
those  equations  give  the  variations  8al}  ...,  8an,  belonging  to  the 
singular  integral  and  determined  by  means  of  dxlt  ...,  dxn. 
Hence,  at  the  common  element,  we  may  take 


Now  consider  a  general  integral  possessing  the  element  at 
the  origin  :  and  suppose  that  it  is  of  class  m,  that  is,  such  that 
m  relations  are  postulated  among  the  n  quantities  alt  ...,  an. 
We  require  variations  along  the  general  integral,  determined  by 
dx1}  ...,  dxn:  these  may  be  denoted  by  da1}  ...,  dan:  and  then 
the  m  postulated  relations  may  be  taken  in  the  differential  form 

dai  =cl>m+l  dam+1  +  ...  +Cj,n  dan, 
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The  equation  of  the  general  integral  is  given  by 

0  =  0, 

,       30  30  50  30        A 

0/-  =  5       Cj  m+r  +  3      C2  ,„.:-)•  +  .  .  .  +  £——  Cm  m+r  +  5  =  0, 

a^  803  tf«TO  com+r 

for  r  =  l,  ...,  n  —  ni;  it  results  from  the  elimination  of  a:,  ...,  an 
among  these  n  —  m  +  1  equations  and  the  ra  postulated  relations. 

The  order  of  contact  of  the  common  element  at  the  point 
(being  the  generalisation  of  the  order  of  contact  in  ordinary  space) 
depends  upon  the  magnitude  of  dz,  belonging  to  the  general 
integral  and  expressed  in  terms  of  dxl,  ...,  dxn.  To  find  an 
expression  for  dz,  we  expand  0  along  the  general  integral  in  the 
vicinity  of  the  origin,  we  insert  the  initial  values  in  the  coefficients, 
and  then  we  retain  only  the  most  important  terms.  The  result 
can  be  expressed  in  the  form 

Oa0  ,         »     -o-<l>,    .      ~     5^  a2^        . 

-^  ~  dz=  2  i  5-^  day  +  2  5—5—  dxrdar  +  ^-4  riar- 
9^          r=i  \«V  9a;roar  dorr- 


on  using  the  former  relations.     The  quantities  da^,  ...,  dan  are 
given,  by  means  of  the  m  differential  relations  and  by  variations  of 

01  =  0,    ...,    0n_,n  =  0, 

in  terms  of  dxl,  ...  ,  dxn  :  these  n  —  m  variations  are 


for  /•  =  !,  ...,  a  —  in,  account  having  been  taken  of  the  values  of 
the  coefficients  of  the  differential  elements  at  the  origin.  Using 
the  former  relations,  we  have 


-,  (da,  +  /iirfj-j)  d,  m+r  +  .  .  .  +       i  (dam  ,«,  m+r 

i~tet 


rCt/'n^r)  =  0, 
0"  »H-r 

for  /•  =  1.  ...,  yz  —  wi.     Also,  the  fomier  differential  relations  can  be 
written  in  the  form 

n-w 

d»,  +  fj,sdxg-   2  cg;lll+t(dain+t  +  fj,m^dsm_t} 
t=i 

n  -  in 

=  Htdxs-   2    (Cim+ipm+tdXm+t), 

t=i 

F.  v.  20 
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for  s  =  l,  ...,  m;  hence  all  the  quantities  dar  +  p,rdxr  (for  r  =  l, 
. . . ,  n)  can  be  expressed  linearly  in  terms  of  the  m  quantities 


n-m 

,-   2 

£=l 


Now  the  quantity  dz  is  given  by 


which,  after  substitution,  comes  to  be  a  bilinear  function  of  the 
foregoing  m  quantities.  This  bilinear  function  does  not  vanish  for 
all  values  of  dx1}  ...,  dxn,  except  under  special  conditions;  and 
therefore  the  contact  of  an  element,  common  to  a  general  integral  of 
any  class  and  the  singular  integral,  is  usually  of  the  first  order. 

While  the  bilinear  function  does  not  vanish  for  all  values  of 
das1}  ...,  dxn  except  under  special  conditions,  there  are  certain  ratios 
of  the  values  of  the  differential  elements  (which  may  be  called 
hyperdirections  through  the  origin)  for  which  the  function  does 
vanish.  Let 

n-m 

H,KdxK-^    cK>m+t  jj,m+t  dxm+t 
a  _  t=i 


t=l 
for  K  =  2,  .  .  .  ,  m  ;  then  we  have 


8<f>          /  H~m  V 

-  2  •£  dz  =    /*!  dxl  -    2   c,,  m+t  fim+t  dxm+t    Q  (0,  ,  .  .  •  ,  #,„), 

OZ  \  t=l 

where  Q  is  a  quadratic  function  of  its  arguments.     It  is  clear  that 
dz  will  be  of  the  third  order  whenever 


an  equation  which,  in  general,  gives  two  values  of  02  in  terms  of 
@s,  ••-)  @m'  Hence  we  may  say  that,  when  variations  dx2,  ...,  dxn 
are  taken  arbitrarily,  there  are  generally  two  values  of  dx^  which 
can  be  associated  with  them  so  as  to  make  dz  belong  to  a  general 
integral  of  the  third  order  of  small  quantities. 

Other  results   are   given   in  the  examples  which  follow  :   in 
particular,  exceptions  to  the  last  result  are  indicated. 

125.     The  preceding  analysis  is  not  merely  a  generalisation  of 
that  adopted,  in  §  105,  for  the  case  when  n  =  2  :  it  is  therefore  worth 
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while  setting  it  out  briefly  for  that  case,  in  order  to  allow  of  com- 
parison with  the  discussion  there  given. 

We  take  z  =  0  as  the  singular  solution  :  any  position  on  it  is 
chosen  and  made  the  origin,  so  that,  for  an  element  there,  we  have 

z=0,     #=0,     y  =  Q,    p=Q,     2  =  0. 

Hence  for  any  general  integral  <f>  (x,  y,  z,  a,  b)  =  0^  possessing  that 
element,  we  have 


-  -  - 

o    —  ">     ^T  —  v»     ^^  —  v>     o 
da  do  ox  oy 

Moreover,  we  may  assume  that  the  relations 


dadb  dady  cbdx  dxdy 

are  satisfied  at  the  point  :  if  they  are  not  satisfied  in  the  form  in 
which  the  equation  arises,  they  can  be  made  to  be  so  by  making 
linear  transformations  of  the  variables  x  and  y,  and  linear  trans- 
formations of  the  constants  a  and  6. 

The  critical  condition  for  contact  of  order  closer  than  the  usual 
contact  was  found  (§  105)  to  be 


a24>5-<fr^  (&<i>  v. 

~ 


and  it  was  indicated  (§  105,  Ex.  1)  that  this  equation  implies,  and 
is  implied  by,  the  equation 


da-  db*  ~   dadb    ' 
Thus,  for  the  transformations  adopted,  these  conditions  will  be 


dx*  dy2  da-  96s 

respectively. 

Let  small  variations  along  the  singular  integral  in  the  immediate 
vicinity  of  the  element  at  the  origin  be  denoted  by  dx,  dy,  8a,  8b : 
these  must  satisfy 

ca  db  dx  dy 

20—2 
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Hence,  taking  account  of  the  various  vanishing  quantities,  we  have 


Consequently,  the  two  relations 


8a2  30s  ~     »3to/  '      Wdy*~    dbdy   ' 

are  satisfied  at  the  common  element  :  in  virtue  of  these  two,  the 
four  equations  reduce  to  two  only,  which  then  determine  Sa  and  8b 
in  terms  of  dx  and  dy.  These  two  relations  may  be  expressed  by 
the  equations 


dados          da2  ' 


Now  consider  the  general   integral  :   let  the   single   relation 
between  a  and  b,  when  expressed  in  differential  form,  be 

db  =  cda, 

where  da  and  db  are  variations  along  the  general  integral;  the 
equations  of  this  integral  are 

<£  =  0,     ^+4f  =  0. 
da        db 

O.£  O.1 

At  the  element,  =-*-  and  ^~  vanish  :  hence  da  and  db  are  such  that 
da          db 

92<£  ,    ,    920    ,    ,  fd-<j>  ,,      92</>    ,  \ 
•^da  +  zg-jaa  +(^g  db  +  xg-  dy)c  =  0, 
da2          dado:          \db-  dbdy    *  J 

taking  account  of  vanishing  quantities.     Thus,  by  the  preceding 
relations,  we  have 

|*  (da  +  pdx)  +  c  ^  (db  +  <rdy)  =  0. 

c  (da  +  p  dx)  —  (db  +  crdy)  =  cp  dx  —  p.  dy  , 
£        292<M/j  320/  j  ^ 

+  c  W)  (da  +  pd*}=c  W  (cpdx  ~  ^dy}  \ 

b        „  92<f>\  ,  „          j  .         d-d>        j 
+  C"          ^     +  °"  ^}  =  ~-(Cp 
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which  give  the  necessary  values  of  da  and  db.  Also,  variation  of 
the  equation  </>  =  0  leads,  when  account  is  taken  of  vanishing 
quantities,  to  the  relation 

_3<f>  j       d-<b  j  .,     ,  c~4>    ,   j    ,  &$  ,  . 
-  2  ~  dz  =  — \  dxr  +  2  ^~-  da  dx  +  —^  da- 
dz  oaf  da  ox  oa- 


(?$  c-6 
da- 


—  (cpdx-ndyy. 


Hence  dz  is  usually  of  the  second  order  in  dx  and  dy:  and  the 
contact  is  usually  of  the  first  order. 

There  is  a  single  direction  along  which  dz  is  of  the  third  order  : 
it  is  given  by 


and  the  point  is  then  a  contact-point  of  the  branches  of  the 
intersection  of  the  surfaces  in  question,  having  this  direction  for 
its  tangent*. 

If,  however,  the  relation 


is  satisfied  at  the  point,  dz  is  of  the  third  order  for  all  variations  of 
A-  and  y  through  the  point  :  the  general  integral  and  the  singular 
integral  then  have  contact  of  the  second  order.  (This  relation 
agrees  with  the  result  to  be  expected  from  the  earlier  case.) 
Moreover,  when  this  relation  is  satisfied  at  the  point,  it  clearly 
is  satisfied  independently  of  any  functional  relation  between  a  and 
b  :  it  therefore  is  satisfied  for  all  such  relations  and  consequently, 
•if  the  singular  integral  has  contact  of  the  second  order  with  any 
general  integral,  it  has  contact  of  the  second  order  ivith  every  general 
integral.  This  is  the  former  result  ('§  105). 

*  This  establishes  the  statement  made  in  §  104. 
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When  the  contact  between  the  two  integrals  is  only  of  the  first 
order,  the  single  direction  in  which  the  contact  is  of  the  second 
order  is  given  by 

dy 
= 


The  quantities  //,  and  p  belong  to  the  singular  integral  at  the 
point  :  hence  this  direction  usually  changes  from  one  general 
integral  to  another. 

126.     We  now  proceed  to  give  some  examples  of  the  general 
theory  which  has  just  been  expounded. 

Ex.  1.  When  we  are  dealing  with  what  is  called  the  general  integral, 
being  the  integral  for  which  there  is  only  a  single  postulated  relation  among 
the  parameters,  the  formulae  become  simple  and  lead  easily  to  further  results. 

Let  the  postulated  relation  be 

dcti  =  bida*  -f  .  .  .  +  bndan  ; 
then  the  equations  of  the  general  integral  are 

^     n      ty     j   09  89     ,    c<£ 

9  =  0,     ^-  +  o2~=0,  ...,  ~-  +  bH.r  =0. 
ca2         »«!  can         ccii 

Assuming  all  the  properties  in  the  text,  we  have  the  expression  for  dz  in 
the  form 


The  quantities  da^  ...,  da^,  determined  for  the  general  integral  in  terms  of 
dxi,  ...  ,  d.vn,  are  given  by  the  above  relation  and  by 


(da,.  +  prdxr)  +  br        (da:  +  m  d.i\)  =  0, 
for  r—2,  ...,  n.     We  take  the  relation  in  the  form 

n  n 

dcii+nidxi-  ^  bs(das+fj.gdx,)  =  fj^d-i'i-  2 

»=2  *=2 

and  we  have 


-  2  btn, 

«=2 

,  br   o2(b  1  /      , 

dar+frd*,-  -^^  z  (n**  -  £ 

8a,.2 
for  r=2,  ...,  n,  where 

^      b*°  b"~ 
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Substituting  these  values,  we  have  the  value  of  dz  in  the  form 


Hence,  for  the  general  integral  (or  the  integral  of  the  first  class,  only  one 
relation  among  the  parameters  being  postulated),  an  element  common  with 
the  singular  integral  has  contact  of  only  the  first  order.  This  is  the  former 

result. 

For  this  general  integral,  we  may  take  arbitrary  variations  djc»,  ...,  dxn: 
and  then  there  is  one  variation  <£»;,  ,  given  by 


for  which  dz  is  of  the  third  order  of  small  quantities ;  accordingly,  for  those 
variations,  the  element  has  contact  of  the  second  order.  The  property  is 
special  to  this  general  integral :  for  the  general  integrals  of  other  classes, 
where  the  number  of  postulated  relations  is  greater  than  one,  there  are  two 
variations  dx^  for  which  the  corresponding  dz  is  of  the  third  order. 

E.i:  2.     The  relations  defining  a  general  integral  of  the  second  class  can 
be  taken  in  the  form 

c/«j  =  b-^da^  +  •••  4-  bndan 

da»  =  < 


An  element  at  the  origin  is  possessed  in  common  by  this  integral  and  the 
singular  integral :  and  the  various  quantities  at  this  position  have  the  same 
values  as  in  the  investigation  in  the  text.  Let 

C-(f) 

for  «  =  1,  ...,  n  ;  also  let 

"    br2  »   cr-  f  »    br2    n    /\.-      /  »   6PcrV| 

i-=39rr          "c=39iT  "   lr=39rrr=39'v        \r=3  9rr/  ) 

and  let 


Obtain  the  value  of  dz,  which  measures  the  order  of  possession  of  the  element 
common  to  this  general  integral,  and  the  singular  integral,  in  the  form 

/  »    c^2\  /  n   Ar2\ 

=  (  9H  +  9H0*'  2    .  -  )  dv?  +  \  <i-»+d>i !</>•»  2  - 

\  r=39rr/  \     ~  r=3<Prr/ 

n    brcr 

-29n9±;  2  — fad*. 

r=3  9rr 
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Hence  shew,  in  general, 

(i)    that  the  order  of  possession  of  the  common  element  is  usually 

the  first  : 
(ii)     that  usually   there   are  two  distinct   sets  of  variations,    having 

dx2,  ...,  dxn  arbitrary,  for  which  the  element  is  possessed  to 

the  second  order: 

09   i  "oj 

(iii)    that,  if  either  .5—^  or  .T-V.  should  vanish,  there  is  only  one  set  of 
3aj2        d«2 

variations,  arbitrary  in  dx»,  ...,  dxn,  for  which  the  element  is 
possessed  to  the  second  order: 

(iv)    that,  if  the  element  is  possessed  to  the  second  order  for  all  variations, 
it  is  sufficient  that 


Are  the  two  conditions  in  the  last  result  necessary  as  well  as  sufficient  ? 
Shew  also  that,  if 

^-0 
8«32      ' 

while  none  of  the  other  second  derivatives  vanish,  then 

o  i 
-  2  A'  -^  dz=(f)U  $22  (c3du  -  b3dv)*, 

where 

A'-Wfn  +  tffcs  +  ^nfc,  5    felzW2. 

7-=4  <f>rr 

and  discuss  this  form. 

Ex.  3.  Adopting  the  notation  of  §  125,  and  assuming  that  all  the 
quantities  which  occur  have  the  values  there  given,  prove  that  in  order  to 
have  an  element  common  to  a  general  integral,  defined  by  three  relations 
among  the  quantities  da\,  ...,  dan,  and  the  singular  integral,  possessed  to  the 
second  order,  it  is  necessary  and  sufficient  that  three  of  the  quantities 


da./  '     '  '  8«n- 
should  vanish. 

In  case  fewer  than  three  of  these  quantities  should  vanish,  what  ;ire  the 
sets  of  variations  for  which  the  element  is  possessed  to  the  second  order  ? 

Ex.  4.  Shew  that,  if  one  general  integral  of  any  class  has  ;ui  element 
common  with  the  singular  integral  possessed  to  the  second  order,  then  every 
general  integral  of  that  class  has  the  same  property. 

127.  The  discussion  of  the  order,  in  which  an  clement  common 
to  a  complete  integral  and  the  singular  integral  is  possessed,  is 
simpler.  Taking  the  element  on  the  singular  integral  as  before 
(§  124),  we  require  variations  along  the  complete  integral  :  these 
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are  given  by  dj.\,  ...,  dxtl,  dz  alone,  because  oa,  ...,  «rt  are  constants 
for  this  integral.  The  earlier  analysis  shews  at  once  that  the  most 
important  terms  in  these  variations  are  given  by 

—  ^  ^\      uZ  =:  ~^     •  dX-i    T-  ...  T-  ^>      ;  d*En~> 

dz  ?#r  cxn- 

assuming  that  the  quantities  belonging  to  the  singular  integral  at 
the  point  are  the  same  as  before.  It  is  clear  that,  except  under 
very  special  conditions,  an  element  common  to  a  complete  integral 
and  to  the  singular  integral  is  usually  possessed  only  to  the  first 
order. 

Ex.  Discuss  the  order  of  possession  of  an  element,  common  to  a  complete 
integral  and  to  a  general  integral,  for  which  n  —  1  relations  are  postulated 
among  the  parameters. 


CHAPTER  IX. 

LIE'S  METHODS  APPLIED  TO  EQUATIONS  OF  THE 
FIRST  ORDER. 

MANY  of  Lie's  investigations  are  concerned  with  the  integration  of  partial 
differential  equations  of  the  first  order  :  broadly  speaking,  he  has  devised  two 
general  methods  of  proceeding  which  have  considerable  features  in  common. 
It  may  be  added  that  they  arise  as  illustrations  of  processes  with  wider  issues 
and  of  analysis  having  a  more  extended  significance. 

One  of  the  methods  depends  upon  the  use  of  tangential  transformations 
(or  contact  transformations,  as  they  are  more  frequently  called).  So  far  as 
concerns  the  properties  of  these  transformations  and  (as  an  incident  in  their 
application  to  Pfaff's  problem)  their  application  to  the  integration  of  a  single 
partial  differential  equation  of  the  first  order,  an  exposition  has  already  been 
given*  in  Part  I  of  the  present  work ;  it  will  be  sufficient  therefore  to  give,  in 
this  place,  merely  a  statement  of  the  results. 

The  other  of  the  methods  due  to  Lie  depends  upon  the  theory  of  groups 
of  functions  as  developed,  in  part,  through  the  theory  of  contact  transforma- 
tions. It  is  applied  to  a  system  of  simultaneous  equations  in  the  first 
instance  and  naturally  it  can  be  applied  to  the  simplest  case  when  there  is 
only  a  single  equation. 

Some  references  are  given  in  the  sections  in  Part  I  that  have  already  been 
mentioned.  Of  these,  the  most  important  are  Lie's  memoir  in  the  8th  volume 
(1875)  of  the  Mathematische  Annalen,  as  regards  the  fundamental  properties 
of  contact  transformations  and  their  simpler  applications  to  the  integration 
of  partial  differential  equations,  and  the  second  volume  (1890)  of  his  Theorie 
der  Transformationsgnippen,  which  contains  many  properties,  developments, 
and  applications  of  the  transformations  in  question. 

Reference  may  also  be  made  advantageously  to  the  exposition  given  by 
Goursat  in  chapters  xi  and  xn  of  his  treatise  already  (p.  55)  quoted. 

*  See  chapters  ix,  x;  for  the  application,  see  specially  §§  136,  142. 
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CONTACT  TRANSFORMATIONS. 

128.  The  distinctive  idea  of  contact  transformations  is  derived 
from  geometrical  considerations  applied  to  hyperspace.  An  element 
of  surface  at  any  position  in  a  space  of  n  +  1  dimensions  is  deter- 
mined by  means  of  z,  x^,  ...,  xn,  the  coordinates  of  the  position, 
and  of  pi,  ...,  pn  ,  the  coordinates  of  the  orientation,  of  the  element  ; 
thus,  if  z,  Xi,  ...,  xn,  pi,  ...,  pn  be  regarded  as  2n  +  l  independent 
magnitudes  in  general,  the  element  of  surface  will  be  given  by  an 
equation 

dz  —  j^cfo'i  —  ...  —pndxn  =  0. 

Transformations  of  the  variables  are  conceived  by  means  of 
relations  between  z,  x^  ...,  xn,pi>  •••,  Pn  and  new  variables  /,  #/, 
.  .  .  ,  xn',  pi,  ...,  pnr  ;  if  these  relations  are  such  that 

«  /  n  \ 

dz'  —  2  Pi'dx-  =  p  (dz—  2  pidxi  )  , 
1=1  \         »=i  / 

where  p  is  a  non-vanishing  quantity  independent  of  differential 
elements,  the  transformation  is  said  to  be  a  contact  transformation  ; 
it  obviously  transforms  two  elements  of  surface,  that  touch  one 
another,  into  two  other  elements  of  surface  that  also  touch  one 
another.  Accordingly,  Lie's  definition  *  of  the  most  general  contact 
transformation  is  :  — 

Let  Z,  Xi,  ...,  Xn,  PI,  ...,  Pn  be  2/j  +  1  independent  functions 
of2n  +  I  indejiendent  variables  z,  j\,  ...,  .'•„,  plt  ...,  pn  ,  such  that 

the  relation 


is  satisfied  identically,  when  p  is  a  mm-vanishing  quantity  inde- 
2)endent  of  differential  elements  :   then  the  equations 

z'  =  Z,     xf-Xi,    Pi'  =  Pi, 
for  i  =  l,  ...,  n,  define  a  contact  transformation. 

The  most  general  contact  transformation  will  be  given  when 
the  most  general  functions  Z,  Xlt  ...,  Xn,  Plt  ...,  P.n,  satisfying 
the  preceding  relations,  are  known.  These  are  given  f  by  the 
theorem  :  — 

*  3/«t/i.  Ann.,  t.  vin  (1875),  p.  220. 

t  The  analysis  establishing  the  theorem  is  set  out  in  §§  l&l,  135  of  Part  i  of 
this  work.  A  difference  in  sign  should  be  noted  :  it  is  dne  to  the  fact  that  the 
quantity  [P,  Q]  is  used  in  this  volume  in  its  usual  sense,  and  has  the  reverse  sign 
of  [P,  Q]  as  given  in  Part  i. 
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When  the  n  +  1  quantities  Z,  Xl,  .  ..,  Xn  are  obtained  as  n  +  1 
functionally  independent  integrals  of  the  equations 


for  i  and  j=l,  ...,  n;  when  the  quantities  Plt  .  ..,  PH  are  deter 
mined,  either  from  the  n  equations 


1  3*  ~         ' 

iy«*/^  c/*        »• = 1         \  v^j  f*   / 

for  i  =  l,  ...,  M,  or  from  the  n  equations 
^-   V    P   ?i 

<•*  —      ^-     -1    J-    —  J 

dpi     ,.=1        dp; 

/or  i  =  l,  ...,  n,  the  two  sets  of  n  equations  being  equivalent  t<>  one 
another;  and  when  p  denotes  the  non-vanishing  quantity 

~ 2  Pr-^'- 

oz      r=i         dz 

then  the  relation 

n 

d,Z-  2  PidXi  = 

is  satisfied  identically.  The  conditions  are  both  necessary  and 
sufficient  to  secure  the  property:  and  other  equations  satisfied  by 
Z,  X1}  ...,  Xn,  Pj,  ...,  Pn,  p,  are 

\7       P~\  —  nP  TP          Yl  — 

LA  *<J  —  p"i>    L* *i  A t'J  —  ~ P' 

TP     y i _ n          TP      Pi—     n 
L*»»  -^-jJ     "     >     L-*  '>      jJ  > 

/or  t  =  l,  ...,  w,  anrf  values  of  j  unequal  to  i. 

This  is  Mayer's  form*  of  Lie's  theorem  relating  to  the 
determination  of  the  most  general  contact  transformation.  As 
regards  the  conditions,  it  is  to  be  noted  that  p  is  known  as  soon  as 
Z,  X1}  ...,  Xn,  PI,  ;•-,  P,i  have  been  obtained,  and  Pn  ...,  P,,  are 
known  as  soon  as  Z,  Xl ,  . . . ,  X.n  have  been  obtained. 

These  quantities  are  subject  to  the  equations 

r 7   Yi  —  n     ry     v i  —  o • 
yo,  Ai\  —  yj,     IA;,  AJ]  —  w, 

and  as  (§  53)  we  have 

[[Z,  Z{]t  Xj]  +  [[Xi}  Xj],  Z]  -  [[Z,  Xj], 


=  -       [X,,  Xj]  +        (Z,  Xj]  -        [Z,  A',], 

for  any  functions  whatever  of  z,  ^ ,  . . . ,  xn,  pt , . . . ,  pn,  the  equations 

are  consistent  with  one  another  and  coexist.     But  the  conditions 

*  Math.  Ann.,  t.  vm  (1875),  p.  H09. 
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for  the  existence  of  the  contact  transformation  do  not  require  any 
equation  to  be  satisfied  by  any  one  of  the  quantities  Z,  Xlt  ...,  Xn 
alone;  and  the  preceding  relation  for  coexistence  holds  for  all 
functions  which  satisfy  the  equations.  Hence  there  is  an  arbitrary 
element  in  the  equations  that  define  the  contact  transformation  : 
thus  we  could  choose  any  one  of  the  quantities  Z,  Xlt  ...,  Xn 
arbitrarily  :  or  any  other  arbitrary  relation  could  be  chosen  that 
is  not  inconsistent  with  the  aggregate  of  conditions  and  equa- 
tions. 

129.  There  is  one  most  important  form  of  contact  transforma- 
tion, viz.  that  in  which  the  difference  between  the  old  variables 
and  the  new  variables  is  small.  Such  transformations  are  called 
infinitesimal  :  they  can  be  represented  by 

Z  =  Z  +  e£       Xt  =  X;  +  e£(  ,       P{  =  pf  +  €TTi,  (»=!,...,  tl), 

where  £  £,  ...,  £„,  irlf  ....  irn  are  functions  of  z,  a^,  ...,  xn,  plf  ..., 
pn,  and  e  is  a  quantity  so  small  that  its  square  and  higher  powers 
may  be  neglected.  Moreover,  when  we  have  the  identical  trans- 
formation, then  p  =  1  ;  hence,  for  an  infinitesimal  transformation, 
we  have 

p  =  1  -f  e<r, 

where  a  will  be  a  quantity  to  be  determined.    Then  the  equations 


for  unequal  values  of  i  and  j,  respectively  give 


+          _o, 

i     ,-=i      dp, 


*\ 

Oft 


The  last  three  equations,  taken  for  all  values  of  i  and  j,  shew  that 
a  function  U  of  z,  xl}  ..,,  xn,  PI,  •••,/>»  exists,  such  that 

,._       ?? 
fa' 

dU        dU 
dxi     pi  dz  ' 
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for  all  values  of  i=  1,  ... ,  n.     The  equation 

[P«,Z«J---p  — l.-io- 

then  gives 


_dU 
87 ' 
and  the  equations 

then  give 

8£         8£  9  U  ^L       STTV 

~ T  Pi  «•—  =  —  pi  +  7T;  —    i    pr  . 

OXi  OZ  OZ  i-=l         dpr 

When  these  are  taken  in  conjunction  with  the  equations 
we  find  the  value  of  £  to  be 


consequently  the  most  general  infinitesimal  transformation  is  given 
by  the  equations 

Z  =  z  +  e£,     Xi  =  Xi  +  ef(-,     P(-  =  pf  +  CTT;,     p  =  1  +  60", 

3^7  dU        dU  dU 


yor  i  =  l,  ...,  w,  (Wid  ?7  denotes  any  arbitrary  function  of  z,  cclt  ..., 

xn  >  PI  >  •••  >  Pn  • 

130.  Sometimes  it  is  necessary  to  know  the  contact  trans- 
formations for  which  Xl,  ...,  Xn,  P1}  ...,  Pn  are  explicitly  inde- 
pendent of  z,  so  that  Z  is  the  only  quantity  that  involves  z.  The 
results  *  are  as  follows  :  — 

The  quantity  p  is  constant  and  may  be  made  unity;  then  Z  is 
given  by 

z=Az  +  n, 

where  II  is  a  function  of  x1}  ...,  xn,  p},  ...,  pn  that  does  not  involve 
z,  and  A  is  a  constant.  The  quantities  X1}  ...,  Xn  are  functionally 
independent  integrals  of  the  equations 


*  See  Part  i  of  this  work,  §  137.     The  same  remark  as  to  difference  of  sign 
from  the  results  in  Part  i  applies  here  as  in  the  foot-note  on  p.  315  of  this  volume. 
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for  i  and  j=  I,  ...,  n,  and  II  is  an  integral  of  the  equations 
(U.Xj  —  A  S/>,|5 

r=i        *?Pr 

which  is  functionally  independent  of  X1}  .  ..,  XH.  The  quantities 
P1}  .  ..,  Pn  are  then  given  by  any  n  independent  equations  of  the  set 

an    |»a*r_  an     $pdxf_ 

o  --      *••      !*f    ~=5  -   -   -    ~Wj  ^  -        ~      -^      -*»•  "^  -    -  "l 

a#;    r=i     a*?,-  d/>(-    r=1     dpi 

for  i=l,  ...,  n.     The  functions  thus  determined  satisfy  the  relation 

dU-  S  PfdZt-  =  -^l  2  ^d/v 
<=i  1=1 

identically:  and  other  equations  satisfied  are 

i  «       a  PA 

(Z,,  PO  =  A,    (U,  Pt-)  =  ^  (Pt-  -  S  ^  ^)  , 

\  r=l         f'/'r/ 

(Pt-,Zj)  =  0,    (PoP,)  =  0, 

for  all  values  of  i  and  j  unequal  to  one  another.  The  constant  A 
is  usually  taken  to  be  unity. 

The  determination  of  n  can  be  effected  by  a  quadrature,  when 
XJ}  ...,  Xn  are  known.  To  see  this,  let  the  variables  be  changed 
to  y1}  ...,  yn,  v1}  ...,  vn,  where 

y\  =  x  i  ,  .  .  .  ,  yn  =  Xn, 

and  Vi,  ...,  vn  are  n  functions  of  acl,  ...,  xn,  pl,  ...,  pn>  chosen  so 
that  the  new  variables  make  up  an  aggregate  of  In  independent 
functions.  Now,  because 

(Xit  Xj}  =  0, 

the  quantity  (H,  Xt)  vanishes  when  II  is  made  equal  to  any  of  the 
quantities  Xlt  ...,  Xn;  and  therefore,  when  the  new  variables  are 
taken,  no  one  of  the  derivatives 

an        an 

fyi  '          '   fyn 

occurs  in  (H,  JT,-).     Hence  the  n  equations 


/•  =  ! 


can  be  resolved  with  respect  to 

an        an 

dv1  '        '  dvn  ' 
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giving  these  quantities  in  terms  of  the  variables :  a  quadrature 
then  determines  II. 

Conversely,  if  we  regard  the  contact  transformation  as  changing 
the  variables  from  Z,  Xly  ...,  Xn,  Plt  ...,  Pn,  the  results  are 
similar.  We  then  have 


where  n  is  a  function  of  Xlt   ...,  Xn,  P1(   ...,  Pn,  and  a  is  a 
constant;  the  differential  relation  is 

n  11 

dU  —  2  pidxi  =  —  a  2  PtdX{ ; 
1=1  *=i 

the  quantities  xlt  ...,  xn  are  functionally  independent  integrals  of 
the  equations 

for  i  and  ./=!,  ...,%,  where  the  independent  variables  are  Xlt  ..., 
Xn,  PI,  ...,  Pn ;  and  n  is  an  integral  of  the  equations 


which  is  functionally  independent  of  xlt  ...,  xn.     The  quantities 
PI,  •">  Pn  are  given  by  any  n  independent  equations  of  the  set 

an    ^     a#r  _     p     an  _  ^     a#r  _  _ 

for  i—  1,  ...,n;  and  other  equations  satisfied  are 

(Xi,  p^  =  a,   (n,  pi)  =  a  (pi  -  2  P,  g^-J  , 

for  i  =  l,  ...,  n,  as  well  as 

{pi,  Xj)  =  0,     (pt,  PJ)  =  0, 
for  unequal  values  ofi,j  from  the  series  1,  ...,??. 

And  aA  =  1 :  so  that,  as  A  is  usually  unity,  so  also  is  «. 

As  regards  these  results,  it  is  to  be  noted  that  p  has  become  a 
constant  which  has  justifiably  been  made  unity.  The  quantities 
Pj,  ...,  Pn  are  known  as  soon  as  n,  Xlf  ...,  Xn  are  known:  and 
the  quantity  n  is  to  be  constructed  after  Xly  ...,  A',,  are  known. 
These  quantities  are  subject  to  the  equations 

(  Y     Y  \  —  c\  • 

{•A-i,    A.j)  —  V  . 

so  that,  as  (§  52)  the  relation 

~r       "Jr\lr\j//V      VXY^ 
L  i ,  A.j)  .A  k)  ~r  V\-^-^' '  •"•  k)  •"*•  i) 
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is  satisfied  for  any  functions  whatever  of  xlt  ...,  xn,  pli  ...,  pn, 
the  equations  are  consistent  with  one  another  and  coexist.  The 
conditions  for  the  existence  of  the  contact  transformation  do  not 
impose  any  equation  involving  only  a  single  one  of  the  quantities 
Xl}  .  ..,  Xn]  and  the  preceding  conditions  for  coexistence  of  the 
equations  are  satisfied  identically,  whatever  be  the  functions 
Xl}  ...,  Xn.  Hence  the  equations  defining  the  contact  trans- 
formation under  consideration  contain  an  arbitrary  element  :  thus 
any  one  of  the  quantities  Xi,  ...,  Xn  can  be  assigned  arbitrarily,  or 
any  other  arbitrary  relation  can  be  chosen  that  is  not  inconsistent 
with  the  aggregate  of  conditions  and  equations. 

COROLLARY  1.  There  is  one  special  case  of  this  contact 
transformation,  usually  called  the  infinitesimal  transformation  of 
this  type. 

It  is  characterised  by  the  properties 
Z  =  z  +  et;,     Xi  =  a;i  +  €^i,     P,-=^,-  +  e7rf,          (t"  =  l,  ...,  n), 

where  e  is  a  small  quantity  of  such  a  magnitude  that  squares  and 
higher  powers  may  be  neglected.  The  critical  equations  impose 
limitations  upon  the  forms  of  £,  £,-,  TT,-,  for  i  =  l,  ...,  n;  thus  the 
equations 

(Xt,Xj)  =  0,    (Xi}  P,)  =  0,    (P,,P,)  =  0,    (Z,f  P,)=l, 

give  the  conditions 

»_a&.0 

(>Pi     9p» 

^  +  P=0, 
opt.      fa, 


respectively.     Hence  there  is  some  function  U  of  a^,  ...txnjplj 
...,pn  such  that 

t     dU  dU  r     i  N 

6"S'  *i==-w  i>  •••>*); 

and  any  function  U  of  these  variables  will  enable  all  the  conditions 
to  be  satisfied.     Also  writing 

II=e£ 
r.  v.  21 
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we  find  the  equations  for  £  to  be 


so  that 


r=l        qr 

Hence  an  infinitesimal   contact  transformation  is  given  by  the 
equations 

„  dU 


The  equations 

dz=  pldxl  +  ...  +  pndxn, 


are  simultaneously  satisfied,  when  either  is  satisfied  :  it  is  easy 
to  verify  this  property  from  the  foregoing  values.  Hence  an 
infinitesimal  contact  transformation,  in  which  the  changes  of  xlt 
...,  xn,  pl}  ...,  pn  do  not  involve  z,  is  given  by  the  equations 

dU  dU 

S^  =  e-,     ^=-ea-,         (»-l,...,n), 

dU 


where  U  is  any  function  of  the  variables  ac1,  ...,  xn>  plt  .  ..,  pn. 

COROLLARY  2.  There  is  another  special  case  of  this  type  of 
contact  transformation,  in  which  Xlt  ...,  Xn  are  homogeneous 
functions  of  zero  dimension  in  the  variables  plt  ...,  pn:  tfie 
quantity  Z  is  given  by 

Z  =  2  +  C, 

where  c  is  a  constant;  and  P1}  ...,  Pn  are  then  homogeneous,  of  one 
dimension  in  the  variables  plt  ...,  pn,  given  by 
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for  i=l,   ...,  n,  the  quantities  Xlt   ...,   Xn  still   satisfying   the 
equations 


for  i  and  j=  1,  ...,  w;  awd  the  differential  relation 

n  n 

2  PidXi  =  2  _pid#» 
»=i  t=i 

is  Men  satisfied  identically.     Other  equations  satisfied  are 


/or  aW  values  of  i  and  j  unequal  to  one  another. 

Such  transformations*  are  called  homogeneous.  As  before,  any 
one  of  the  quantities  X1}  ...,  Xn  may  be  chosen  arbitrarily:  or 
some  other  arbitrary  relation  may  be  assigned  that  is  not  incon- 
sistent with  the  other  relations  and  equations. 

COROLLARY  3.  The  corresponding  infinitesimal  homogeneous 
contact  transformation  has  already  f  been  given.  It  affects  only 
the  values  of  x1}  ...,  xn,  pl}  ...,  pn:  and  it  can  be  taken  in  the  form 

dH 


where  H  is  a  function  of  xl  ,  .  .  .  ,  xn,  pl  ,  .  .  .  ,  pn,  which  is  homogeneous 
of  one  dimension  in  plt  ...  ,  pn  and  is  otherwise  arbitrary. 

If  we  write 

Xi  —  Xi  =  dxi,     Pi  —  pi  =  dpi,     e  =  dt, 
these  equations  take  the  form 

dxi     dff      dpi          dff 

~dt=d&'     ~dt  =    ~~dxi' 

for  i  =  1,  .  .  .  ,  n.     These  equations,  exactly  in  this  form,  will  occur 
later  as  a  canonical  system  of  equations  in  theoretical  dynamics. 

131.  One  remark,  indicating  a  relation  between  these  infini- 
tesimal transformations  and  the  integration  of  a  partial  differential 
equation 

f(x1,  ...,xn,pi>  ••',pn)  =  Q, 

*  L.c.,  §  139.   The  remark,  in  the  foot-note,  p.  315,  as  to  change  of  sign  applies 
here  also. 

t  See  vol.  i  of  this  work,  §  140. 

21—2 
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may  at  once  be  made*.  If  it  be  required  to  find  the  infinitesimal 
contact  transformations 

which  transform  f  into  itself,  we  clearly  must  have 
v  fW  r    L   9/       "\      A 

^        I         ./         c .      I  ./         __  t     I    I  1 

*   \  nT-  nTi-  I 

t  =  1    \fO-i  VJJi,  / 

Denoting  by  U  any  arbitrary  function  of  #3 ,  . . . ,  aen,  p1} . . . ,  pn  (thus 
omitting  z  from  its  arguments),  we  know  that  the  quantities  £  and 
TT  can  be  taken 

ac/-      7r.=  _8^. 

thus  the  appropriate  infinitesimal  contact  transformations  will 
arise  through  a  function  U  such  that 

Consequently,  the  determination  of  all  such  transformations  is 
equivalent  to  the  integration  of  the  original  equation 

/=0. 

APPLICATIONS  OF  CONTACT  TRANSFORMATIONS  TO  THE 
INTEGRATION  OF  AN  EQUATION  OR  EQUATIONS. 

132.  The  application  of  the  properties  of  finite  contact  trans- 
formations to  the  integration  of  a  single  partial  differential 
equation  is  immediate. 

First,  suppose  that  the  dependent  variable  z  occurs  explicitly 
in  the  equation  so'  that  the  given  equation  may  be  written  in  the 
form 

We  then  take 

and,  applying  the  preceding  results,  we  assume  that  we  have 
2w +  1  independent  functions  of  the  2n+l  variables  z,  pl}  ...,pn, 
x1}  ...,  xn,  being  Z,  P1}  ...,  Pn,  Xlt  ...,  Xn,  such  that  the  relation 

»  /  n 

i=l  \  <=1 

*  Lie,  Math.  Ann.,  t.  vm  (1875),  p.  240. 
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is  satisfied  identically  for  a  non-vanishing  quantity  p  that  does 
not  involve  the  differential  elements.  All  the  required  "quantities 
PI,  ...,  Pn  are  known,  if  Xlt  ...,  Xn  are  known,  by  equations 
characteristic  of  a  contact  transformation;  and  these  quantities 
X1}  ...,  Xn  are  such  that  the  equations 


for  i  =  l,  ...,  n,  and  j=l,  ...,  n  but  unequal  to'  i,  are  satisfied. 
It  has  been  seen  that,  even  when  Z  is  arbitrarily  assigned,  these 
equations  are  consistent  and  coexist.  Accordingly,  assuming  the 
general  results  of  the  theory  of  contact  transformations,  we  may 
assume  that  quantities  Xlt  ...,  Xn  are  determined  by  these 
equations  and  that  the  quantities  Pj,  ...,  Pn  have  subsequently 
been  obtained. 

Now  what  is  desired  is  an  integral  of  the  equation 
Z=f(xlt  ...,xn,z,pi,  ...,pn)  =  0, 

so  that,  as^>!,  ...,  pn  are  derivatives  of  z  with  regard  to  a?1}  ...,  xn 
respectively,  we  have 

dz—pldxl  —  ...  —pndxn  =  0; 

hence  the  quantities,  defining  the  contact  transformation,  must 
satisfy  the  relation 

'  dZ-PldXl-,..-PndXn  =  0, 
or,  since  Z  is  a  permanent  zero,  we  must  have 
P1dXl+...+PndXn  =  Q. 

This  relation  is  the  only  relation,  except  Z  =  0,  that  needs  to  be 
satisfied  in  order  to  secure  the  existence  of  the  relation 


and,  subject  to  the  specified  exception,  Pl}  ...,  Pn,  Xlt  ...,  Xn  are 
independent  functions  of  the  variables  involved.  We  therefore 
require  an  integral  equivalent  of  the  relation 


where  P1}  ...,  Pn,  Xl}  ...,  Xn,  Z  are  2/i+  1  independent  functions 
of  the  quantities  z,  o\,  ...,xn,pl,  ...,pn,  the  relation  being  satisfied 
identically. 
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Such  a  relation  possesses*  three  types  of  integral  equivalents. 
(i)     It  is  satisfied  identically  if 

•AI  =  ai  )  •••  >  Xn  =  an, 

where  alt  ...,  an  are  n  arbitrary  constants:  these  n  equations  give 
n  differential  relations 

dX1  =  0,  ...,dXn  =  0, 

in  virtue  of  which  the  differential  relation  obviously  is  satisfied. 
(ii)     It  is  satisfied  identically,  if  //,  equations  of  the  type 

Xi  =  9i  (-5^+1  ,  •••,  Xn), 

for  i  =  1,  .  .  .  ,  /u,  (where  //,  <  n),  are  postulated,  provided  the  equations 

£  p.  fy*   i-p  -Q 
-  •    *  Iff  ^    j  ~  u> 

t=l  O-Aj 

for  J  =  /i  +  1  ,  .  .  .  ,  ?i,  also  are  satisfied  :   for   these   equations  give 
/*  differential  relations 


.  j  , 


for  *  =  1,  .  .  .  ,  //,  which,  in  connection  with  the  other  n  —  p  relations, 
obviously  satisfy  the  required  differential  relation. 

(iii)     It  is  satisfied  identically  if 

P!  =  O,  ...,PB  =  0; 

these  relations,  however,  do  not  possess  (and  do  not  necessarily 
imply)  any  differential  character. 

We  consider  the  significance  of  these  three  types  of  integral 
equivalent  in  succession. 

In  the  first  place,  we  have 

X1  =  al,  ...,  Xn  =  an  , 

concurrently  with  the  equation  Z=0;   and   these   relations   are 
sufficient  to  secure  the  differential  relation 
dz=pldxl  +  ...  +pndxn. 

As  Z,  Xl}  ...,  Xn  are  independent  functions  of  z,  xl}  ...,  xn,  plt  ..., 
pn,  it  is  possible  to  eliminate  p1}  .  ..,  pn  among  the  n  equations 

Z=0,     Xl  =  a1,  ...,  Xn  =  an, 

the  eliminant  being  an  equation  involving  z,  xly  ...,  xn,  c^,  ...,  an> 
The  differential  relation  shews  that  the  value  of  z  thus  provided  is 
an  integral  of  Z  =  0  :  manifestly,  it  is  the  complete  integral. 

*  See  Part  i  of  this  work,  §  142,  foot-note. 
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In  the  second  place,  we  have  //.  relations 

y   f,   (  ~y  TT  \ 

•**-i  —  yi\-A-n+i>  •••>  •"•«/» 
for  i=l,  ...,  p,  and  n  —  /u.  relations 

2~D     ^9i     i      D          A 
Jt   V  —  —  ~T~  -/i  — —  w 

for  j  =  //,+!,  ...,  n,  concurrently  with  the  equation  Z=Q:  and 
these  equations  are  sufficient  to  secure  the  differential  relation 

dz  =p1dxi  +  ...  +pndxn. 

As  Z,  Xl,  ...,  Xn,  PI,  ...,  Pn  are  independent  functions  of  their 
arguments,  the  n  relations  are  independent  of  one  another  and  of 
Z=0:  thus  it  is  possible  to  eliminate  plf  ...,  pn  among  the 
n  relations  and  Z  =  0,  and  the  eliminant  is  an  equation  involving 
2,  ac1,  ...,xn  and  the  functional  forms.  The  differential  relation 
shews  that  the  value  of  z  thus  provided  is  an  integral  of  Z  =  0 : 
manifestly,  it  is  a  general  integral.  Clearly,  there  will  be  a  number 
of  classes  of  such  integrals,  a  class  being  determined  by  the  number 
of  functional  relations  between  the  quantities  X± ,  ...,  Xn  initially 
postulated:  as  before,  the  most  comprehensive  general  integral 
occurs  when  only  one  such  relation  of  the  most  unrestricted  type 
is  postulated. 

The  equations  are  expressed*  in  another  form  by  Lie,  as  follows.  Let  H 
denote  a  function  of  Plt  ...,  PM,  JT^  +  i,  ...,  Xn,  which  is  homogeneous  and 
linear  in  PI  ,  . . . ,  P^  and  otherwise  is  quite  arbitrary ;  then  the  equations  are 
given  by 

X=—       P.=  -**L 

for  i  =  l,  ...,  ^ ',  j =/*  +  !,  ...,  n. 

For,  since  H  is  homogeneous  and  linear  in  Pt,  ...,  PM,  we  have 


hence 

2  PidXi+  2  XidP^dH 

i=l  i=l 

»cH,n         *     dff 
=  ^^jrdPi+     2    ^ 

i=l<Jfi  j=n+lOAj 

=  2  XidPi-    2    PjdX 

i=l  j=M+l 

and  therefore 


which  is  the  equation  to  be  satisfied. 

*  Math.  Ann.,  t.  ix  (1876),  p.  250. 
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In  the  third  place,  we  have  n  equations 
p  —0          p    —  A 

*  1  —  v,   .  ..  ,  J.  n  —  v, 

concurrently  with  Z  =  0  :  but  as  pointed  out,  they  do  not  definitely 
secure  the  differential  relation 

dz—pidxl  —  ...  —pndxn  =  0, 

for  they  have  no  differential  character.  If,  however,  they  do  secure 
it,  we  then  have 

dZ  =  p  (dz  —p^dxl  —  ...  —  pndxn)  : 

consequently 

dZ  dZ  dZ     . 

te=p>    ^r~ppi>     a7r°' 

that  is, 

dZ_n      dZ^      dZ_. 
fa-         ^+Pidz- 

for  i  =  1,  .  .  .  ,  n.    Thus  2w  equations  must  be  satisfied,  in  addition  to 
Z=0,     P1==0,  ...,Pn=0; 

7)7 

and  as  p  is  not  to  vanish,  =-  is  not  zero.     Assuming  that  all  the 

dz 

equations  coexist,  and  that  it  is  possible  to  eliminate  p1  ,  .  .  .  ,  pn  so 
as  to  leave  an  equation  expressing  z  in  terms  of  xlt  ...,  xn,  the 
value  of  z  thus  provided  is  an  integral  :  it  is  the  singular  integral. 

Ex.  l.    Let 

Z=plxl  +  p.&z  +  p3x3  -z  =  0. 


The  quantities  X\,  X%,  Xs  are  subject  to  the  equation 


and  it  is  easy  to  verify  that  these  are  satisfied  by 

X\  =pi  ,    X2  *=pz  ,     X3  =p3  . 
The  quantities  P1}  P2,  P3  are  then  given  by  the  equations 

M»  §  p  ^ 

8pi    r=i    r  3pi  ' 
for  i=l,  2,  3  :  evidently 

P1=^1,     P2  =  ^2,     PS  =  ^3- 

It  is  clear  that  the  quantities  Z,  Xlt  X^  X3,  Pt,  P2,  P3  are  independent 
of  one  another:  also 


the  value  of  p  is  —  1. 
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The  complete  integral  is  given  by 

pl  =  Xl=al,    j9o  =  X,  =  a-,,    p3  =  X3  =  a3)     Z=0, 
where  at,  a?,  a3  are  arbitrary  constants  :  it  is 


One  class  of  general  integrals  is  given  by 

Pi 
together  with 


/f  t£ 

Clearly  »2j  Ps>  and  therefore  also  pl,  are  functions  of  —  and  —  ;  and  when  g 

xi         x\ 

is  as  unrestricted  as  possible,   they  will  be  arbitrary  functions  of  these 
quantities.     Thus 


A 

where  G  is  an  arbitrary  function  of  its  arguments :  the  integral  represents 
the  first  class  of  general  integrals. 

Another  class  of  general  integrals  is  given  by 

Pi 

together  with 


Manifestly,  it  is  given  by  the  elimination  of  p%  between  the  equations 
2  =  *i9i  (Ps)  + 


it  represents  the  second  class  of  general  integrals. 

The  equations 

•*i  =  />i  =  0,     a.2  =  p2  =  o,     j73=P3=0, 

with  Z=0,  clearly  do  not  provide  an  integral  :  there  is  no  singular  integral. 
Ex.  2.     Integrate  in  the  same  way  the  equations  :  — 

(i)          Z= 

(ii)      z 
(iii)    zz=(xl- 


133.  Next,  suppose  that  the  dependent  variable  z  does  not 
occur  explicitly  in  the  differential  equation  to  be  solved,  which 
therefore  is  of  the  form 


330  CONTACT   TRANSFORMATIONS  [133. 

We  then  take 

and,  applying  the  results  of  §  130,  we  assume  that  we  have  functions 
II,  Xlf  ...,  Xn_i,  P1,  . . . ,  Pn  of  #!,  . . . ,  xn, p1}  ..., pn,  such  that  the 
relation 

n  n 

dll  —  X  PidX{=  —  S  pidxi 

i=l  i=l 

is  satisfied  identically.  The  quantities  Ply  ...,  Pn  are  known  by 
means  of  equations  characteristic  of  the  contact  transformation, 
when  once  II,  Xlt  ...,  Xn  are  known:  and  II  is  determined  by  a 
number  of  equations,  as  soon  as  Xi,  ...,  Xn  are  known.  These 
quantities  are  subject  to  the  equations 

for  i  and  j  =  1,  . . . ,  n,  the  values  of  i  and  j  being  unequal.  As  has 
been  seen,  any  one  of  these  quantities  can  be  arbitrarily  assumed : 
accordingly,  we  assign  f(xly  . ..,  xn,  p^,  ...,  pn)  as  the  value  of  Xn. 
And  then,  adopting  the  general  results  of  the  theory  of  contact 
transformations,  we  may  suppose  that  the  quantities  X1}  ...,  Xn-lt 
II,  Pj ,  . . . ,  Pn  are  known. 

What  is  desired  is  an  integral  of  the  equation 

Xn  =/(#:,  .  •  • ,  Xn,  PI,   •••,  Pn)  —  0. 

For  that  purpose,  p1}  ...,pn  are  derivatives  of  z  with  regard  to 
asl}  ...,  xn  respectively,  so  that 

dz  —  p-^dx-L  —  ...  —  pndxn  =  0 ; 

hence  the  quantities,  defining  the  contact  transformation  in  the 
present  circumstances,  must  satisfy  the  relation 

dU  —  2  PidXi  =  —  dz, 
or,  since  Xn  is  a  permanent  zero,  we  must  have 

This  is  the  only  relation,  other  than  Xn  =  0,  which  needs  to  be 
satisfied  in  order  to  secure  the  existence  of  the  relation 

dz  —  pidxi  —  ...  —  pndxn  =  0 ; 

we  therefore  require  an  integral  equivalent  of  the  differential 
relation 

d(z+U)-P1dX1-...-  Pn-.dXn^  =  0, 
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so  that  it  may  be  satisfied  identically.  As  in  the  former  case. 
there  are  varieties  of  integral  equivalents  :  but,  as  will  be  seen,  the 
singular  integral  does  not  occur. 

(i)     The  differential  relation  is  satisfied  identically  if 


where  c,  Oj,  ...,  a,,-!  are  arbitrary  constants.  These  equations  are 
to  be  taken  concurrently  with  Xn  =  0  ;  and  the  quantities  II, 
Xl}  ...,  Xn-i,  Xn  are  functionally  independent  of  one  another. 
Hence  we  may  consider  the  equations 


resolved*  with  regard  to  pl,  ...,  pn,  and  the  deduced  values  sub- 
stituted in  II  :  the  result  is  of  the  form 


The  integral  clearly  is  the  complete  integral. 

(ii)    The  differential  relation  is  satisfied  identically  if  a  number 
of  relations 


for  i  =  1,  ...  ,  p.,  hold,  provided  the  further  relations 

8ff    _  |  p.  fa  ?  _  p  _  n 

OTT  *  »^1F  J  ~~  U» 

oAj      I=1      dJi_,- 

forj  =  /*+!,  ...,  n  —  1,  also  hold.  Eliminating  plf  ...,pn  among 
these  n  relations  and  Xn  —  0,  we  have  an  integral  :  it  is  a  general 
integral.  Obviously  there  will  be  a  number  of  classes  of  general 
integrals,  a  class  being  determined  by  the  number  of  functional 
relations  postulated.  The  most  comprehensive  general  integral  is 
given  by  the  equations 


dF 
v± 


for  r  =  1,  .  .  .  ,  n  —  1,  the  function  F  being  completely  arbitrary. 
(iii)     The  differential  relation  is  satisfied  identically  if 


*  Exceptions  might  arise,  when  resolution  with  regard  to  pj,  ...,j>m  is  either 
inconvenient  or  impossible  :  we  should  then  proceed  as  in  §§  58,  59. 
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where  a  is  a  constant  that  may  be  zero.  Eliminating  p1}  .  .  .  ,  pn 
among  these  n  relations  and  Xn  =  0,  we  have  an  integral  which  is 
an  exceedingly  special  case  of  the  foregoing  general  integral  obtained 
by  taking  a  as  the  expression  of  F(X1}  ...,  Xn_^).  The  relation 

dz  +  d,U  =  Q 

gives 

n 

dH  =  —  2  Pidxi, 

i=\ 
so  that 

an         an 

o—  =  0,        3—  =—  JP», 
opi  dXi 

for  t  =  l,  ...,  n,  which  are  in  agreement  with  the  equations  charac- 
teristic of  the  contact  transformation  in  this  case. 

And  these  exhaust  the  modes  of  satisfying  the  differential 
relation  :  thus  a  singular  integral  does  not  arise. 

It  appears,  from  the  results  of  §  132  and  from  the  results  just 
obtained,  that  the  construction  of  the  various  integrals  of  a  partial 
differential  equation 

U=0 

can  immediately  be  effected,  if  a  contact  transformation  of  which 
U  is  an  element  is  known  ;  hence  this  method  of  proceeding 
requires  either  a  knowledge,  or  the  determination,  of  such  a  contact 
transformation.  If  it  has  to  be  determined,  then  a  number  of 
simultaneous  partial  equations  have  to  be  solved. 

Ex.     As  an  illustration,  consider  the  equation 


We  take 

r.-gtf+jtf-Htf-is 

a  contact  transformation  of  which  X3  is  an  element,  is  given  by 

XI=PI,     X2=p2, 
n=  -piXi-p-i^-paXa, 

p.—  *.,.£*.  P.—  *,+*«.  ft—  £. 

The  complete  integral  of  the  equation  is  given  by  the  elimination  of 

pi,  pi,  pa  between 

z+n=c,     Xl  =  al,     X2=a2,    X3=0  : 

that  is,  the  complete  integral  is  given  by 

Z  -  di  Xl  - 

where 
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There  are  two  classes  of  general  integrals.     A  general  integral  of  the  first 

class  is  given  by 

=f(Xlt  T2),    JT3=o, 


P-V    p-'^- 

**    S51        2~8X,' 

where  /  is  an  arbitrary  function  :  that  is,  it  is  given  by  the  elimination  of 
P\i  pz>  PS  among  the  equations 


P3 


A  general  integral  of  the  second  class  is  given  by 


P  p  _0 

dx2-^dxT  *    ' 

that  is,  by  the  elimination  ofpi,  p»,  p3  among  the  equations 


P\=9(P-l) 


There  is  no  singular  integral. 

134.  In  the  same  manner,  the  properties  of  contact  trans- 
formations can  be  applied  to  obtain  the  integrals  of  a  system  of 
equations.  We  may  assume  that  the  system  is  complete,  that  is, 
that  all  the  relations 


according  as  the  dependent  variable  does  or  does  not  occur,  are 
satisfied,  either  identically  or  in  virtue  of  the  equations  of  the 
system  :  and  we  may  also  assume  that  the  number  of  such  equations 
is  less  than  n  +  1  or  less  than  n,  in  the  two  cases  respectively. 

In  the  first  place,  suppose  that  the  dependent  variable  does 
occur:   and  let  the  complete  system  be 

Z=0,     X^O,  ...,Xm  =  0, 
where  ni  <  n,  the  relations 
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being  satisfied.  If  these  relations  are  satisfied  identically*,  the 
quantities  Z,  X1}  ...,  Xm  can  be  constituents  of  a  contact  trans- 
formation Z,  X1}  ...,  Xn,  Pj,  .  ..,  Pn:  for  the  quantities  Z,  Xlt  ..., 
Xn  are  determined  by  equations 


for  r  and  s  =  I,  ...,  n:  and  the  quantities  P1}  ...,Pn  are  then  given 
by  linear  algebraic  equations.  This  contact  transformation  leads 
to  the  differential  relation 

dZ—  PldXl—  ...  —  PndXn  =  p(dz  —pldxl  —  ...  —  pndxn}, 
where  p  is  a  non-vanishing  quantity. 

When  the  quantity  z  is  an  integral  of  the  given  system,  we 

must  have 

dz  =  pldxi  +  ...  +pndxn: 
also 

dZ  =  0,    dX,  =  0,  ...,dXm=Q, 

because  Z  =  0,  Xl  =  0,  .  .  .  ,  Xm  =  0  permanently  :  hence  the  above 
relation  becomes 

Pm+idXm+l  +  ...  +  PndXn  =  0, 

and  when  this  relation  is  satisfied,  we  have 

dz  —  p^dx-i  —  ...  —pndxn  =  0, 


so  that  an  integral  of  the  equation  is  provided.  As  before,  the 
relation  can  be  satisfied  in  three  kinds  of  ways. 

(i)     The  relation  will  be  satisfied  if 

-"•  m+i  =  Mm+i  >  •  •  •  y  •**•  n  =  ®n  > 

where  am+l,  ...,  an  are  constants  which  may  be  taken  arbitrarily. 
The  quantities  Z,  X1}  ...,  Xn  are  independent  of  one  another: 
hence,  eliminating  plt  ...,  pn  between  these  n  —  m  equations  and 
the  m  +  1  equations  of  the  complete  system,  we  have  a  relation 
between  z,  x1}  ...,  xn,  which  involves  n  —  m  arbitrary  constants  and 
provides  an  integral  of  the  system.  The  integral  thus  provided  is 
clearly  the  complete  integral. 

(ii)     The  relation  will  be  satisfied  if  the  quantities  Xm+i  ,  ..., 

*  The  alternative,  when  these  relations  are  satisfied  only  in  virtue  of  the  members 
of  the  complete  system,  will  be  a  matter  for  subsequent  consideration. 
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Xn  are  connected  by  q  equations  (where  q  is  less  than  n  —  m) 
which  may  be  taken  in  the  form 

9i(Xm+i,  •••,  Xn)=0, 


ffq  (Xm+i ,  •--,  %n)  =  0  ', 

but  in  addition,  the  equations 


P_ -v        _~«/I_    i  i    -v          "V9 

m+r  —  >M  „  Y  f  . ..  T  *f  ^rvr          , 

OA  wH-r  "•*•  m+r 

for  /•=!,  ...,ra— w,  must  be  satisfied.  We  now  have  the  ??*+! 
equations  of  the  original  system,  the  q  relations  of  condition  among 
the  variables  Xm+1,  ...,  Xn,  and  the  deduced  n  —  m  equations  con- 
necting the  quantities  Pm+\,  •••,  Pn  with  the  variables  Xm+l,  ..., 
Xn :  that  is,  there  are  n  + 1  4  q  equations  in  all.  Eliminating 
pl}  ...,pn,  \u  ...,  X9  among  this  aggregate,  we  obtain  a  single 
equation  as  the  eliminant :  the  form  of  the  equation  is  affected  by 
the  form  of  the  q  postulated  relations  of  condition.  The  value  of 
z  thus  provided  is  an  integral :  obviously  it  is  a  general  integral. 

Manifestly  there  are  n  —  m  —  1  classes  of  general  integrals, 
determined  by  the  assignment  of  1,  2,  ...,  n  —  m  —  1  relations  of 
condition  among  the  variables  Xm+1,  ...,  Xn.  The  most  compre- 
hensive class  is  that  determined  by  the  assignment  of  only  a 
single  relation :  if  this  relation  be  taken  in  the  form 

X m+i  ~  h  (Xm+2,  ...,  Xn), 

then 

p  dft      p       _0 

•*•  m+r   • -jTy  f  »H-l  —  v» 

O-A-  m+r 

for  r  =  2,  . . . ,  n  —  m  —  2  :  and,  as  before,  we  obtain  the  integral  by 
elimination. 

(iii)     The  relation  will  be  satisfied  if 

We  then  have 

dZ  -  P^X!  -  ...  -  PmdXm  =  p  (dz  -pldxl  -  ...  - pndxn\ 
so  that 


dz  dz 


m  _ 
' 
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for  i  and  j  =  1  ,  .  .  .  ,  n.  Eliminating  Pl  ,  .  .  .  ,  Pm,  p  among  these  2w  +  1 
equations,  we  have  2n  —  m  conditions  to  be  satisfied  among  the 
derivatives  of  Z,  X1}  ...,  Xm  ,  which  can  be  expressed  in  the  form 


dZ 


dZ 


dZ 


7  )•**>             7  J          *"»  J       •  •  •  J         <*\ 

fl/f*                                    fl  W                   /"i-Tl  /I'D 

U/t*'  i                                   \JU\JU  f^                V f-f\  ^J-'tl 

dXi             dX,     dX1  dX, 

7  ?""*?              7  5           ^L  3"""3'"> 

/Y  /Vl                                                      ft  V                          ilt^l  /71?! 

tt'it'j                       t(/«A//j          ^A'l  ufsn 

7  y               7  Y"      sy  s  y 

Clvi.  9n,                  Ct-A  tji,      (7 -A  m  0-A  j»i 


=  0. 


When  these  are  satisfied,  either  identically  or  in  virtue  of 

Z=0,     X!  =  Q,  ...,  Xm  =  0,     Pm+i  =  0,  . . . ,  Pn  =  0, 

then  the  elimination  of  p^ ,  . . . ,  pn  among  these  n  equations  leads 
to  an  equation  connecting  z,  xl,  ..,,  xn.  This  value  of  z  is  an 
integral  of  the  equation :  clearly  it  is  the  singular  integral. 


Ex.     Obtain  integrals  of  the  equations 


which  satisfy  the  condition 


-a=0) 
-c  =  0] 


of  coexistence  :  the  quantities  a  and  c  are  given  constants. 

The  quantities  Z  and  X±  are  constituents  of  a  contact  transformation, 
represented  in  full  by 


j°3  j 

The  complete  integral  is  represented  by 


/^2 

3  "~~  **2         3         • 

r  PS 


where  a2  and  a3  are  arbitrary  constants  :  combining  these  with 


we  find  the  complete  integral  given  by 


where  aj  and  a2  are  arbitrary,  and  a3  is  given  by 

ai2  +  a^  +  a32=I: 
or,  expressed  solely  in  terms  of  independent  constants,  the  integral  is 

(z  -  ai  Xi  -  a2  Xi  -  of  =  x3z  (  1  -  ai2  -  az2). 
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To  find  the  general  integral,  we  take 


that  is,  the  general  integral  is  given  by  the  elimination  of  pi,  p2,  p$  among 
the  equations 

2  -i*i  ->**  -3*3  ~  a  =0 


The  singular  integral,  if  it  exists,  is  given  by 

Z=Q,     X!=G,    P2=0,     P3=0. 

The  further  necessary  conditions  are  satisfied.     The  elimination 
among  these  four  equations  leads  to  a  relation 


which  is  therefore  the  singular  integral. 

135.     Next,   suppose   that  the  dependent  variable   does  not 
occur  explicitly  and  that  the  complete  system  is 


where  the  relations 


for  i  and  j  =  1,  ...,  in,  are  satisfied,  the  integer  m  being  less  than  n. 
As  these  relations  are  satisfied,  the  quantities  Xlt  ...,  Xm  are 
constituents  of  a  contact  transformation  such  that 


and  quantities  II,  Xm+l,  ...,  Xn,  Pl}  ...,  Pn,  being  functions  of 
a:,,  ...,  xn,  PJ,  ...,  pn,  exist  such  that  the  differential  relation 


dU-       PidXi  =  -  2  pidafi 

i=l  t=l 

is  satisfied  identically. 

What  is  desired  is  an  integral  of  the  system 

X  i  =0,  .  .  .  ,  X  m  =  0, 

so  that  we  must  have 


also,  as  the  value  of  z  is  to  be  an  integral  of  this  system,  we  have 

ck  =#<&?,+  ..,+pndxn. 
F.  v.  22 
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Thus  the  differential  relation  can  be  taken  in  the  form 
d(z+Il)-  Pm+1dXm+1  -  ...  -  PndXn  =  0. 

When  this  relation  is  satisfied  concurrently  with  the  m  equations 
of  the  system,  then  the  relation 

dz  =  pldxl  +  ...  +pndxn 

also  is  satisfied:  so  that  the  value  of  z,  expressed  in  terms  of 
#!,  ...,  ocn,  is  an  integral. 

As  in  the  case  of  a  single  equation,  there  are  two  distinct 
kinds  of  integral  equivalents  of  the  differential  relation,  leading 
to  a  complete  integral  and  to  the  general  integrals  respectively  : 
there  is  no  singular  integral. 

(i)     The  differential  relation  is  satisfied  identically  if 

Z  +  11  =  C,      X  m+i  =  Q>>n+i  ,    •  '.  ,    <£  n  =  &n> 

where  c,  am+1,  ...,  an  are  arbitrary  constants.  These  equations 
exist  concurrently  with  the  equations 

X1  =  0,  .  .  .  ,  Xm  =  0  ; 

and  the  quantities  II,  X1}  ...,  Xm>  Xrn+1,  ...,  Xn  are  functionally 
independent  of  one  another.  We  may  therefore  resolve  the  set  of 
equations 

AI  =  0,    ...,    }Lm  =  0,       -X-m+i  =  #77,-)-!,    •••}    JLn  =  an 

with  regard  to  the  variables*  p1}  ...,  pn  :  when  we  substitute  their 
values  in 

z  +  n  =  c, 

we  have  an  integral  of  the  system  of  equations  in  a  form 

z  +  H(asl)  ...,  aj»i  o»+i»  •••>  an)  =  c, 

involving  n  —  m  +  1  variables.  The  integral  is  clearly  the 
complete  integral. 

(ii)  The  differential  relation  is  satisfied  identically  if  a 
number  of  relations 


*  Exceptions  may  arise  when  the  resolution  with  regard  to  another  set  of  n  of  the 
variables  xl  ,  ...,  xn,  p^,  .  .  .  ,  pn  is  more  convenient  :  we  then  proceed  as  in  §§  58,  59. 
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for  r  =  l,  ...,  p—m,  hold  provided  the  further  relations 


for  J  =  p  +  1,  .  .  .  ,  M,  also  hold.  Eliminating  ^  ,  .  .  .  ,  pn  among  these 
n  —  m  +  l  relations  and  the  equations  of  the  original  system,  we 
have  an  integral  of  that  system.  It  is  a  general  integral. 

Obviously,  there  will  be  a  number  of  classes  of  general 
integrals,  a  class  being  determined  by  the  number  of  functional 
relations  postulated.  The  most  comprehensive  general  integral 
is  given  by  the  elimination  of  p1}  ...,  pn  among  the  equations 


OJL^  =  P  \  ,    Xi  =  0,  .  .  .  ,  X  m  =  0, 
for  r=  ?tt  +  l,  ...,  n. 

(iii)     The  differential  relation  is  satisfied  identically  if 


where  a  is  a  constant  that  may  be  zero.  Eliminating  p1,  ...,  pn 
among  these  n  —  m  +  1  relations  and  the  m  equations  of  the 
complete  system,  we  obtain  an  integral  which  is  an  exceedingly 
special  case  of  the  foregoing  comprehensive  general  integral, 
the  case  arising  by  taking  a  as  the  expression  of  the  function 
h(Xm+1,  ...,  Xn).  The  relation 


gives 
so  that 


an        an_ 

~  ~ 


for  i=l,  ...,  n;  these  equations  are  characteristic  of  the  contact 
transformation  for  the  present  case. 

The  modes  of  satisfying  the  differential  relation  are  exhausted  : 
hence  a  singular  integral  does  not  arise  for  the  complete  system  in 
the  supposed  circumstance  that  the  complete  system  does  not 
explicitly  involve  the  dependent  variable. 

22—2 
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Ex.  1.     Integrate  the  simultaneous  equations 

Pi-p»)-c=0} 


where  a,  b,  and  c  are  constants. 

It  is  easy  to  verify  that  the  condition 

(F,  0)  =  0 
is  satisfied  identically,  and  that,  if 

B^ps, 

then  the  equations 

(F,H)  =  0,     (G, 

also  are  satisfied  identically.     Hence,  taking 


-p2)  -  c, 
Xz  =  (pi  +Pz)  Oi  +  #2)  -  b, 

X3=p3, 

the  quantities  Xly  X2,  X3  can  be  constituents  of  a  contact  transformation. 

To  complete  the  contact  transformation,  the  quantities  II,  PI,  P2,  PS  are 
required.     Of  these,  n  satisfies  the  three  equations 


(II,  Xd  =  -        pr  =  -  (Pl  + 

r=i        vpr 

3  9X, 

(n,  Xi)  -  -  2  pr  ^—  =  -pl  (xa  +  ap3)  -  p2  (xl  -  aps)  - 

r=l        Opr 


~P-2)- 
From  the  first  of  these,  we  have 


where  u  is  any  function  of  x^  x-2,  plt  p2,  p3.     From  the  second  of  them,  we 
have 

u  +  £  (Xz  +  6)  log  (KI  +  A-2)  =v, 

where  v  is  any  function  of 

X2+b,     xz-.vi,    p2-pi,    p3, 
or  say  of  Xz  +  6,  a,  @,  /)3,^where 

a  =  v2-.Vi,     P=p2-pi. 
From  the  third  of  the  equations,  we  have 


where  w  is  any  function  of  Xz  +  b,  ft  (a  +  2ap3)  +  b,p3.     Now  for  the  integration 
of  our  equations,  -X"i  =  0,  X2=0  ;  and 

=  X2  -  2  A\  +  b  -  2c 
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so  that  effectively  w  is  a  function  of  p3:  consequently, 


i  +  26-  2c)  { -  log  (x.>  - . 
The  complete  integral  is  given  by 

z+n  =  A,     T!=O,     A'2=0,     A'3=C', 
where  A  and  C  are  arbitrary  constants ;  consequently,  it  is 

A  =z  —  Cx3  -%b  log  (MI +#2)  —  (b  -  c)  { -  log  (#•>  -  Xi  +  2aC)  +  <f>  (C)}, 
or  as  (b  —  c)<j)(C)  can  be  absorbed  into  A,  this  complete  integral  is 

z  —  Cx3  -%b  log  (#1  +x-2)  —  (b  —  c)  log  (j:2 — xl  +  2aC) = A. 
The  general  integral  is  given  by 

together  with  the  relation 

dX3  =  P*' 
Also,  the  quantities  Plt  P2,  P3  are  given  by  any  three  of  the  six  equations 

^EL  _  |  pr °Xi  =  -p.,     ^  _  |  pr  ^r=0 

which  are  independent  of  one  another :  in  particular, 
p.  =?°  +     a  (Pi  -Pt)    (<*R  _  ^ 

which,  on  substitution,  gives 

2a 


Hence  the  general  integral  is  given  by  the  elimination  of  p3  between  the 
equations 

-(b-c)  (log  (x2- 


or,  writing 

ff(p3)-(t>-e)<j>(p3)=/i  fa), 

so  that  h  (p3)  is  a  new  arbitrary  function,  we  have  the  general  integral  given 
by  the  elimination  of  p3  between 

-  £  &  log  (•*'!  +  x.,)  -  (b  -  c)  log  (jr2  -  A\  +  2apy)  =  h  fa)  ^ 

2a(6-c)  .  |  • 

- 


And  there  is  no  singular  integral. 

ATofe.  The  example  is  worked  out  in  order  to  illustrate  the  relation 
between  the  constituents  of  the  contact  transformation  and  the  construction 
of  the  integral. 

If  the  Jacobian  method  (Chap,  iv)  were  adopted  for  the  integration  of 


342  CONTACT  TRANSFORMATIONS  [135. 

we  should  find  a  third  equation  to  associate  with  these:  proceeding  in  the 
usual  way,  we  could  take  either 


where  «3  and  c3  are  arbitrary  constants.     We  then  resolve  the  equations 

^=0,     (7  =  0, 
with  one  of  the  equations 

p3=a3,     a(pl-p2)-x3=c3, 
for  pi,  PO,  p3;  we  substitute  in 

dz  =pldxl  +p2dx-2  +p3dx3, 

and  effect  a  quadrature.    The  resulting  equation  gives  the  complete  integral  : 
and  the  general  integral  would  be  deduced  by  the  customary  process. 

Writing 

p3=ff,    a(pl-pz}-x^=K, 
we  have 

(F,G)=O,  (F,s)=o,  (G,H)=O, 

all  satisfied  identically,  so  that  F,  (?,  H  can  be  the  constituents  X\,  X%,  Xs 
of  a  contact  transformation.     Also 

(F,K)  =  0,     ((7,AT)=0, 

satisfied  identically,  so  that  F,  G,  K  can  be  the  constituents  X\,  X^  X3  of 
another  contact  transformation.     The  integration  of 

F=0,     (7  =  0, 
by  means  of  the  latter  contact  transformation  is  left  as  an  exercise. 

But 

(H,K}  =  \; 

hence  F,  H,  K  cannot  be  the  constituents  JTi,  X%,  X3  of  a  contact  transforma- 
tion, nor  can  G,  H,  K  be  those  constituents. 

Ex.  2.     Integrate  by  this  method  the  equations 

-  c  =  0 


where  a  and  c  are  constants. 

Ex.  3.     Similarly  integrate  the  equations 


where  a  and  c  are  constants. 

136.     It  thus  appears  that,  when  a  single  differential  equation 
is  given  in  a  form 

£7=0, 

the  quantity  U  can  always  be  made  a  constituent  of  a  contact 
transformation,  the  explicit  expression  of  which  adopts  one  or  other 
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of  two  forms  according  as  U  does,  or  does  not,  explicitly  involve 
the  dependent  variable  :  and  the  various  kinds  of  integrals*  can  be 
deduced  when  the  full  expression  of  the  transformation  is  known. 

Again,  when  a  complete  system  of  equations  is  given  in  a  form 


(where  m  is  less  than  the  number  of  independent  variables),  so 
that  the  relations 

[X,,X;]  =  0,  or  (Xi,Xj)  =  0, 

(according  as  the  equations  in  the  system  do,  or  do  not,  involve  the 
dependent  variable  explicitly)  are  satisfied,  it  has  been  proved  that, 
if  the  relations  are  satisfied  identically,  the  theory  of  contact  trans- 
formations can  be  applied  f  immediately  by  making  Xlt  ...,  Xm 
constituents  of  the  transformation  in  the  mode  indicated.  The 
various  kinds  of  integrals^  could  be  deduced  when  the  full 
expression  of  the  transformation  is  known. 

Consequently,  in  order  that  the  method  of  contact  trans- 
formations may  be  made  effective  for  the  practical  integration  of  a 
single  equation  or  of  a  complete  system  of  equations,  it  is  necessary 
to  devise  a  practical  process  for  the  completion  of  a  contact  trans- 
formation when  one  constituent  can  be  assumed  or  when  several 
constituents  can  be  assumed.  These  constituents  have  been  sup- 
posed, in  every  case  thus  far  considered,  to  belong  to  the  X-type 
and  not  to  the  P-type  in  a  relation 

dZ  -  2  PidXi  =  p(dz-  2  pi 

i=l  f=l 

alternative  suppositions  have  not  been  considered. 

*  No  indication  of  the  occurrence  of  special  integrals  has  been  given  :  these, 
however,  usually  depend  on  the  details  of  form  of  particular  equations,  and  such 
details  have  been  ignored.  They  would,  of  course,  have  to  be  taken  into  account 
if  a  complete  theory  were  being  based  upon  contact  transformations  and  their 
properties,  and  upon  these  alone  :  but  the  present  chapter  has  no  such  purpose. 
What  is  intended,  is  the  exposition  of  the  more  important  general  methods  of 
integration,  in  a  sufficient  amount  of  detail  to  make  their  scope  clear  :  among  such 
methods,  contact  transformations  must  find  a  place. 

t  No  implication  has  been  made  that  the  theory  cannot  be  applied  unless  the 
relations  are  satisfied  identically  :  the  condition  was  requisite  merely  for  the 
immediate  use  of  the  propositions  quoted  in  §§  128—130. 

^  With  the  same  exception  of  special  integrals  as  occurs  sometimes  when  a 
single  equation  is  propounded  for  integration. 
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Moreover,  it  is  quite  possible  (examples,  indeed,  have  occurred 
freely  in  illustration  of  preceding  discussions)  that  a  system 
Xl  =  0,  .  .  .  ,  Xm  =  0  should  be  complete,  even  though  the  relations 


=    ,  or 


should  not  be  satisfied  identically  ;  all  that  is  necessary,  is  that  the 
relations  should  be  satisfied  simultaneously  with  the  equations  of 
the  system  without  the  intervention  of  any  other  equation.  The 
question  thus  is  raised  as  to  the  use  (if  any)  that  may  be  made  of 
the  property,  when  the  relations  of  coexistence  are  satisfied  only  in 
virtue  of  the  equations  of  the  system  ;  and  the  answer  to  the 
question  is  to  be  found  in  the  properties  of  groups  of  functions. 
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137.  Accordingly,  we  proceed  to  the  consideration  of  the 
simpler  properties  of  groups  of  functions*  :  they  are  based  upon 
the  properties  of  contact  transformations,  and  their  development  is 
sufficiently  distinct  to  cause  their  application  to  be  regarded  as  a 
distinct  method  for  the  integration  of  systems  of  equations. 

Also,  partly  for  the  sake  of  some  simplicity  in  the  formulae,  and 
partly  because  there  is  no  intention  of  developing  the  full  theory, 
it  will  be  assumed  that  we  are  dealing  with  the  limited  contact 
transformations  of  §  130,  so  that  we  may  take 


where  i=\,  ...,  n,  and  II,  Pl}  ...,  Pn,  Xl}  ...,  Xn  are  functions  of 
#!,  ...,  acn,  plt  ...,  pn,  as  the  type  of  transformation  to  be  discussed. 

The  general  notion  of  a  group  is  of  exceedingly  comprehensive 
range  :  for  the  immediate  purpose,  it  may  be  described  by  saying 
that  the  aggregate  of  a  number  of  entities  is  called  a  group  when, 
if  those  entities  are  compounded  in  all  possible  ways  which  conform 
to  assigned  laws,  the  results  of  the  composition  can  be  expressed 
in  terms  of  those  entities  by  forms  which  are  subject  to  other 
assigned  laws. 

*  This  theory  is,  of  course,  only  a  part  of  Lie's  comprehensive  theory  of 
transformation-groups.  A  full  exposition  is  given  in  his  treatise  Theorie  der  Trans- 
formationsgmppen,  vol.  n,  pp.  178  ct  seq.  :  see  also  Math.  Ann.,  t.  vm  (1875), 
pp.  248  et  seq.,  ib.,  t.  xi  (1877),  pp.  465  et  seq. 
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The  arguments  of  the  functions  are  2«  in  number,  taken  to  be 
&i>  •  ~,Xn,pi,  •  •-,  pn  in  ^w°  complementary  sets,  and  to  be  inde- 
pendent of  one  another,  so  far  as  the  properties  of  the  sets  of 
functions  are  concerned.  When  two  functions  u  and  v  of  the 
group  are  known,  the  assigned  law  of  composition  is  that  they 
shall  be  combined  in  the  form 

*   /3u  dv  _  du  dv\  f 
i=i  \dxi  dpi     dpi  dxj  ' 

in  accordance  with  the  notation  already  used,  this  combination  is 
represented  by 

(u,  v). 

Then  r  functions  u^,  ...,  ur  of  the  2n  variables  are,  for  our  purpose, 
said  to  be  a  group  when  the  following  conditions  are  satisfied : — 

(i)  the  functions  M,,  ...,  ur  are  algebraically  independent  of 
one  another: 

(ii)  every  combination  (tt,-,  iij),  for  %  and  ./=!,  •  •.,  /*,  is  ex- 
pressible by  means  of  the  r  functions  M,,  ...,  ur,  the 
expressions  not  requiring  the  introduction  of  other 
functions  of  the  variables. 

When  the  conditions  are  satisfied,  the  group  is  said  to  be  of  order 
r :  and  every  function  of  the  variables  which,  when  combined  with 
the  functions  u1}  ...,  UT  in  turn,  satisfies  the  condition  of  expression 
in  terms  of  the  members  ul}  . . . ,  ur  of  the  group,  is  said  to  belong 
to  the  group. 

Further,  it  will  appear  possible  that,  in  a  group  of  order  r, 
there  may  be  a  set  of  /  functions  which,  taken  by  themselves, 
satisfy  the  conditions  for  a  group :  naturally,  in  this  case,  r  <  r, 
The  set  of  r  functions  is  then  called  a  sub-group  of  the  group  of 
order  r. 

When  all  the  combinations  («,-,  Uj),  for  i  and  j  =  1,  ...,  r,  vanish, 
the  group  is  called  a  system  in  involution. 

A  function  v  of  the  2«  variables,  such  that  (v,  M»)  =  0  for  i  =  1, 
...,  n,  is  said  to  be  in  involution  ivith  the  group  u1}  ...,  t^. 

Some  simple  properties  of  groups,  that  are  practically  obvious, 
may  at  once  be  noted. 

(i)  Every  function  of  the  members  of  a  group  belongs  to  the 
group. 
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(ii)  If  r  functions  vlt  ...,  vr  of  the  members  of  wx,  ...,  ur  of  a 
group  of  order  r  be  algebraically  independent  of  one  another,  they 
constitute  a  group.  This  group,  composed  of  vlt  .  ..,  vr,  is  regarded 
merely  as  another  form  of  the  original  group  :  thus  a  group  can 
have  an  unlimited  number  of  forms. 

When  any  form  of  a  group  is  in  involution,  every  form  of  the 
group  is  also  in  involution. 

(iii)  When  r  functions  ult  ...,ur  are  connected  by  s,  and  by 
not  more  than  s,  relations,  and  when  all  the  combinations  (HI,  uj) 
are  expressible  in  terms  of  u^,  ...,  ur,  the  functions  belong  to  a 
group  of  order  r  —  s. 

(iv)  When  two  different  groups  have  members  in  common 
with  one  another,  the  aggregate  of  those  common  members  con- 
stitutes a  group  ;  for  if  the  aggregate  be  tl}  .  .  .  ,  tm,  the  combinations 
(ti,  tj),  for  i  and  J  =  1,  ...,  m,  are  expressible  in  terms  of  members  of 
the  first  group  and  also  in  terms  of  members  of  the  second  group, 
that  is,  they  are  expressible  in  terms  of  the  members  common  to 
the  two  groups. 

(v)  A  group  of  functions,  involving  2n  variables  in  two  com- 
plementary sets,  is  of  order  not  greater  than  2w  ;  for  if  the  number 
of  members  were  greater  than  2?i,  they  could  not  be  algebraically 
independent. 

We  shall  see  later  that  the  order  of  a  group  in  involution 
cannot  be  greater  than  n. 

(vi)  A  contact  transformation  changes  a  group  of  order  ?*  into 
another  group  of  order  r. 

Let  the  variables  introduced  by  the  transformation  be  #,',  .  .  .  , 
%n,  Pi,  •  ••>  Pn,  so  that  the  equations  characteristic  of  the  trans- 
formation are 


where  i  and  ^'  =  1,  ...,  n,  and  are  unequal  to  one  another,  the 
independent  variables  being  #1}  ...,  xn,  plt  ...,  pn:   also 

(xt,  Xj)  =  0,     (  pi,  PJ)  =  0,     (pit  Xj)  =  0,     (pi,  Xi)  =  -  1, 
the  independent  variables  being  #/,  ...,  xn',p{,  ...,  pn'. 

Let  M!,  ...,  ur  be  the  group  to  be  transformed,  and  let  v,-  be  the 
value  of  Ui  (for  t  =  l,  ...,  r)  after  the   transformation  has  been 
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effected;  as  ?/1}  ...,  ur  are  algebraically  independent  of  one  another, 
so  also  are  vlt  ...,vr.     Then,  since 

9v£_   *    /dm  dx,,.      di'j  dp»\ 

o_  /        *    1  ci~    a— '  •   o_    o™  '  I  ' 


C/Vf  ^     fO'Ui   v^n         utii-f  vpn  \ 

we  have 

,  _  3   /  9vf   di'j       di'i  dvj 
(Vf,  Vj)  =  -  I  5—7  0—7  —  ^— ?  ^— / 


_  _ 

M  =  i  \  9^M  9/)H     dp/I  d 

=  («i,  Uj\ 

But  (?/,-,  ?o)  is  expressible  in  terms  of  wa,  ...,  ur  alone,  so  that 


hence  (vt-,  v,-)  =  ^y  (^  ,  .  .  .  ,  vr), 

and  therefore  the  functions  vlt  ...,  vr  form  a  group  of  order  r. 

A  question  is  thus  suggested,  as  follows.  Given  two  groups  of 
order  r,  each  involving  2n  variables  in  complementary  sets  :  what 
are  the  contact  transformations,  if  any,  which  transform  one  of  the 
groups  into  the  other  1  An  answer  to  the  question  will  be  obtained 
through  the  determination  of  a  canonical  form  to  represent  a 
group. 

138.  Passing  now  to  properties  of  groups  that  are  less  obvious 
than  those  just  given,  we  have  the  following  theorem,  due*  to 
Lie  :  — 

Let  ?/!,  ...,  ur  be  a  group  of  order  r  in  2n  variables,  composed 
of  two  complementary  sets  ;  then  the  r  linear  partial  differential 
equations 

K/)  =  0,...,(«r,/)*0 

are  a  complete  system. 

*  It  appears  to  have  been  the  earliest  result  in  Lie's  researches,  and  was  first 
published  in  1872:  see  Forh.  af  Christ.,  (1872),  pp.  133—135,  ib.  (1873), 
pp.  237—262. 
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In  the  first  place,  the  /•  equations  are  linearly  independent  of 
one  another:  for  otherwise  a  set  of  determinants  involving  the 
derivatives  of  u1}  ...,  ur  would  vanish  and  so  would  imply  identical 
relations  among  the  quantities  MI?  ...,  ur,  contrary  to  the  hypothesis 
that  the  r  functions  constitute  a  group  of  order  /*. 

When,  for  convenience,  we  write 

(*,/)-4/ 
for  i=1,  ...,  /*,  the  Poisson-Jacobi  identity 

;  m)  uj>  =  o 


becomes 

((Ui,  Uj)f)  -  At  (Ajf)  +  Aj  (Atf)  =  0, 
that  is, 


where,  as  before, 

(lii,  «;)  =  0y(^i>   —i   «»•)• 

Hence  all  the  equations 

Ai(Ajf)-AJ(Aif)  =  0, 

for  i  and  j  =  1,  ...,  r,  are  satisfied  in  virtue  of  the  r  equations 
A/=0,  ...,Arf=Q, 

which  therefore  (§  37)  are  a  complete  system.  The  proposition  is 
thus  established. 

As  the  system  of  r  equations  in  2/i  variables  is  complete,  it 
possesses  2n  —  r  distinct  integrals:  let  these  be  vl}  ...,  vzn-r-  It  is 
known  (§  41)  that  every  other  integral  of  the  complete  system  is 
expressible  in  terms  of  these  2n  —  r  functionally  distinct  integrals  ; 
and  by  the  Poisson-Jacobi  theorem,  (vt-,  Vj)  is  an  integral  of  the 
system:  hence 

OfcqjHfefoi  •••,  ",„_,), 

and  therefore  the  2n  —  r  functions  t>,  ,  .  .  .  ,  y2n-r  form  a  group. 

Applying  Lie's  theorem  to  the  group  vl}  ...,  Von-r,  we  see  that 
the  system  of  2n  —  r  equations 

Oi,#)  =  0,  ...,(y,,l_r,i/)  =  0 

is  complete,  so  that  it  possesses  /•  fundamentally  distinct  integrals. 
Evidently  the  members  of  the  group  u^,  ...,  ur  can  be  taken  as 
these  integrals;  and  all  the  equations 
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are  satisfied  identically,  owing  to  the  property  (§41)  of  integrals 
of  homogeneous  linear  partial  differential  equations  of  the  first 
order.  We  thus  have  the  further  theorem : — 

A  group  of  functions  of  order  r  in  2n  variables  determines 
another  group  of  functions  of  order  '2n  —  r  in  those  variables,  and 
conversely :  every  function  of  either  group  is  in  involution  with  the 
other  group. 

The  two  groups  thus  associated  are  called,  sometimes  reciprocal 
to  one  another,  sometimes  polars  of  one  another. 

COROLLARY  I.  When  a  contact  transformation  is  effected  upon 
two  reciprocal  groups,  the  transformed  groups  are  reciprocal  to  one 
another.  Let  ul,  ...,  ur,  and  vl}  ...,  v»n-r,  be  the  reciprocal  groups, 
transformed  into  *</,  ...,  ur',  and  i1/, ...,  v'm_r,  by  the  contact  trans- 
formation :  then,  as  before  (§  137), 

(«/,  V-}  =  (lli,  Vj) 

=  0, 

for  all  values  of  i  and  j.  This  result  is  the  analytical  expression 
of  the  property  stated. 

COROLLARY  II.  The  order  of  a  system  in  involution  cannot  be 
greater  than  n,  the  total  number  of  variables  being  2»  in  two 
complementary  sets.  Let  ult  ...,  ur  be  a  system  in  involution,  so 
that  the  equations 

(Ui,  Uj)  =  0 

are  satisfied  for  all  values  of  i  and  j.     The  equations 

(Wl,/)  =  0,  ...,  (tir,/)  =  0 

are  a  complete  Jacobian  system,  possessing  2n  —  r  functionally 
independent  integrals.  Owing  to  the  equations  which  express 
the  involution,  it  is  clear  that  ult  ...,  ur  are  integrals  of  the 
complete  Jacobian  system,  and  they  are  independent  of  one 
another :  hence 

r  ^  2»  —  r, 

so  that  r  cannot  be  greater  than  n. 

COROLLARY  III.  The  converse  of  Lie's  theorem  also  is  true : 
that  is,  if 

(«»,/) -0,  ...,  (",,/)  =  0, 

are  a  complete  system,  and  if  it^,  ...,  ur  be  functionally  distinct 
from  one  another,  then  KI;  ...,  ur  form  a  group.  For,  as  before, 
the  equation 

((«>,  «*)/)  =  <> 
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is  satisfied  in  virtue  of  the  system.  Now  (ui}  Uj),  being  some 
function  of  the  variables,  can  be  expressed  in  terms  of  ^,  ...,  wr, 
and  of  2n  —  r  of  the  variables,  say  xr+1 ,  . . . ,  xn,  pl}  . . . ,  pn :  hence,  if 

we  have 

((Ui,  «,)  /)  =  ^2  ^  («.,  /)  +  ^_2+i  ^ («v,  /)  +  £  ^  0*,,  /), 
and  therefore 

0  =    2     3-^  (A^,  /)  +  2  —^  (pa,  f), 
that  is, 

Now  the  given  system  is  complete,  so  that  f  satisfies  no  other 
equation:  hence  the  last  equation  must  be  evanescent,  and 
therefore 

dvii  C/C/ji 

y  —  A       y  —  Q 

for  /i  =  r  +  l,  ...,  n,  and  <7  =  1,  ...,  n.     Thus 

and  MJ,  ...,  wr  are  supposed  to  be  functionally  distinct  from  one 
another :  hence  they  form  a  group. 

INDICIAL  FUNCTIONS  OF  A  GROUP. 

139.  A  function,  which  belongs  to  a  group  «j ,  . . . ,  ur  and  is  in 
involution  with  all  the  functions  of  the  group,  is  called*  indicial. 
Each  indicial  function /satisfies  the  equations 

and  therefore  the  number  of  indicial  functions  belonging  to  the 
group  is  the  number  of  integrals  of  these  equations,  which  are 
independent  of  one  another  and  can  be  expressed  in  terms  of 
MI,  ...,  ur.  These  equations  are 


Arf=(uf,  «,)  JL  +(*,,  O  ^  +  ...  +  (ur,  ur)  ~  =0; 

*  The  German  title  is  ausgezeichnete  Function ;  the  French  title  is  foiiction 
distingu6e. 
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the  coefficients  of  the  derivatives  of  /  are  expressible  in  terms 
of  «j,  ...,  wr,  so  that  apparently  there  are  r  equations  in  r 
variables. 

Now   these   equations  are   not   linearly  independent   of  one 
another  :  one  obvious  linear  relation  is 


and  other  linear  relations  may  exist.  Accordingly,  suppose  that 
there  are  m  such  relations,  so  that  the  r  equations  reduce  to  r  —  m 
linearly  independent  equations;  the  conditions,  necessary  and 
sufficient  to  secure  this  reduction,  are  that  the  determinant 

(MI,  MI),  («,,  V?),  ...,  fa,  UT 
(MS,  M,),  («2,  «,),  •••>  (M*,  WT 


(«r,   MI),    (Mr,   M,),    ..-,   (Ur,   «».) 

and  its  minors  of  all  orders  up  to  m  —  1  inclusive,  but  not  all  the 
minors  of  order  m,  shall  vanish. 

We  may  assume  that  the  linearly  independent  equations  are 
the  first  r  —  m  of  the  set.     As 


if-,i 

where  (M,-,  Uj)=fij(ui,  ....  ur\  and  as  each  of  the  quantities 
Ar-m+if,  .  .  .  ,  Arf  is  linearly  expressible  in  terms  of  A^f,  .  .  .  ,  Af^f, 
it  follows  that  the  equations 


for  t  and  j  =  1,  .  .  .  ,  r  —  m,  are  satisfied  in  virtue  of  the  set  of  r  —  m 
retained  equations  ;  hence  these  r  —  m  equations  are  a  complete 
system.  Any  integral  is  an  indicial  function,  and  the  complete 
system  of  r  —  m  equations  in  r  variables  possesses  m  independent 
integrals  ;  hence,  under  the  conditions  associated  with  the  preceding 
determinant,  the  group  possesses  m  indicial  functions. 

Note  1.  The  number  of  indicial  functions  of  a  group  subjected 
to  a  contact  transformation  is  unaffected  by  the  transformation, 
Let  the  transformed  group  be  i*/,  ...,  ti/:  then,  as  in  §  137,  we 
have 

(U-,   «/)  =  (Ui,    Uj), 
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so  that  the  critical  determinant  and  its  minors  are  unaltered,  and 
therefore  the  number  of  indicial  functions  is  unaffected. 

Note  2.  The  number  of  indicial  functions  of  a  group  is 
independent  of  the  form  of  the  group. 

Let  £/!,...,  Ur  be  a  form  of  the  group  ult  ...,ur,  so  that  the 
Jacobian 


does  not  vanish,  because  the  functions  Ult  ...,  Ur  are  independent. 
Now 

(Ui,f)  =  ^d^(us,f), 

for  t  =  l,  ...,  r;  hence  every  function,  which  is  indicial  for  the 
form  '«!,  ...,  ur,  is  indicial  for  the  form  Ul}  ...,  Ur:  and,  as  the 
determinant  of  the  coefficients  of  (u1}  f),  ...,  (ur,  /)  is  the  non- 
vanishing  Jacobian,  every  function  indicial  for  the  form  Ul,  ...,  Ur 
is  indicial  also  for  the  form  ulf  ...,  ur. 

Note  3.  The  critical  determinant  is  obviously  skew :  it 
vanishes  if  r  be  odd.  Hence  every  group  of  odd  order  possesses 
at  least  one  indicial  function. 

Note  4.  When  there  are  m  indicial  functions,  they  are  the 
independent  integrals  of  r  —  m  homogeneous  linear  equations  in 
r  variables.  The  actual  expression  of  the  indicial  functions  may 
therefore  be  assumed  known,  on  constructing  the  integrals  of  those 
equations  by  any  of  the  methods  explained  in  Chapter  in. 
Ex.  The  functions 


form  a  group  of  order  -three,  because 
The  critical  determinant  is 

011  9i 

y  »3      )       —  £*  & 

it  is  easy  to  see  that  m=l,  so  that  the  group  possesses  one  indicial  function. 
This  indicial  function  satisfies  the  equations 


. 


=0 
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which  are  equivalent  to  two  independent  equations.      These  possess   one 
integral;   it  is  easily  found  to  be 


which  accordingly  is  the  indicial  function  of  the  group. 

It  has  been  seen  that  a  group  u^,  ...,ur  determines  a  reciprocal 
group  vlt  ...,  Vyn-r,  the  members  of  the  latter  being  the  2w  —  r 
independent  integrals  of 


and  any  integral  of  these  equations  is  expressible  in  terms  of 
v1}  ...,  V2»_r.  Now  the  indicial  functions  of  the  original  group  are 
integrals  of  these  equations  ;  hence  there  are  in  relations  between 
the  members  of  the  two  groups  of  the  form 

Ui  (ll-L  ,   ....  Mr)  =  fa  (Vj.  ,  .  .  .  ,  Van-,), 

for  t  =  1,  .  ..,  m. 

Conversely,  a  relation  of  this  character  implies  the  existence 
of  an  indicial  function  :  because,  as  the  equations 

fa,    /)  =  0,  ...,  («„   /)  =  0, 
are  satisfied  for/=v1,  ...,  v-jn-r,  we  have 

(M,,   <fr)  =  0,  ...,  (ur,    fc)  =  0, 
that  is, 

(th,  Z7i)  =  0,  ...,  (t«r,  Z7i)  =  0, 

shewing  that  Ui  is  an  indicial  function.  Denote  the  value  of  this 
indicial  function  by  wi}  so  that  wt-'can  be  expressed  in  terms  of 
H!  ,  ...,  ur  alone,  and  therefore  W{  belongs  to  the  original  group  :  it 
can  be  expressed  in  terms  of  v1}  ...,  v^n-r  alone,  and  therefore  wt- 
belongs  to  the  reciprocal  group.  Owing  to  the  reciprocity  between 
two  polar  groups,  we  know  that  r  independent  integrals  of  the 
equations 

(»i,  Sr)  =  0,  ...,  (w»_r,$0  =  0 

are  wa,  ...,  ur.     As 

Wi=Z7i(tt,,  ...,ur), 
it  follows  that 

(vlt   f7,-)  =  0,  ...,  (vm_r,   Z7i)  =  0, 
and  therefore 

(»!,    Wi)  =  Q,    ...,    (VBM-,    lVi)  =  0. 

Now  W{  can  be  expressed  in  terms  of  vl  ,  .  .  .  ,  Van-r  j  hence  «;,-  is  an 
indicial  function  of  the  reciprocal  group. 

v.  v.  23 
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Gathering  together  these  results,  we  can  enunciate  them  as 
follows  :  — 

Two  reciprocal  groups  u^,  ,..,  ur,  and  vlt  ...,  vm_r  have  the  same 
indicial  functions  wl}  ...,  wm:  and  the  existence  of  each  indicial 
function  implies  the  existence  of  a  relation  between  functions  of  the 
two  groups  of  the  type 


for  i  =  1,  ...,  m. 

COROLLARY.     If  a  function  belongs  to  two  reciprocal  groups,  it 
is  an  indicial  function  for  each  of  them. 

Ex.     In  an  earlier  example  (p.  352),  it  was  seen  that 


form  a  group  of  order  three.     The  reciprocal  group  is  of  order  five,  and  is 
composed  of  five  independent  integrals  of  the  equations 

("i,/)  =  0,     («2,/)  =  0,     (%,/)=0. 
Five  such  integrals  can  be  taken  in  the  form 


which  accordingly  constitute  the  reciprocal  group. 

It  was  seen  that  %2  +  4w1«2  is  thfe  indicial  function  of  the  original  group: 
it  is  therefore,  by  the  preceding  theorem,  the  indicial  function  of  the 
reciprocal  group,  and  one  relation  must  subsist  between  the  functions 
MI,  %2,  u3  and  the  functions  vlt  v2,  v3,  v4,  i>6.  It  is  easy  to  verify  that 


the  common  value  of  these  quantities  being  the  indicia!  function  for  the  two 
groups. 

CANONICAL  FORM  OF  A  GROUP. 

140.     When  a  group  is  a  system  in  involution,  it  is  obvious, 
from  the  characteristic  equations 

(ui,  Uj}  =  0, 
that  every  member  of  the  group  is  an  indicial  function. 
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Also,  if  a  group  of  order  r  certainly  possesses  r  —  1  indicial 
functions,  it  is  a  system  in  involution  ;  for  if  u^  ,  ...,  Mr_x  are  the 
indicial  functions,  and  if  v  is  the  other  member, 

(V,  Wj)  =  0,   .  .  .  ,  (V,  Ur-i)  =  0, 

that  is, 

(M,,  v)  =  Q,  ...,  (ur-i,  fl)  =  0; 

therefore  v  is  an  indicial  function  also,  and  the  group  is  a  system 
in  involution. 

Hence,  if  a  group  of  order  r  is  not  a  system  in  involution,  it 
cannot  possess  more  than  r  —  2  indicial  functions.  We  now  pro- 
ceed to  obtain,  for  groups  that  are  not  systems  in  involution,  a 
canonical  form  which  shall  obviously  shew  the  number  and  the 
incidence  of  the  indicial  functions  of  the  group*:  the  main  result 
is  contained  in  the  theorem  :  — 

The  order  of  a  group,  that  is  not  a  system  in  involution,  exceeds 
the  number  of  its  indicial  functions  by  an  even  integer;  and  a  group 
of  order  2q  +  m,  which  possesses  m  indicial  functions,  can  be  trans- 
formed into  a  group  Xl}  ...,  Xq+m,  PI,  ...,  Pq,  such  that 

0,    (P.,  P,)  =  0,     (X,,PM)  =  0, 


for  which  i  and  .7  =  1,  •  •  •  ,  q  +  m  ;  fj.  and  K  —  1,  .  .  .  ,  q  ;  while  i  and  JJL 
are  unequal  to  one  another. 

It  will  appear  that  the  unity,  as  the  value  of  (PM,  X^,  is  merely 


a  determinate  constant  :  and  it  is  clear  that  Xq+l  ,  ...,  Xq+m  are 
the  m  indicial  functions  of  the  transformed  group.  The  form,  thus 
selected  for  the  group,  is  usually  called  the  canonical  form. 

The  proposition  is  established  as  follows.  Let  the  group  be 
of  order  r  and  let  its  members  be  u^  ,  ...,  ur;  also,  let  m  be  the 
number  of  indicial  functions  so  that,  after  the  earlier  explanations, 
m  ^  r  —  2.  Suppose  that  u^  is  a  member  of  the  group  which 
is  not  an  indicial  function:  then  not  all  the  quantities  (i^,  w2), 
(MX,  u3\  ...,  (-MJ,  ur)  vanish,  and  so  the  equation 

,  oO  .  c6 

(MI,  6)  =  («!,  O  ^—  +  .  .  .  +  (MJ,  Ur)  5—  =  1 

CU.}  OUr 

*  It  is  unnecessary  to  deal  with,  a  system  in  involution  :  every  function  is 
an  indicial  function:  and  every  form  of  the  group  is  a  system  in  involution. 

23—2 
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is  possible  and  possesses  integrals  which,  being  functions  of  w2,  ..., 
ur  or  of  some  of  them,  belong  to  the  group.  Take  one  of  these 
integrals,  and  let  it  be  denoted  by  uz\  thus 


Now  consider  the  two  equations 

(u1,v)  =  0,     (u2 
they  are  a  complete  system,  because 


))  =  ((MI}  MS)  w)  =  (1,  w)  =  0. 
In  full  expression,  they  are 

dv       ,         .   dv  .  dv 

3—  +  («j,  ws)  3  —  h  .  .  .  +  (MI,  ur)  5—  =  0 
9w2  '  3  M3  '  9wr 

9v  .  dv  ,  9w 

-^    +(M2'W3)a-W3+-  +  (W2'M'-)^  = 

they  determine  w  in  terms  of  ult  ...,  ur;  and  being  a  complete 
system  of  two  equations  in  r  variables,  they  possess  r  —  2  function- 
ally independent  integrals.  Let  these  be  vlf  ...,  vr-2,  which 
accordingly  are  independent  of  one  another  ;  also  they  are  functions 
of  ul}  ...,  ur. 

Then  ^,  u2,  vlt  ...,  vr_2  are  a  set  of  r  independent  functions: 
for  otherwise,  some  relation 

g(u1,  u2,  v1}  ...,  ty_a)  =  0 
would  be  satisfied  identically,  and  then 

0  =  (w,,  g)  =  (M!,  i<2)  ^  +  (wj,  t;,)  ~-  +  .  .  .  +  (wl5  VM)  =-^- 

" 


so  that  <7  would  not  involve  ^  or  u2,  and  the  relation  would  subsist 
between  v1}  ...,  vr-2,  which  are  known  to  be  functionally  inde- 
pendent. Hence  our  original  group  can  be  replaced  by  a  group 
Wij  U2>  Vi>  ••'>  VT-Z  such  that 

(MI,  u*)  =  1,     («i,  v<)  =  0,     («,,  v<)  =  0, 

for  i  =  1,  .  .  .  ,  r  —  2.  We  have  seen  (§  139,  Note  2)  that  the  number 
of  indicial  functions  is  independent  of  the  form  of  the  group  ;  and 
it  is  clear  that  neither  Wj  nor  u?  is  an  indicial  function. 
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Let  Wj ,  . . . ,  wm-r  be  the  polar  of  the  original  group,  so  that 

(ul,wi)  =  Q,     («2,  wt-)  =  0, 

for  i '.=  1,  . . . ,  2n  —  r ;  and  as  the  2rc  —  r  quantities  form  a  group,  all 
the  quantities  (w,-,  wj)  are  expressible  in  terms  of  wlt  ...,  w2n-r> 
Then  ult  v^,  wlt  ...,m>n_r  form  a  group:  for  they  are  2n— r  +  2 
independent  functions  and,  as 

( M, ,  tt,)  =  1 ,      (  M!  ,  W{)  =  0,      (Ma ,  Wi)  =  0, 

all  the  combinations  of  members  of  the  group  are  expressible  in 
terms  of  those  members.  Now 

fa,  «i)  =  0,     (vi,  Ut)  =  0,     (vt,  wj)  =  0, 

for  i  =  1,  . . . ,  r  —  2,  and  j  =  1, . . . ,  2n  —  r :  the  first  two  are  the  equa- 
tions defining  v,-,  and  the  rest  are  satisfied  because  v^  belongs  to  the 
group  that  is  reciprocal  to  wjt  ...,  Wm-r-  Hence  vlt  ...,  vr_2  is  a 
group  reciprocal  to  ult  11?,  wlt  ...,  wm_r:  so  that  vlt  ...,  wr_2  is  a 
sub-group  of  the  group  ult  u2,  v1}  ...,  tv_2.  Moreover,  the  indicial 
functions  of  our  group  are  functions  of  ult  u2,  vlt  ...,wr_2:  denoting 
any  one  of  them  by  6(ui,  u.2,  vlt  ...,  vr_2),  we  know  that  the 
equations 

K,  ff)  =  0,     (11,,  ff)  =  0,     (vlf  0)  =  0,  ... ,  (iv_2)  0)  =  0 
must  be  satisfied.     The  first  of  these  equations  is 

=-* 

OM2 

so  that  6  does  not  involve  w, ;  the  second  is 

-=*•* 

Oltj, 

so  that  6  does  not  involve  i^;  and  so  0  is  a  function  of  vl}  ...,  vr_2. 

Thus  the  group  of  order  r  possessing  m  indicial  functions  has 
been  transformed  into  another  group 

MI,  U2,  »!,  ...,  Vr-z', 

the  quantity  (u1}  z^)=l;  and  the  r  — 2  quantities  v1}  ...,  vr_2 
constitute  a  group  of  order  r  —  2,  possessing  m  indicial  functions. 

If  the  group  vlf  ...,  vr—2  is  a  system  in  involution,  then,  as  it 
possesses  m  indicial  functions,  we  have 

m  =  r  —  2  ; 

and  writing 

P!  =  MI,     Xl  =  u.2,     Xt  =  vlt  ...,  Xr_!  =  vr_2, 
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we  have 


for  i  and  j  =  2,  .  .  .  ,  r  —  1.  The  reduction,  indicated  in  the  theorem, 
has  been  made. 

If  the  group  v1}  ...,  vr_2  possessing  m  indicial  functions  is  not  a 
system  in  involution,  so  that  m  <;  r  —  4,  then  we  transform  it  in 
the  same  manner  as  the  original  group  was  transformed.  It  can 
be  made  to  take  a  form 

X2,  P2,  w1}  ...,  wv_4, 
where 

(P2,X2)=1,     (P2,  O  =  0,     (X2,Wi)  =  0, 

for  i'=l,  ...,?  —  4;  and  then  w1}  .  ..,  ?^r_4  constitute  a  group  of 
order  r  —  4,  possessing  m  indicial  functions.  The  original  group 
has  thus  been  changed  to  the  form 

Xl}  P^X^P^W!,  ...,  Wr_4, 

such  that 

(P1,X1)  =  1,    (P2,X2)  =  1,     (X1,X2)  =  0,  .(X1,PJ  =  0, 

(X2,P1)  =  0,     (Pl>P2)=0, 
(X1}Wi)  =  0,     (Z2,w<)  =  0,      (Pl,wi)  =  0,     (P2,Wi)  =  0. 

If  the  group  w1}  ...  ,  wr_4  is  a  system  in  involution,  the  required 
reduction  has  been  effected  :  and,  as  the  group  possesses  m  indicial 
functions,  we  then  have 

m  =  r  —  4. 

If  the  group  wlt  ...,  wr_4  is  not  a  system  in  involution,  we 
proceed  as  before.  At  each  stage  in  the  successive  changes,  we 
isolate  two  functions  Xi  and  Pi  such  that 

(Pt,  X^  =  1, 

and  we  are  left  with  a  group  of  order  i  —  2i  possessing  m  indicial 
functions.  Ultimately,  we  shall  reach  a  stage  when  this  remaining 
group  is  a  system  in  involution,  so  that 

r  —  2q  =  m  ; 
the  isolated  pairs  of  functions  are 

X\,  PI',    X%,  ±z\    ...',    li.q,*q) 

the  remaining  functions,  being  (as  stated)  a  system  in  involution, 
may  be  represented  by  Xq+1,  ...,  Xq+m,  such  that 

Xi,  X  =  0. 
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The  original  group  of  order  r,  possessing  m  indicial  functions,  has 

been  replaced  by 

Y  Y  P  P 

-A  1  j   .  .  .  ,  .A  q+m  >       J  i  >  •  •  -  )  •*•  q  > 

such  that 

(Pt,Xi)=l, 

for  i=  1,  ...,  q  ;  also 


for  /A  and  K  =  1,  .  .  .  ,  q,  and  for  i  and  J  =  1,  .  .  .  ,  q  +  m,  the  values  of 
fi  and  t  being  unequal.     Also 

1  —  m  =  2q. 
The  proposition  is  thus  established. 

Note  1.     Obviously  X1}  ...,  Xm+q,  a  group  of  order  m  +  q,  is  a 
system  in  involution  :  hence  (§  138) 

m  +  q^.n. 

Note  2.     It  is  obvious  that,  on  account  of  the  relations 
(Pl,Xl)  =  l,  ...,(Pq,Xq)  =  I, 

no  one  of  the  functions  P1}  Xl}  .  ..,  Pq,  Xq  can  itself  be  an  indicial 
function.     It  is  equally  obvious  that,  on  account  of  the  relations 


(Xq+i,  Xq+j)  =  0, 

for  /*=  1,  ...,  q,  and  i  and  j=  1,  ...,  m,  the  quantities  -Xg+i,  ..., 
Xq+m  are  indicial  functions. 

If  it  were  possible  to  have  any  other  indicial  function,  say 
g  (PJ,  .  .  .  ,  Pq,  Xl}  .  .  .  ,  Xq+m),  it  would  have  to  satisfy  the  equations 


for  /i  =  I, . . . ,  q,  and  i=l,  ...,m.    The  first  set  of  these  equations  is 

ty       n. 

ax;=0' 

the  second  set  is 


and  the  third  is  identically  satisfied.  Thus  g  does  not  in-olve 
PI,  ...,  Pq,  Xi,  ... ,  Xq:  and  every  indicial  function  is  expres  ible* 
in  terms  of  Xq+l ,  . . . ,  Xq+m. 

*  This  is  only  another  way  of  stating  that,  as  the  group  Sq+1 ,  ...,  Xq+a  is 
in  involution,  any  form  of  the  group  is  in  involution. 
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Note  3.     The  relation 

r—m  =  2q, 

enables  us  to  verify  the  former  result  (§  139,  Note  3)  that  a  group 
of  odd  order  cannot  be  devoid  of  indicial  forms.     If 

r=2p+l, 
then 

ra  =  2p  —  Zq  +  1, 

so  that  the  number  of  indicial  functions  possessed  by  a  group  of 
odd  order  is  certainly  odd. 

Ex.  1.     On  p.  352,  it  was  seen  that  the  functions 

U1=PIP2-X3#4,       U>2=P3p*-XlX2,       U3=plXl+p2X2-p3X3-  ptXt, 

form  a  group  of  order  3  :  and,  as 

(«!,  U2)=u3,     (HI,  %)=-2tt!,     (1*2,  tt3)  =  2w2, 
this  group  is  not  a  system  in  involution. 

The  canonical  form  can  be  obtained  as  in  the  text.     Obviously  u\  is  not 
an  indicial  function  :  consequently,  we  require  an  integral  of  the  equation 


that  is,  of 

An  integral  is  given  by 


o  i 

~  ---  2%.—  =1. 
OU2  OU3 


0=-  —  , 
so  that  two  functions  for  the  canonical  form  are 

One  other  function  is  required :  it  must  be  a  common  integral  of 
The  former  equation  is 

and  the  latter,  after  reduction  in  conjunction  with  this  equation,  is 

A  common  integral  is  given  by 
Accordingly,  we  take 

we  have 

which  is  a  canonical  form.     Obviously,  Xz  is  the  one  indicial  function  of  the 
group. 
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Another  transformation  arises  by  taking 

P!=%,     X1=-  —  ,     A'2 

% 
and  again,  another,  by  taking 

Pi=U3,     X1=^log«1,     -r 
Both  of  these  are  canonical  :  they  satisfy  the  equations 

(P1,z1)=i,   (A,^2)=o,    (JT^JTs 

Ex.  2.     On  p.  354,  it  was  seen  that  the  functions 


form  a  group,  being  the  reciprocal  of  the  group  2^,  M2,  «s  in  the  preceding 
example. 

Introducing  a  quantity  t,  where 


so  that 

obtain  a  canonical  form  for  the  group,  given  by 


so  that 

and  all  other  combinations  of  the  functions  in  this  form  of  the  group  vanish. 

141.  Next,  when  a  group  of  order  m  +  2q,  having  m  indicial 
functions,  is  given  in  canonical  form,  it  can  be  amplified,  by  the 
association  of  2n  —  (m  +  2,q)  appropriately  determined  functions, 
so  that  the  2n  functions  are  a  group  of  order  2n  in  canonical  form. 

Let  the  group  be 

Y      P  Y      P      Y  Y 

•**-li   •*-  i>    •'•)   ""Ji        9>        9+1  >    •••>   -^-g+tn) 

with  the  preceding  notation,  so   that   Xq+1,   ...,  Xq+m   are   the 
indicial  functions  of  the  group. 

Suppose  that  Xq+l  is  omitted  :  the  surviving  m  +  2q  —  1  func- 
tions form  a  group  having  m  —  1  indicial  functions.  Form  the 
reciprocal  of  this  diminished  group ;  this  reciprocal  contains  Xq+l 
and  other  2?i  —  (m  +  2q)  functions.  Now  Xq+1  does  not  belong 
to  the  diminished  group  and  therefore  it  cannot  be  an  indicial 
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function  of  the  reciprocal  group  ;  and  therefore,  as  in  the  preceding 
investigation,  we  can  determine  a  function  Pq+l  of  the  other 
2n  —  (m  +  2q)  functions  in  the  reciprocal  group  such  that 


Moreover,  Pq+i  cannot  belong  to  the  original  unmodified  group  : 
if  it  were  expressible  in  terms  of  the  members  of  that  group,  we 
should  have 

(Xq+l>    Pq+l)  =  Q> 

because  Xq+1  is  an  indicial  function  of  the  unmodified  group. 
Also,  as  Pq+i  belongs  to  the  reciprocal  of  the  diminished  group,  we 
have 

(P9+1,  P<)  =  0,    (Pq+l,  Xi)  =  0,    (Pq+l,  Xq+s)  =  0, 

for  i  =  1,  .  .  .  ,  q,  and  s  =  2,  ...,  m.  Hence,  when  Pq+l  is  associated 
with  the  original  unmodified  group,  we  have  a  new  group 

•^II     *1J     •••>    Xq,    Pq,    -Ag+i,    -t   q+i,    Xq+2>     •••>    -X-q+m, 

which  is  in  a  canonical  form  and  possesses  m  —  1  indicial 
functions. 

Repeating  this  process  m  —  1  times  so  as,  on  each  occasion,  to 
associate  a  new  function  P  with  the  group  and  to  diminish  the 
number  of  indicial  functions  by  one  unit,  we  ultimately  obtain  a 

group 

Y       P  Y  P 

•"•li    *  Ji    •••>    -A-q+m,    •*•  q+m> 

which  is  in  a  canonical  form  and  possesses  no  indicial  functions. 
We  have  seen  (§  140,  Note  1)  that 

q  +  m  ^  n. 

If  q  +  m  is  equal  to  n,  the  required  amplification  of  the  original 
group  has  been  effected. 

If  q  +  m   is   less   than   n,   take   any   member   of   the   group 

reciprocal  to 

Y      P  Y  P 

••Mi    •«  i,    •••>   -"-q+m>   *  q+m> 

and  denote  it  by  Xq+m+1.  Associating  it  with  this  group  of  order 
2q  +  2m,  we  have  a  new  group  of  order  2g  +  2m  +  l,  possessing 
Xq+m+i  as  its  one  indicial  function.  We  then  apply  the  earlier 
process  so  as  to  determine  a  new  function  Pq+m+l  :  and  we  have  a 
new  group 

X  1  >    *  1  >    •••)    X  q+m+l  >    Pq+m+l  > 

which  is  in  a  canonical  form  and  possesses  no  indicial  function. 
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Proceeding  in  this  way,  by  associating  alternately  a  function 
X  and  a  function  P  until  the  amplified  group  is  of  order  2??,  we 
ultimately  obtain  a  group 

1L  i  ,  .*  i  ,   .  .  .  ,  .A  n  ,  ±n  , 

which  is  of  order  2«,  is  in  a  canonical  form,   and  possesses  no 
indicial  functions. 

Ex.  Let  it  be  required  to  achieve  the  first  stage  in  the  completion  of  the 
group  PI}  v.2,  r3,  v^  v5  which  is  given  in  §  140,  Ex.  2,  so  that  it  shall  have  a 
canonical  form. 

As  there  indicated,  we  take 


the  required  first  step  towards  completing  the  group  is  to  determine  a  function 
P3  such  that 

(P3,  xo=i. 

For  this  purpose,  we  need  a  set  of  four  independent  integrals  of 


or,  what  is  the  same  thing,  four  independent  integrals  of 

fo,0)-0,     (r6,0)=0,     («s,*)  =  0,     (*,0)=0. 

Also,  we  know  that  the  group  v1,  v2,  v3,  v4,  v5  (or,  what  is  the  same  thing,  the 
group  »!,  v5,  v3,  £,  z?2)  is  the  reciprocal  of  «1}  tf-2,  %;  so  that  three  independent 
integrals  of  the  preceding  complete  system  of  four  equations  are  given  by 
**i>  «2>  "3-  Moreover, 


so  that  what  is  needed  is  an  integral  of  those  four  equations,  independent 
of  M,,  «2>  %• 

Expanding  the  equations  in  full,  resolving  them  so  as  to  express  ~  —  , 

c6      dd      dd    .  .   c6      3d       c6       30 

5—  »    -  —  )    -5—   linearly  in   terms   of  ^  —  ,    ^—  ,    5  —  ,    ^—  ,   and   integrating 

ox2     cx3     cxi  dpi     op2     op3     opt 

them  either  by  Jacobi's  method  or  by  Mayer's  method  (Chap,  iv),  we  find 

*1,  «2>  <%»$! 

^2 

as  four  independent  integrals,  so  that  —  is  the  fourth  integral  required. 

x% 

The  quantity  P3  is  to  be  a  function  of  Ui,  «2,  MS,  —  ,  such  that  (jP3,  JT3)  =  1. 

ft 

Now 

(«„  «)=«•,     (MJ,  «)=-!,     (MS,  »)  =  2», 
so  that 

(JT3,  v)=4(«2»2+«3«'-«i): 
and  we  know  that 

(jrs>Mi)  =  0,     (JT3,t«2)=0,     (2T3,  «s)=0. 
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Hence  P3  is  given  by 

P  =  [—         dv 

'      J  4(Ui-U3V-U2V2)' 

where  ut,  u2,  u3  are  constant  in  the  quadrature:  that  is, 


Two  more  steps  are  needed  in  order  to  obtain  the  complete  group  ex- 
pressed in  canonical  form.  We  first  require  the  group  of  two  members  which 
is  reciprocal  to  Xv,  Plt  X2,  P2,  X3,  P3;  or,  as  w1?  u2,  u3  is  the  group 
reciprocal  to  X^  Pl}  X<i,  P2,  X3,  we  require  a  function  6  of  uiy  w2,  u3  such 
that 

(Ps,*)-ft 

There  are  two  such  functions,  independent  of  one  another  :   let  them  be  wv 
and  w2.     As 

(P,,JT,)-1, 

MI,  w2,  X3  are  three  independent  functions  of  HI,  u2,  u3.     We  then  take 


The  last  step  is  the  determination  of  P4  as  a  function  of  w2  and  the  other 
functions  wl,  P3,  X3,  P2,  X2,  Plt  Jfj,  such  that 


for  t  =  l,  2,  3,  we  have 

P  =  f    dw* 

1    J  (w2,  u>i)  ' 

where  (w2,  w^)  should  be  expressed  in  terms  of  w2,  w1?  P3,  JT3,  P2>  -<^2)  A>  -^i 
and,  for  the  quadratures,  w2  should  be  regarded  as  the  only  variable. 

GROUPS  OF  FUNCTIONS  AND  CONTACT  TRANSFORMATIONS. 

142.  The  preceding  results  can  be  used  to  establish  an 
important  property  of  groups,  viz.  when  a  group  of  functions  is 
subjected  to  a  contact  transformation,  there  are  two  invariants, 
being  the  order  of  the  group  and  the  number  of  indicial  functions; 
and  when  two  groups  in  the  same  variables  have  the  same  in- 
variants, they  can  be  transformed  into  one  another  by  a  contact 
transformation. 

The  first  part  of  this  proposition  is  merely  a  restatement  of 
two  results  already  established.  It  was  seen,  in  §  137,  (vi),  that  a 
contact  transformation  does  not  alter  the  order  of  a  group  ;  and,  in 
§  139,  Note  1,  that  a  contact  transformation  does  not  alter  the 
number  of  indicial  functions. 
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For  the  second  part,  we  express  each  of  the  groups  in  a 
canonical  form  :  as  the  orders  are  the  same,  say  2q  +  m,  and  as  the 
numbers  of  indicial  functions  are  the  same,  say  m,  the  canonical 
forms  of  the  groups  may  be  expressed  by 

Y     P  Y      P      Y  Y 

-A-l>  *  I?   •••>  -A-qi  •«  q>  -t*-q+i>   •••>  -A-q+m> 
-*!>   Vl5   •••>    *q,   (Jq,    I  q+i,   ...,    jfq+m, 

respectively.     The  former  group  can  be  amplified  into 

X,,P,,  ...,Xn,Pn, 
and  the  latter  can  be  amplified  into 

Flf  Qt,  ....  F,,  Qn. 
Now,  on  account  of  the  relations 


for  i  and  j  =  1,  ...,  n,  with  unequal  values  for  i  and  j,  the  equations 

Xfi   =  ^11,       Pn   =•  IT  p, 

for  fj,  =  1  ,  .  .  .  ,  n,  determine  a  contact  transformation  ;  and  the 
equations 

j'n  =  i  ft,    pn  =  Qfi, 

for  the  same  values  of  /z,  similarly  determine  a  contact  transforma- 
tion. Consequently,  the  equations 

Y  _  y       p  —  o 

-^-LM          -*M>  M          H/  M  ' 

for  (i  =  l,  ...,  »,  determine  a  contact  transformation,  which  mani- 
festly transforms  the  one  group  into  the  other. 

143.     We  have  seen  that,  when  a  group  of  order  2q  +  m  pos- 
sessing m  indicial  functions  is  expressed  in  a  canonical  form 

•Ajj  -*  1;   •••)  Xq,  ^q,  Xq+1,  ...,  2Lq+m, 

the  q  +  m  quantities  Xlt  ...,  Xg+m  are  such  that 

(X<,Jr,)-<>: 

that  is,  the  group  contains  a  sub-group  of  order  q  +  m  which  is  a 
system  in  involution.  It  will  now  be  proved  that  any  sub-group 
which  is  a  system  in  involution  is  of  order  not  greater  than  q+m. 

Let  a  sub-group,  being  a  system  in  involution,  be 
Zl}  ...,  Zp. 

Conceive  the  original  group  amplified  so  as  to  be  of  order  2w, 
expressed  in  canonical  form  by  the  association  of  n  —  q  functions 
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Pq+i,  ...,  Pn  and  °f  n—q  —  m  functions  Xq+m+1,  ...,  Xn.  Now 
these  n  —  q  —  m  new  functions  X  are  themselves  a  system  in 
involution  :  they  are  in  involution  with  every  member  of  the 
original  group,  and  therefore  with  Z^,  ...,  Z^:  and  therefore 

"\  t  •••  i  Zip.  >       -A-  q+m+i  )  •  '  •  >  -A-  n 

is  a  system  in  involution.  The  order  of  a  system  in  involution 
cannot  be  greater  than  n  (§  138)  :  hence 

/M+n—  q—m^n, 
that  is, 

/A  <  q  +  TO. 

Further,  this  result  can  be  used  to  obtain  an  upper  limit  for 
the  tale  of  indicial  functions,  when  the  group  is  of  order  greater 
than  n  and  therefore  is  not  a  system  in  involution.  Let 

r  =  *2q  +  TO  =  n  +  k, 
where  k  is  positive  :  then  as 

q  +  TO  <  n, 
we  have 

2w  ^  2q  +  2m 

^  m  +  n  H-  k, 

and  therefore 

TO  ^  n  —  k, 

so  that  a  group  of  order  n  +  k  cannot  possess  more  than  n  —  k 
indicial  functions. 

144.  It  is  of  importance  to  be  able  to  construct  the  sub-group 
of  greatest  order  q  +  m  which  is  a  system  in  involution.  Denoting 
the  group  by 

Ui  ,  .  .  .  ,  Uzq+m  , 

we  first  determine  the  TO  indicial  functions  as  the  m  functionally 
independent  integrals  of  the  equations 


making  ult  ...,  u2q+m  the  independent  variables.  This  system  of 
equations  is  equivalent  to  2q  linearly  independent  equations  and 
is  a  complete  system  :  it  can  be  integrated  by  any  of  the  methods 
in  Chapter  in.  Let  the  m  independent  integrals  be 

Vi,  .  .  .  ,  Vm> 

which  are  therefore  the  TO  indicial  functions  and  can  be  taken  as 
m  members  of  the  required  sub-group. 
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X  ,w  let  w,  denote  a  function  of  the  group,  and  suppose  that  it 
is  not  an  indicial  function  so  that  it  cannot  be  expressed  in  terms 
of  I'j,  ...,  vm.  Then,  for  the  equation 


where  0  is  regarded  as  a  function  of  the  members  of  the  group,  we 
know  m  +  1  independent  integrals,  viz.  MI}  t\,  ...,  vm,  and  the 
number  of  variables  is  2q  +  m  ;  hence  it  possesses  2^  —  2  other 
independent  integrals.  Assuming  that  q  is  greater  than  unity,  let 
wz  be  one  of  these  other  2<j  —  2  integrals  :  then  v^,  wa,  vlt  ...,  VM 
are  in  involution  with  one  another. 

Again,  for  the  equations 


where  0  is  regarded  as  a  function  of  the  members  of  the  group, 
we  know  that  it  is  a  complete  system  in  the  2q  +  m  variables; 
it  therefore  possesses  2q  +  m  —  2  independent  integrals.  We 
already  know  m  +  2  of  these  integrals,  in  the  form  v^,  w2,  v,,  ...,  vm  ; 
hence  there  are  2^  —  4  other  independent  integrals.  Assuming 
that  q  >  2,  let  ws  be  one  of  these  2^  —  4  integrals  ;  then  u^,  wy,  w,, 
Vi>  •  •-,  fm  are  in  involution  with  one  another. 

Proceeding  in  this  way,  we  shall  (after  q  —  1  similar  stages) 
have  obtained  q  +  m  functions,  independent  of  one  another  and  in 
involution  with  one  another  ;  the  aggregate  is  a  sub-group  of  the 
greatest  order  that  permits  it  to  be  a  system  in  involution. 

APPLICATION  OF  GROUPS  OF  FUNCTIONS  TO  THE  INTEGRATION 
OF  SYSTEMS  OF  EQUATIONS. 

145.  As  our  main  purpose,  in  connection  with  these  groups  of 
functions,  is  their  application  to  the  integration  of  a  system  of 
differential  equations  in  one  dependent  variable,  we  shall  not 
pursue  the  further  development  of  their  properties  which  will  be 
found  in  Lie's  treatise  already  quoted  (p.  344):  we  proceed  to 
apply  them  for  the  purpose  of  integration. 

Accordingly,  let  the  equations 

/1  =  0,  ...,/M  =  0 

be  a  system  in  involution  :  they  may  be  a  system  initially  given,  in 
which  case  there  is  no  question  of  arbitrary  constants  occurring  in 
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them :  or  they  may  be  a  system  in  a  stage  of  gradual  construction 
as  in  Jacobi's  method,  in  which  case  some  at  least  of  the  quantities 
fi ,  -'-,fn  will  contain  additive  arbitrary  constants.  Suppose  also 
that  independent  integrals  <f>1}  ...,  (f>r  of  the  complete  system  of 
equations 

(/,,.f)-6,..:,(/,,f)-o 

have  been  obtained,  and  that  the  Poisson- Jacobi  theorem  has  been 
applied  so  as  to  give  all  the  integrals  of  the  type  (fa,  <£j)  that  can 
thus  be  constructed.  Then  the  set  of  functions  in  the  aggregate 
fi>  •<•>/*>  <j>i>  -••>  0>-  constitute  a  group:  and/i,  ...,/M  certainly  are 
indicial  functions  of  this  group.  It  may  happen  that/i,  ...,/M  do 
not  complete  the  tale  of  indicial  functions  of  the  group :  if  they  do 
not,  let/In-!,  ...,fm  be  the  other  independent  indicial  functions  of 
the  group,  so  that 

Jit   •  • '  >  Jn  >  Jn+1  >  •••  >  Jin 

constitute  a  system  in  involution.  Moreover,  as  r  +  p  is  the  order 
of  a  group  which  possesses  m  indicial  functions,  we  have 

r  +  p  —  m  =  even  integer 

=  2?, 
say,  where  q  is  a  whole  number. 

It  has  been  proved  that  a  group  of  order  m  +  2q,  possessing 
m  indicial  functions,  contains  a  sub-group  of  order  m  +  q  which  is 
a  system  in  involution ;  and  consequently,  our  group  of  order  r  +  //, 
contains  a  sub-group  of  order  m  +  q,  which  is  in  involution  and  of 
which  m  members  are  given  by 

Jl)  •  ••  >  Jm  '• 

let  the  other  members  of  this  sub-group  be  fm+1,  ...,/,„ +9.  Then 
the  integration  of  the  original  system  of  //,  equations  in  involution 
is  reduced  to  the  integration  of  the  modified  system  of 

m  +  q(=  fj,  +  m  —  fjL  +  q) 

equations  in  involution  :  as  ra  ^  /*,  q  ^  0,  the  modified  form  of  the 
problem  is  usually  simpler  than  the  original  form. 

To  complete  the  integration,  we  need  integrals  of  the  complete 

system 

(/i,t)-0,...v</Mff.f)-0; 

by  the  earlier  theory,  this  is  known  to  possess  2n  —  m  —  q  inde- 
pendent integrals.  Of  this  aggregate  m  +  q  integrals  are  known, 
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being/j,    ...,  fm+q'-    so   that   other   2n  —  2w—  2<?   integrals   are 
required. 

If  q  +  m  =  n,  the  complete  aggregate  of  integrals  is  possessed. 
If  q  +  rn<n,  then  we  can  conceive  that  the  proper  number  of 
integrals  necessary  to  complete  the  aggregate  has  been  determined, 
e.  g.  by  Jacobi's  method  as  amplified  by  Mayer.  Let  this  aggregate 
be  denoted  by 

/i=0,  ...,/H  =  0,     /M+i=Oi,  ...,/n  =  On-n, 

where  we  can  take  Oj,  ...,  a,^  to  be  arbitrary  constants. 

The  construction  of  the  integral  of  the  system  of  equations 
now  proceeds  as  before.  If  the  n  equations  can  be  resolved  so  as 
to  express  p^,  ...,  pn  in  terms  of  x^  ,  ...,  xn,  Oj,  .  .  .  ,  On-*i>  then,  when 
the  resolved  values  are  substituted  in 

dz=p1dx1  +  ...  +pndxn, 

a  single  quadrature  leads  to  an  equation  of  the  form 
z  +c  = 


which  is  the  complete  integral  of  the  system  :  and  the  remaining 
integrals  can  be  deduced  by  the  known  general  theory.  If,  how- 
ever, the  n  equations  cannot  be  conveniently  resolved  for  p^,  ...,pn, 
we  determine  a  function  II  from  the  equations 


for  i  =  1,  ...,  n,  by  a  quadrature  (§  130):  the  complete  integral 
of  the  system  of  equations  is  then  given  by 

z-c  =  U, 

and  the  other  integrals  can  be  deduced  as  before. 

A  sufficient  indication  of  the  method  has  been  given:  for 
further  developments,  reference  may  be  made  to  the  authorities 
quoted  (p.  314)  at  the  beginning  of  this  chapter*. 

*  Special  reference  should  be  made  to  two  memoirs  by  Lie,  Math.  Ann.,  t.  n 
(1876),  pp.  245—296,  t&.,  t.  xi  (1877),  pp.  464—557. 
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CHAPTER   X. 

THE  EQUATIONS  OF  THEORETICAL  DYNAMICS. 

THE  present  chapter  is  devoted,  more  to  matters  cognate  with  the  theory 
of  the  integration  of  partial  differential  equations  than  to  the  theory  itself  or 
to  processes  of  integration. 

The  only  process  of  integration  included  is  that  which  is  commonly  called 
the  Jacobi-Hamilton  process  :  in  order  to  make  it  more  easily  comprehended 
and  to  shew  the  source  of  its  inspiration,  a  brief  account  of  Hamilton's 
investigations  in  theoretical  dynamics  is  prefixed. 

The  analysis  shews  once  more,  as  so  often  before  in  the  processes  already 
explained,  the  close  relation  between  the  integration  of  a  partial  differential 
equation  and  the  integrals  of  the  set  of  ordinary  equations,  sometimes  called 
subsidiary  equations,  sometimes  the  equations  of  the  characteristics,  here  a 
canonical  system.  Some  properties  of  canonical  systems  are  given :  but  there 
is  not  an  attempt  to  deal  with  them  exhaustively  because,  as  every  property 
of  such  a  system  can  be  expressed  as  a  result  in  theoretical  dynamics,  they 
really  belong  to  the  subject  of  theoretical  dynamics. 

The  older  development  of  theoretical  dynamics  was  due  mainly  to 
Lagrange,  Poisson,  Hamilton,  Jacobi,  Donkin,  Bertrand ;  and  expositions  of 
that  theory  will  be  found  in  Jacobi's  Vorlesungen  uber  Dynamik,  in 
Imschenetsky's  memoir*  Sur  Vinte'gration  des  equations  aux  de'rive'es  partielles 
du  premier  ordre,  and'in  Graindorge's  treatise  Integration  des  equations  de  la 
me'canique.  Further  developments  have  been  effected  by  Routh  and  are 
expounded  in  his  Treatise  on  the  Dynamics  of  Rigid  Bodies. 

The  subject  has  developed  in  a  different  direction,  since  the  application 
of  Lie's  theory  of  contact  transformations  to  a  quite  general  canonical  system 
and  the  discovery  of  his  important  proposition  that  such  transformations  at 
once  conserve  the  form  of  a  general  canonical  system  and  are  the  only 
transformations  which  do  conserve  that  form — a  result  that  enables  many 
older  properties  to  be  seen  in  an  entirely  new  relation.  An  account  of  this 
theory  and  of  the  mode  of  development  will  be  found  in  Dziobek's  treatise t 

*  Translated  from  the  original  Eussian  by  Hoiiel,  and  published  in  Gruiti'rt'n 
Archiv,  t.  L  (1869),  pp.  278 — 474  ;  see,  in  particular,  chapter  vu  of  the  memoir, 
f  Aii  English  translation  was  published  in  1892  (The  Inland  Press,  Ann  Arbor). 
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Die  mathematischen  Theorien  der  Planetenbewegungen  (Leipzig,  1888),  Section  n, 
and  in  Whittaker's  Analytical  Dynamic*  (Cambridge,  1904).  Reference  may 
also  be  made  to  an  interesting  paper  by  E.  O.  Lovett*,  which  gives  a  critical 
and  historical  account  of  the  subject. 

"While  these  results  hold  of  quite  general  systems,  they  are  an  incomplete 
statement  of  the  case  (particularly  as  to  contact  transformations  being  the 
only  transformations  which  conserve  the  form)  for  particular  given  systems. 
Lie's  original  memoir t  discusses  the  whole  matter.  The  present  chapter 
purports  to  give  indications  of  the  theory  as  connected  with  the  theory  of 
partial  differential  equations;  it  does  not  aim  at  being  an  introductory 
account  of  theoretical  dynamics,  as  developed  on  the  lines  of  Lie's  theory. 


HAMILTON'S  CHARACTERISTIC  EQUATIONS. 

146.  We  have  seen  that  Cauchy's  method  of  integration 
introduces  the  notion  of  initial  values  of  the  variables  and  utilises 
them  in  the  expression  of  an  integral.  The  same  idea  was  used 
by  Jacobi  in  developing  some  researches  of  Hamilton  on  theo- 
retical dynamics  where  such  initial  values  had  been  used :  and  in 
connection  with  the  idea,  he  devised  a  method  of  integration, 
which  is  sometimes  called  Jacobi 's  first  method  and  more  often  the 
Jacobi- Hamiltonian  method.  The  details  of  the  method  differ 
from  those  in  Cauchy's  method :  but  on  account  of  the  ideas  and 
the  results,  both  Lie  and  Mansion  claim  J  the  method  as  Cauchy's. 
Some  account  of  the  method  will  be  given  here,  partly  because  of 
its  close  association  with  methods  and  results  obtained  in  the 
region  of  theoretical  dynamics  when  the  equations  are  taken  in 
their  canonical  form.  Later  researches  in  some  branches  of  this 
subject  have  diverged  from  the  earlier  course,  mainly  because  of 
the  application  of  Lie's  theory  of  contact  transformations. 

In  treatises  concerned  with  the  dynamics  of  systems  of  bodies§, 
it  is  shewn  that  the  equations  of  motion  of  a  holonomic  system 
can  be  expressed  in  a  form 

dffi^dH      dui  =  _dj[ 
dt  'But'.    dt~      30i ' 

*  "  The  theory  of  perturbations  and  Lie's  theory  of  contact  transformations," 
Quart.  Journ.  Math.,  t.  xxx  (1899),  pp.  47 — 149. 

t  "Die  Stornngstheorie  und  die  Beriihrungstransformationen,"  Arch.f.  Math. 
og  Nat.,  t.  ii  (1877),  pp.  10—38. 

*  See  Part  i  of  this  Treatise,  p.  183,  foot-note. 

§  Such  as  Routh's  Treatise  on  Rigid  Dynamics;  see  vol.  i,  ch.  vm. 
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for  i=l,  ...,  m,  the  quantity  H  being  (in  the  simplest  case)  the 
total  energy  of  the  system  expressed  in  terms  of  t  and  of  the 
variables  0l}  u^,  —  The  form  is  usually  associated  with  the 
name  of  Hamilton,  as  having  been  obtained  by  him*. 

The  following  derivation  of  this  result  in  the  simplest  case 
will  give  some  indication  as  to  the  source  of  the  transformation 
adopted  by  Jacobi  in  his  method  of  integration.  Denoting,  as 
usual,  the  kinetic  energy  of  the  system  by  T  and  its  potential 
energy  by  F,  by  01}  ...,  6m  the  m  independent  coordinates  of  the 
system,  and  by  #/,  ...,  0m'  their  derivatives  with  regard  to  the 
time  t,  we  have  Lagrange's  equations  of  motion  in  the  form 


_ 
dtd0t'J     d0i     d0i~ 

Introducing  a  function  L,  such  that 

L  =  T-V, 

and  noting  that   V  does  not  involve  #/,  ...,   0m',  we  have  the 
equations  in  the  form 


dt  \ 
The  function  H  is  defined  by  the  equation 

TT  _  a  '  d^   .         ,  a  ,  dL 
—  °^   s2T'  T  •  «  «  T  um  -n 


the  form  of  which  has  analogies  with  Legendre's  contact  trans- 
formation; and  it  is  convenient  to  introduce  variables  ul}  ...,  um 
such  that 

dL  _ 

wrUi> 

for  i=l,  .  .  .  ,  m.     Thus 

H  =  0,'u,  +  ...  +  0m'um  -  L, 
and  therefore 

dH  =  u,  d0i  +...+  umd0m'  +  0i  dui  +  ...+0m'  dum 

...  +  Umd0m'  +?JLMl+...+j£-  d0m  +  d~  dt 

oui  oam  ot 

^dui+  ...  +  em'dum-  ^  de,-...-^-  dem-^dt. 

Ot/i  0"m  Ot 

Phil.  Trans.,  (1834),  pp.  247—308,  (1835),  pp.  95—144. 
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In  its  initially  denned  form,  H  is  a  function  of  t,  6lt  ...,  6m, 
0\,  •••,  0m'  ',  let  its  expression  be  supposed  changed,  by  means  of 
the  m  equations 

dL  dL 


so  that  it  becomes  a  function  of  ult  ...,  um,  0l,  ...,  0m,  t,  the 
variables  #/,  ...,  0m'  being  replaced  by  u1}  ...,  um.  Then  the 
foregoing  differential  relation  gives 

dH     a>     ddj 
diii  ~   *  ~  dt  ' 


d  (dL\ 
~dt(d0-J 
_dui 
~~dt' 

for  i=l,  ...,  m:   and  these  equations  are  frequently  called  the 
canonical  form  of  the  equations  of  motion. 

Now 

H  =  ei'u1+  ...  +  0m'um-L, 
so  that,  as 

dL 

^e~rUi' 

for  i  '.  =  1,  ...,  m,  we  have 


Hence,  when  H  is  expressed  as  a  function  of  t,  0l}  ...,  0m,  Wj,  . . . ,  u,n 
through  the  removal  of  #/,  •••>  0m  by  means  of  the  equations 

aX  , 

we  have 

dH=0, 

for  r  =  l,   ...,  m;    thus 

J?  =  M!  3 — H  . . .  +  wr  ~ L, 

OU-i  OUr 

and  therefore 

L  =  u  ?^+      +     ^-.g- 

1  du^  r  9wr 

so  that  the  relation  between  L  and  H  is  reciprocal. 
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This  is  true  when  t  occurs  explicitly  in  L  and  in  H:  it  can 
easily  be  verified,  in  the  simplest  case,  when  neither  T  nor  V 
involves  t  explicitly.  Then  T  is  a  homogeneous  quadratic  function 
of  the  second  order  in  #/,  . . . ,  0m',  so  that 

0l'j^+...+0m'^,  =  2T, 
that  is, 

fi '  -4-          -4-  f)    '  =  9T7 

that  is, 

£/«,+  ...+  0m'um  =  2T, 
and  therefore 


so  that,  in  this  case,  H  is  the  total  energy  of  the  system.     Also, 

as  the  equations 

8£_ 

wr 

in  this  case  determine  #/,  . . . ,  0m'  as  quantities  linear  and  homo- 
geneous in  -MI,  ...,  um,  the  quantity  T  is  a  homogeneous  quadratic 
function  of  the  second  order  in  uit  ...,  um  after  the  change  of 
variables  is  effected,  so  that 

dT  dT 

Wl^+-  +  ^a^=2r' 

and  therefore 

dH  dH        rp 

W15 h  ...  +Mm5 =2/: 

9wx  oum 

consequently, 

L  =  2T-H 

dH  dH 

=  Wi  o 1"  . . .  +  Wm  o **i 

9w,  9wm 

so  that,  as  before,  H  and  L  are  reciprocal  to  one  another  in  form. 
The  preceding  analysis  shews  that,  when  L  is  derived  thus  from 
the   function   H,   and   when   it    is    expressed   as   a   function   of 
QI,  •••>  6m,  QI,  •••,  @m   by  means  of  the  equations 
dH  _  a  ,  dH  _  a  , 

gj?-'1*'  ""5~tffm' 

the  equations 

dt 
for  i  =  1,  . . . ,  m,  are  satisfied. 
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The  canonical  equations 

dt      diii '        d0i       dt 

are  the  general  equations  of  motion,  whether  H  involves  t 
explicitly  or  not ;  but  there  is  a  substantial  difference,  as  regards 
the  relation  of  H  to  the  equations,  according  as  t  does  or  does  not 
occur  in  H. 

When  t  does  not  occur  explicitly  in  H,  we  have 

d#  _  »    (dH  dur     dH  d0r\ 
~dT~r=l  [far  ~dt+Wr  ~dt) 

=  0, 

that  is,  H  is  constant  throughout  the  motion :  or 

H  =  constant 

is  an  integral  of  the  system,  being  of  course  the  energy  integral. 
Also,  if 

/=/("i>  ...,«*.,  0i,  ...,  0m)=  constant, 

be  any  other  integral  of  the  system,  we  have 

~  di  =  r=1  \Wr  ~dt  +far  ~dt) 

r=l    \offf   uUf       OUr   Ovr  ) 

in  the  earlier  notation.  Conversely,  any  quantity  f,  distinct  from 
H,  involving  the  variables  but  not  involving  t,  and  satisfying  this 
equation,  is  an  integral  of  the  canonical  system. 

But,  if  t  does  occur  explicitly  in  H,  then  in  connection  with 
the  system  of  equations  we  have 

fdH  dur 


dH  =  dH      |   (dHdu,.     dHdff 
dt       dt  +  r=i  \far    dt  +  Wr   dt 


_ 

~  dt  ' 

which   does  not   vanish  :   so  that  H  =  constant  is  not   then   an 
integral  of  the  system.     If 

9  =  g(t,  0i>  ••-,  0m,  MI,  ...,  "m)  =  constant, 
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be  an  integral  of  the  system,  we  have 

=  dt  =  dt  +  r?i  \Mr  ~dt+dur  ~dt) 


and  this  is  the  partial  differential  equation  which  is  characteristic 
of  every  function  g  leading  to  an  integral  of  the  system.  It  is  one 
of  the  equations  that  occur  in  Hamilton's  theory  :  and  (g,  H)  is 
homogeneous  and  linear  in  the  derivatives  of  g. 

147.     Another   characteristic   partial  differential  equation  is 
derived  by  Hamilton  through  the  consideration  of  the  integral 

S=  t*  Ldt, 

J  ta 

so  that,  in  the  most  general  case,  S  is  a  function  of  t  and  t0  and 
also  of  the  values*  of  01}  ...,  0m,  #/,  ...,  0m'  at  t  and  at  t0.  To 
obtain  some  of  its  properties,  imagine  a  quite  general  variation 
and  (in  order  the  more  simply  to  allow  t  also  to  undergo  this 
variation)  introduce  a  new  variable  s,  so  that 


say,  for  i  =  1,  .  .  .  ,  m,  where  t'  =  -T-  ;  thus 


__ 
~       ~t'       ~f<t>i> 

-T- 


C»  1      if  T  1  4    f) 

=  f\(t,t',0l,4 

J  *0 

t                    t 
h,  •••,  ^m,  <f>m)ds, 

where  now  all  the  arguments  in  X  are  assumed  functions  of  s,  and 
s  itself  is  not  subject  to  variation.  Taking  a  variation  t  +  Bt, 
#!  4-  &0l>  .  .  .  ,  0m  +  &0m,  we  find,  as  usual, 


r 

J 


\«0 

1  fax  _  d  /9x 

,t  (fit      ds  \dt' 

d 


*  Only  half  of  these  4m  quantities  can  be  taken  as  independent  variables. 
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As  s  is  at  our  choice,  we  shall  choose  it  so  that  the  equation 

ax  _  ^  /ax\ 

dt      ds(dtf)~ 
is  satisfied  :  the  actual  value  of  s  is  not  required.     Also 

ax     ,  i 


ax     ,  az 


so  that 


ax  \  _  ,dL      d 


=  o, 

for  all  values  of  /*.     Hence 


r=l 


Now,  as  above, 

ax  _  dL 

and 

d-  =  L-^d, 

consequently 


-  - 

L 


It  is  an  immediate  consequence  that  in  any  configuration,  as 
developed  from  assigned  initial  conditions,  the  value  of  S  at  any 
time  depends  only  upon  the  configuration  at  that  moment  and 
upon  the  initial  conditions. 

To  make  these  initial  conditions  precise,  let 

QH  =  At,  when  t  =  t0,  for  //,  =  1,  . . . ,  m, 

Li  =  JL/0 ,     , 

ayr 

-—  =  cr,  when  t  =  t0,  for  r=  1,  ...,  m: 
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then  we  have 

3S_  TT  38  _  TT 

dt~  ^          dt0~ 

dS__  dS__ 

Wr~Ur'          d/3r~~     ~°r 

for  r  =  I,  .  ..,  m.    These  are  the  values  of  the  derivatives  of  S  with 
regard  to  each  of  the  quantities  it  involves. 

As  our  purpose  is  not  the  discussion  of  the  organic  significance 
of  any  property  or  group  of  properties  of  the  quantities  concerned, 
but  only  to  indicate  so  much  of  the  analysis  connected  with  the 
equations  of  theoretical  dynamics  as  will  throw  some  light  upon 
the  analysis  introduced  into  what  is  commonly  called  the  Jacobi- 
Hamilton  method,  we  shall  indicate  only  one  inference  from  the 
preceding  equations.  The  quantity  H  can  be  expressed  as  a 
function  of  t,  81}  ...,  6m,  ult  ...,  um,  say 

H=^r(t,  #1,  ...,  6m,  MI,   ...,  Um}\ 

hence  S  satisfies  the  equation 


and  this  is  another  of  the  characteristic  equations  in  Hamilton's 
theory.  Moreover,  when  H  involves  t  explicitly,  H  is  not  homo- 
geneous in  the  quantities  u,  so  that  the  equation  satisfied  by  S  is 
not  homogeneous  in  the  derivatives. 

If,  however,  H  is  independent  of  any  explicit  occurrence  of  t, 

we  know  that 

H  =  h, 

where  A  is  a  constant  ;  and  then 

S  =  -h(t-t0}  +  81, 
so  that 

ds__    _dS1 

W~Ur~Wr'' 

and  the  equation  satisfied  by  S1  is 


This  is  the  modified  form  of  Hamilton's  characteristic  equation 
when  H  does  not  explicitly  involve  t  :  the  right-hand  is  homo- 
geneous in  the  derivatives  of  $a. 


148.]  EQUATIONS  379 

148.  These  characteristic  equations  have  been  derived  from 
the  initial  set  of  equations  in  the  canonical  form :  the  relation 
between  them  can  be  exhibited  in  another  light.  By  the 
existence-theorem  of  a  set  of  ordinary  simultaneous  equations 
of  the  first  order*,  the  canonical  equations 


determine  the  2m  quantities  Olf  ...,  0m,  MI,  ...,  wn,  as  functions  of 
t  and  of  parameters,  which  are  the  values  of  those  quantities  when 
t  =  t<> :  these  are 

when  t  =  t0.  Now  L  is  a  function  of  t,  6l,  ...,  6m,  &\,  •••,  Qm'  '•  as, 
by  means  of  the  equations 

0'  =  — 

the  quantities  #/,  ...,  6m'  are  expressible  in  terms  of  ult  ...,um, 
it  follows  that  L  can  be  expressed  as  a  function  of  t,  dl,  ...,  Bm, 
Uj,  ...,  um.  When  the  integrals  of  the  canonical  system  are  used, 
they  can  express  u1}  ...,  um,  d,  ...,  cm  in  terms  of  the  other 
quantities:  thus  L  can  be  expressed  in  terms  of  t,  t0,  01}  ...,  6m, 
f$i,  ...,  y8TO,  and  therefore  also  S,  which  is 

t 

Ldt, 
t, 

can  be  expressed  in  terms  of  t,  t0,  0, ,  . . . ,  6m,  &,  . . . ,  /3m.  Assuming 
this  expression  effected,  we  have 


which  are  2m  equations  expressing  ul} .,.,  um  and  ca , . . . ,  cm  in  terms 
of  t,  t0,  01}  ...,  Om,  fti,  ...,  /3m:  that  is,  they  are  equivalent  to  the 
2m  relations  which  are  the  .  integrals  of  the  canonical  system. 
Combining  these  results,  we  have  the  following  theorem : — 

The  system  of  ordinary  canonical  equations 

d0i  =  dR      dui=_dH 

dt  ~  &Mt- '     dt  ~      dOi  ' 

*  See  vol.  ii  of  this  work,  §  10. 
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where  H=H  (t,  9ly  ...,  0m,  u1}  ...,  um),  is  connected  in  the  following 
manner  with  the  partial  differential  equation 


t,01,  ...,  Om,  Ul,  ...,wm)  =  0, 

where 

_9S  _  dS 

^-d6i>    ->u™-^n- 

Obtain  the  complete  set  of  integrals  of  the  system  of  ordinary 
equations,  determining  the  arbitrary  constants  so  that 

&i,  •••,  6m  =  @i,  •••,  fim, 

Ui,  .  .  .  ,  Um  =  Cj  ,  .  .  .  ,  Cm  , 

when  t  =  t0.     Construct  the  function 

T         dH  ,  dH 

Z=Wl-+...  +  .m__#, 

and,  expressing  it  in  terms  of  t,  &,  ...  ,  /3m,  clf  ...,cmby  means  of 
the  foregoing  integrals,  obtain  the  function 


rt 

= 

J  ta 


Ldt-  2  cr/3r; 


and  when  this  is  obtained,  use  the  integrals  to  express  I  in  terms  of 
t,  fti,  ...,  /3m,  01}  ...,  dm,  denoting  the  resulting  expression  by  s. 
Then  the  relation 

S=a  +  s, 

when  a  is  an  arbitrary  constant,  is  an  integral  of  the  partial 
differential  equation :  as  it  contains  m  + 1  arbitrary  constants 
a,  j3i,  ...,  /3m,  it  is  a  complete  integral.  Moreover,  the  2m  equations 

dS  _  dS  _  , . 1 

Wi  =  Ui'    8A=   ~Ci> 

can  be  regarded  as  an  integral  equivalent  of  the  system  of  ordinary 
equations. 

This  process  has  been  derived  through  the  general  equations 
of  motion  of  a  dynamical  system,  so  that  there  are  limitations  on 
the  form  of  H,  qua  function  of  u1}  ...,  um,  when  the  theorem  is 
thus  obtained.  The  result,  however,  is  not  subject  in  fact  to 
these  limitations:  and  it  is  this  extension  and  generalisation  of 
Hamilton's  investigation  which  constitute  the  method  of  integra- 
tion. As  it  was  published*  by  Jacobi,  it  is  often  called  the 

*  Crelle,  t.  xvn  (1837),  pp.  136  et  seq. :  see  also  Part  i  of  this  treatise,  §  109. 
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Jacobi-Hamiltonian   method;    but,  as   already  pointed    out,   the 
use  of  the  initial  values  had  been  introduced  earlier  by  Cauchy. 

149.  Other  characteristic  functions  are  introduced  into  the 
study  of  theoretical  dynamics:  among  them,  one  of  the  most 
important  is  Hamilton's  function  often  denoted  by  A,  which 
represents  the  dynamical  Action  when  H  does  not  explicitly 
involve  t,  and  which  in  general  is  defined  by  the  equation 


=  S  +  Ht-H0t0. 
With  this  value,  we  have 


L 


r=l 
m 

2  ur 

r=l 

Now  by  means  of  the  integrals  of  the  canonical  system  as  associated 
with  initial  values,  H  can  be  expressed  in  terms  of  t,  t0,  6l}  ...,  6m, 
fa,  •••,  ftm,  and  HO  can  be  expressed  in  terms  of  t0,  fa,  ...,  /?w. 
Also  A  can  be  expressed  in  terms  of  t,  t0,  B1}  ...,  0m,  fa,  ...,  f3m: 
when  t  and  t0  are  eliminated  from  its  expression  by  means  of  the 
expressions  for  H  and  H0,  it  comes  to  be  a  function  of  H,  HQ, 
#1,  •••,  Om,  fa,  •••,  &m-  In  this  form,  the  equations 


dH  ~        Wr  ~    "     d/3r  ~  '  r'    dH0  ~  ~  » 

are  satisfied;   they  must  be  equivalent  to  the  integrals  of  the 
canonical  system. 

Ex.  1.  Prove  that,  when  the  expressions  for  the  kinetic  energy  Tand  the 
potential  energy  V  do  not  explicitly  involve  the  time,  the  function  A  satisfies 
the  partial  differential  equation 

T(  6\,  ...,  6m,      -  ,  ...,  =^~ 


where  A  is  a  constant.  (Jacobi.) 

Ex.   2.     Shew  that,   if  a   complete   integral   of  the   partial  differential 
equation  satisfied  by  A  be  obtained  in  the  form 
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where  alt  ...,  am_ly  am  are  the  arbitrary  constants,  then  a  set  of  integrals  of 
the  canonical  system  is  given  by 


where  a1?  ...,  am_i,  h,  6U  ...,  6m_j,  r  are  the  2m  arbitrary  constants  in  the 
integrals.  (Jacobi.) 

Ex.  3.  Let  m  integrals  (in  involution)  of  the  canonical  system  be  sup- 
posed known,  involving  dl,  ...,  0m,  ult  ...,  um  in  such  a  way  that  ult  ...,um 
can  be  expressed  in  terms  of  0lt  ...,  dm,  t,  and  the  m  arbitrary  constants  of 
the  integrals  ;  and  let  these  values  be  substituted  in  S,  the  resulting  value 
being  denoted  by  H.  Prove  that 

«!<#!  +  ...  +  um  ddm  -  Sdt 

is  an  exact  differential  ;  and  shew  how  the  remaining  integrals  of  the  canonical 
system  can  be  obtained.  (Liouville.) 

Ex.  4.  When  the  expression  for  the  energy  of  the  system  does  not  involve 
the  time  and  when  m—  1  integrals  (other  than  H=h]  of  the  canonical  system 
have  been  obtained,  so  that  ult  ...,  um  can  be  expressed  in  terms  of  dlt  ...,  6m 
by  means  of  those  m—l  integrals  and  H=h,  prove  that 


is  an  exact  differential  efe.  Obtain  the  other  integrals  of  the  canonical  system : 
and  shew  that  the  variables  in  the  integrals  are  connected  with  t  by  the 
relation 

32 


(Liouville.) 
Ex.  5.     Integrate  the  equation 


where  a   is   a  constant,   by  using   the  theorems  in  any  of  the  preceding 
examples. 

jACOBl'S   GENERALISATION   OF   HAMILTON'S   RESULTS. 

150.  The  preceding  brief  discussion  will  sufficiently  illustrate 
the  connection  between  a  partial  differential  equation  and  a 
canonical  system  of  ordinary  equations,  as  it  arises  in  the  dis- 
cussion of  theoretical  dynamics :  and  each  of  the  methods  of 
integration,  which  have  been  expounded  in  the  preceding  chapters, 
shews  a  similar  organic  relation.  The  detailed  application  of  the 
method,  suggested  by  the  processes  of  theoretical  dynamics,  differs 
from  the  use  made  in  other  methods ;  and  though  it  is  somewhat 
more  cumbrous  than  those  methods,  its  association  with  the  results 
of  theoretical  dynamics  seems  ample  justification  for  its  retention 
among  the  principal  methods  of  integration. 


ing  .  -   OL  tffifr  DDtBtXaa^.  W& 
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Now  the  quantity 

p1dx1  +  . . .  +  pndxn  +pdx 

is  an  exact  differential:    substituting   for  dx1}  ...,  dxn  from  the 
ordinary  equations,  and  also  —  H  for  p,  it  takes  the  form 


I  Pi  o — h  ...  +  pn o H]  dx, 

\        dpi  dpn  J 


which  also  is  a  form  suggested  by  the  analysis  connected  with  the 
equations  of  theoretical  dynamics.     We  therefore  take  a  quantity 


on  the  analogy  of  the  dynamical  results  and,  substituting  for  the 
variables  x1}  ...,asn,pj}  .  .  .  ,  pn  their  values  as  given  by  the  integrals 
of  the  canonical  system,  we  effect  the  quadrature  which  then  gives 
£  as  a  function  of  x,  Oj,  ...,  an,  bl}  ...,  bn.  Let  c  denote  any  one  of 
these  2n  constants  that  occur  in  £;  then,  taking  account  of  the  fact 
that  the  values  of  the  variables  have  been  substituted  in  the  initial 
form  of  £,  we  have 


8f    a  /  ^    ,  \ 

j£  -  5-    2  Oibt 

OC       OC  \i=i  ) 


9  fdH\     dHd-TTt     dHdfr     dH 

<5-(  ^— 1  + o 5 ^~  ~*r  ~^~ 

a  i=i  {     oc  \dpiJ      dpi  dc       GXi  dc      dpt 


a  »=i  I    '  9c  V2^ 

a^/ag 

9a;  \  dc 

n  fit.~[x 

=  2  k<1cr 

t=i  L    8cJ« 


»•         I>  l  I  . 

i=i  \  l  3c        *  dc  J  ' 
consequently 

a?  =  £  /••  aft 

9a,     i=i  \  l  dag 

3?-^f]+0>. 


We  have  seen  that  the  n  equations  a?i  =  |i,  ...,  xn=%n  can  be 
resolved  so  as  to  express  a1}  ...,  an  in  terms  of  xl}  ...,  «n,  x,  b1}  ..., 
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bn  ',  let  the  values  thus  obtained  be  substituted  in  £,  and  denote 
the  resulting  value  by  Z.     Then,  as 


-= 

dag      i=i  dxi  da,  ' 

d^  =  dZ      |  dZdZi 
dbg      dbg      i=i  dxi  "dbg  ' 

we  have,  on  substituting  the  preceding  values  for  the  derivatives  of 
£,  the  equations 


i=i  \v#i          /  da, 

Ji  fdZ          \  d£i  _          dZ 

•^  I  ^ir      ""* )  ^i~  ~  a*     oi~ ' 


for  5  =  1,  ...,  n.      The  former  set  of  n  equations  is  linear  and 

7)7 

homogeneous  in  the  quantities  ^  --  TT,-,  and  the  determinant  of 

OXi 

the  coefficients  of  these  quantities  does  not  vanish  ;  hence 

<>z 

gsr^0' 

for  i  =  1,  ...,  n,  and  therefore  from  the  remaining  equations 


for  i=  1,  ...,  n.  These  relations  are  not  identities,  because  TTJ,  ..., 
7rn,  alt  ...,  an  do  not  occur  in  Z',  and  they  clearly  are  independent 
of  one  another.  Moreover,  they  are  satisfied  in  connection  with 
the  equations  x1  =  ^1,  •..,  xn  =  ^n,  pl  =  irl,  .  .  .  ,  pn  =  irn  ;  hence  they 
are  a  general  integral  equivalent  of  the  2n  differential  equations 

dxi  _  dH  dpi  _  dH 

dx      dpi  '  dx  dxi  ' 
Again,  we  have 

dC      I  /  dH  \ 

-j-=    2,       7Tt-  5  --  «  I  i 

dx      i=i  V  .    dpi          J 
on  replacing  xl}  .,.,  xn,pl,  ...,  pn.  by  their  values  :  and 

dZ=dZ      »    dZ^dj;i 
dx     dx      i=i  dxi  dx 

dZ      «       dH 

=  -5-+    -    7Tt-  5—   , 

9^     t=i      9p» 
F.  v.  25 
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on  using  the  preceding  equations.     Hence  the  equality 


= 

dx      dx' 
leads  to  the  relation 


TT  /  f 

=  ~  U  (X,  $1,   •  •  •  ,  £n,  TTi,   •  •  •  ,  T») 

dZ 


„ 

—  —   —    i-j    I    nr*      nr>  rp 

('    l"      Xn'dx,'     -' 
and  therefore  the  equation 

z  =  Z  +  c, 

where  c  is  an  arbitrary  constant,  is  an  integral  of  the  equation 


Accordingly,  the  process  may  be  stated  as  follows  :  — 
To  obtain  an  integral  of  the  equation 

p  +  H(x,x1}  .  .  .  ,  xn,  pl_,  ...,  pn)  =  0, 
form  the  canonical  system 

dxi  =  dH        dpi=_dH 
dx      dpi  '       dx          d&i  ' 
of  ordinary  equations,  and  construct  their  complete  set  of  integrals 

Xi  =  %i  (X,  a1}   .  .  .  ,  On,  &!,   .  .  .  ,  bn) 


,  •       , 

,  U=  1,  ...,  n), 
i  =  7nx,  ait  ...,  ant    lt  ...,    n 

such  that  x-i,  ...,  xn,  p1}  ...,  pn  =  a1,  ...,  an,  b1}  ...,  bn  respectively, 
when  x  =  a.     Take  a  quantity  %  defined  by  the  relation 


fx   /   n          a  If 

=     (2  Pi^- 

J  a    \iml        "Pi 


and,  substituting  £1}  ...,  £n,  TTI,  ...,  7rn  for  the  variables  under  the 
sign  of  integration,'  effect  the  quadrature  which  gives  £  as  a  function 
of  x,  Oi,  ...,  an,  bi,  ...,  bn.  From  %  eliminate  a1}  ...,  an  by  means  of 
the  equations  x1  =  ^1,  ...,  xn  =  %n,  and  let  the  resulting  function  of 
x,  xl}  ...,  xn,  bi,  ...,  bn  be  denoted  by  Z  ;  then 

z  =  Z  +  c, 

where  c  is  an  arbitrary  constant,  is  an  integral  of  the  partial 
differential  equation,  and  manifestly  it  is  a  complete  integral.  More- 
over, a  complete  set  of  integrals  of  the  canonical  system  is  given  by 

dZ  _          dZ_ 

dxi-pi>      86,  ~a''' 

for  i=  1,  ...,  n,  the  constants  a^,  ...,  an  being  arbitrary. 
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151.  It  is  easy  to  see  that  the  complete  integral  thus  obtained 
is  an  integral  which,  when  x  =  a,  acquires  the  value 

&,#,  +  ...  +  bnxn+c. 

For  Z  is  the  value  of  f  when  aif  ...,  o»  are  eliminated  from  £  by 
means  of  fy  =  £  ,  .  .  .  ,  xn  =  £n  ;  and  therefore  the  value  of  Z,  when 
x=a,  is  obtained  from  that  of  £  when  x  =  a  (which  value  is 
cr^!  +  ...  +  anbn)  by  eliminating  a,,  ...,  an  through  the  forms  of  the 
equations  ^  =  £1,  ...,  xn  =  £n,  when  x  =  a:  and  these  forms  are 

#1  =  811    •••>   ^n=«n. 

The  complete  integral  is  therefore  somewhat  restricted,  though 
it  contains  the  appropriate  number  of  arbitrary  constants:  its 
relation  to  any  other  complete  integral,  say 


can  be  simply  obtained.     In  the  case  of  this  complete  integral,  a 
set  of  integrals  of  the  canonical  system  is  given  by 

9<f>  3<f> 

_£__    —  yj  .  *_    _.    .*. 

a*  *•  a^~^' 

for  i=l,  ...,  n.     Let 

</>0  =  </>(a,  a,,  ...,«„,  *i,  ...,  A:n); 

then  as  a,,  ...,  an,  fct,  ...,  6n  are  the  values  of  #,,  ...,  xn,pl,  ...,pn, 
when  x  =  a,  we  must  have 


Now 

dH_dXi          8^_  rr__^ 

8pt-~rfar'      3^"-**'  ftt 

hence 


n  C*  /  n          ?)H 

=2  af6i+       (2^- 

«=1  Ja   \t=l        Op» 

r  fi$  dxi  * 

U^  -T-  +  5^ 

Ja   \OXi  OX        dx 


The  constants  k1}  ...,  kn  are  such  that 


25—2 
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that  is,  such  that 


for  i  =  l,  ...,  n:  let  their  values  be  determined  and  substituted 
in  £.  In  order  to  obtain  Z  from  £,  the  constants  a1}  ...,  an  must 
be  eliminated;  their  values  are  given  by 


in  connection  with  the  preceding  values  of  k1}  ...,kn:  and  so  Z  is 
the  value  of  £  when,  from  the  equation 


the  quantities  a1}  ...,  an,  klt  ...,  kn  are  removed  by  means  of  the 
equations 

for  *  =  1,  . . . ,  n.     Hence  the  complete  integral  in  the  theorem  can 
be  derived  from  any  given  complete  integral*. 

Ex.  1.     The  detailed  working  can  be  shewn  by  thus  solving  the  equation 

3C        3s\        *%/%       - 

-  H 1 =  1, 

P     Pi     Pi 

which  clearly  has  an  integral 

z  = 
where 

K+i=2- 

The  value  of  H  for  the  form  p  +  H=0  is 

H= 

The  canonical  system  is 

dx      ( 


dpi  ^  xp\P<?  dpi 

dx          iXz+zXi-^    dx 


and  integrals  are 


*  The  whole  of  the  preceding  exposition  follows  that  which  is  given  by  Mayer, 
Math.  Ann.,  t.  m  (1871),  pp.  434—452. 
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where  a,  6,  a',  b'  are  arbitrary  constants,  and 

ab 

a+b  —  ab' 

Hence,  taking  ait  0%,  blt  b?  as  initial  values  when  x=a,  we  have 

c  b^cti 


_±       j.2         _ 
al  '  03'    a 

and  the  integrals  are 

&i  &a 

/>,  =  -*!,    />2=- 


If  we  require   the   integral  which  becomes   61ar1  +  6-7or2+y,  when  x=a, 
we  take 


=  0^  +0262+*^  (or2-  a2)  ; 
and  the  required  integral  is  given  by 


where  Z  is  given  as  a  function  of  x,  xt,  ar2»  by  the  elimination  of  ctj  and 
between  the  three  equations 


account  being  taken  of  the  values  of  a,  6,  c  in  terms  of  ax,  03,  61} 
To  derive  this  integral  from  the  integral 

z 
where 

we  write 


and  then  we  take 

f 

The  relations  between  the  quantities  alt  a2,  61,  62,  )t,  /-^  j{:2  (othc    than  the 
single  relation  between  k,  k\,  k£)  are 

30o_7       £^o_t      80_80o     20_30o 
a^"01'    803       2>    S^~8^'   a^2  ~cK' 

account  being  taken  of  the  relation  between  k,  kit  k.2.     These  give 
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hence 


=  2T1  +  2T2 
We  eliminate  k,  klt  £2  between  the  equations 


and  then  the  integral  is 

z 

The  verification  that  Z  becomes  61^1  +  62^2j  when  x=a,  is  immediate. 
##.  2.     Obtain,  in  the  preceding  manner,  the  integral  of  the  equation 

pq-px-qy  =  0, 
such  that  q  =  c  when  #  =  a,  in  the  form 

z=xy+y  (x*—  2ac  +  c2)*+7; 
where  -y  is  an  arbitrary  constant. 

Deduce  it  also  from  the  complete  integral 

2=2^(y+«^)2+y- 

Another  integral  is  given  by 


is  there  any  relation  between  this  integral  and  the  first  integral  1 
Ex.  3.     Let 


be  a  complete  integral  of  the  differential  equation  in  the  text.     Shew  that,  if 

<f>0=(f)(a,  al5  ...,  an,  &!,  ...,  6n), 
and 

/O  =/(«!,   .-.,  «n), 

and  if  %,  ...,  an,  6j,  ...,  bn  be  eliminated  between  the  equations 

Z=<f>-<j>o+f0       "I 

50_90o     5/0  _d</>o  f> 
96f      96^  '   3a4     8af  J 

for  t=l,  ...,  n,  the  resulting  value  of  Z  is  also  an  integral  of  the  equation 
and  that,  when  x=a,  it  acquires  the  value/^,  ...,  #n).  (Mayer.) 
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152.  The  discussion  in  §§  150,  151  related  to  a  resolved 
equation  in  which  the  dependent  variable  does  not  occur  ex- 
plicitly: and  the  inverse  operations  required  consisted  of  the 
integration  of  a  system  of  2n  ordinary  equations,  followed  by  a 
quadrature. 

When  the  partial  differential  equation  involves  the  dependent 
variable  explicitly,  and  when  it  can  be  resolved  so  that  it  may  be 
taken  in  the  form 

p  +f(z,  x,  xlt  ... ,  xn,  p1}  ...,  pn)  =  0, 
then  the  corresponding  result  is  as  follows : — 
Form  and  integrate  the  equations 

dxi=V       dPi__V__*l       <^-$n?L_f 
dx     dp{'     dx~      fa     pidz'     dx~  .Ci^'api    /J 

determining  the  arbitrary  constants  by  the  conditions  that  x^,  ...,  xn, 
PI>  •--,  Pn>  z  acquire  the  values 

o,,  ...,  an,  &!,  ...,  bn,  c  +  a,6,+  ...  +  anbn 

respectively,  when  x  =  a.  Among  this  integral  system  of  2n  + 1 
equations,  eliminate  a,,  ...,  an,  PI,  ...,  pn;  and  let  Z  denote  the 
resulting  value  of  z,  which  is  a  function  of  x,  x^,  ...,xn,  bl}  ...,  &„,  c. 
Then 

z  =  Z 

is  a  complete  integral  of  the  partial  differential  equation  ;  and 

dz         dz      dz 

5~  =  P*>     zT  ~  Cli  a~  '     z  ~  Z> 
oXi  obi          oc 

for  t  =  l,  ...,  n,  the  constants  a-i,  ...,  an  being  arbitrary,  are  a  set  of 
integrals  of  the  2n+  1  ordinary  equations. 

This  result  may  be  deduced  from  the  former  case,  or  it  may  be 
obtained  directly ;  we  shall  leave  the  establishment  as  an  exercise. 
It  will  be  noticed  that,  in  the  present  case,  the  inverse  operations 
required  are  the  integration  of  a  system  of  2n  + 1  ordinary 
equations,  as  contrasted  with  the  slightly  simpler  inverse  opera- 
tions in  the  former  case  constituted  by  the  integration  of  a  system 
of  2n  ordinary  equations  and  a  quadrature. 

Lastly,  it  may  happen  that  the  partial  differential  equation 
contains  the  dependent  variable  explicitly  but  that  it  cannot  be 
resolved,  or  cannot  conveniently  be  resolved,  in  terms  of  any  of 
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the  derivatives.     In  such  a  case,  a  similar  process  exists :  and  the 
result  has  already  been  stated*. 


THE  POISSON-  JACOB:  COMBINANT  (<£,  >/r). 

153.     The  determination  of  a  complete  integral  of  a  partial 
differential  equation 

p  +  H(x,  aelf  ...,  xn,pi,  ...,pn)  =  Q, 

and  the  determination  of  a  full  set  of  integrals  of  the  associated 
canonical  system 

dx{  _  dH      dpi  _     dH 

dx      dpi  '     dx          dxi  ' 

for  t  =  l,  ...,  n,  have  been  shewn  to  be  practically  equivalent 
problems.  It  is  known  that,  if  two  equations  compatible  with  the 
original  differential  equation  have  been  obtained,  the  Poisson- 
Jacobi  combination  of  those  equations  provides  another  equation 
(which  may  be  insignificant  or  may  be  evanescent)  also  compatible 
with  the  equation  :  and  naturally  therefore  a  question  arises 
whether  the  same  combination  can  similarly  be  effective  in 
assisting  the  construction  of  the  integrals  of  the  canonical  system. 

Let 

<£  =  (j>  (x,  xl}  ...,  xn,  pl}  ...,  pn)  =  constant 

be  an  integral  of  the  canonical  system  :  then,  in  connection  with 
that  system,  we  have 

o^  =  80       I  d£  dxi       I  d<f)  dpi  _ 
dx     dx      i=i  dxi  dx      i=i  dpi  dx 
and  therefore 

?£+  |  (dA?]L_<ty_d 

dx      i=i  \dxi  dpi      dpi  d 
that  is,  using  the  Poisson-Jacobi  symbol,  we  have 


analogous  with  a  corresponding  equation  (§  146)  in  theoretical 
dynamics.     Similarly,  if 

i|r  =  -«/r  (x,  xlt  .  .  .  ,  xn,  pl}  .  .  .  ,  pn)  =  constant 

*  In  Part  i,  §  109,  of  the  present  work.     All  the  results  are  given  in  Mayer's 
memoir  quoted  on  p.  388,  foot-note. 
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be  an  integral  of  the  canonical  system,  we  have 


It  is  natural  to  inquire  whether  (<£>,  -^r)  also  is  an  integral  of  the 
canonical  system  :  we  have 


=  -((0,  H),  *)-(*,  (t,  H))  +  ((<#>,  *),  H) 
=  ((H,  $),  t)  +  ((*,  #  ),  *)  +  ((<£,  t).  #  ) 

=  0, 

on  account  of  the  identically  satisfied  relation  of  §  52.     Hence 
(<£,  -^r)  =  constant, 

as  an  integral  equation,  is  compatible  with  the  canonical  system. 
Various  cases  may  arise,  as  in  the  former  investigation. 

It  may  happen  that  (<£,  ty)  vanishes  identically:  no  new 
integral  is  provided. 

It  may  happen  that  (<£,  ty)  is  a  pure  constant  not  zero; 
instances  have  occurred  in  which  (<f>,  ty)  is  equal  to  unity  :  no  new 
integral  is  provided. 

It  may  happen  that  (<j>,  -\Jr),  while  a  function  of  the  variables, 
can  be  expressed  in  terms  of  <f>  and  >|r  alone  (and  possibly  in  terms 
of  previously  known  integrals,  if  any)  :  no  new  integral  is  provided. 

And  it  may  happen  that  (<£,  *fr)  is  a  function  of  the  variables 
which  cannot  be  expressed  in  terms  of  <f>  and  -^r  alone  (or  in  terms 
of  these  and  of  previously  known  integrals,  if  any)  :  a  new  integral 
of  the  canonical  system  is  then  provided. 

Note.     It  may  happen  that,  when  the  partial  differential  equation  is 

H(xlt  ...,  xn,plt  ...,  jom)=  constant  =k, 

so  that  p  and  x  have  disappeared,  care  has  to  be  exercised  concerning  new 
integrals  of  the  canonical  system  :  such  new  integrals  do  not  necessarily 
provide  equations  compatible  with  H=h  and  with  equations  which  coexist 
with  it.  The  canonical  system  is  effectively  the  same  as  before,  for  it  is 
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say,  for  t  =  l,  ...,  n;  and  if 

$  =  <£(#i,  ••••>  #n>Pi>  ---iPni  ^)  =  constant, 
^  =  ^Oi,  ...,#„,/»!,  ...,pn,  x}  =  constant, 

are  two  integrals  of  the  system,  then 

(<£,  >//•)=  constant 

is  also  an  integral  of  the  canonical  system  ;  and  we  have 

(ff,<ft=o,    (#,^)=o,    (#,(&  vo)=o. 

But  if  we  are  proceeding  on  the  lines  of  Jacobi's  second  method,  as  explained 
in  Chapter  iv,  for  the  integration  of  the  partial  equation  Jf=Q,  and  if  we 
have  associated  the  equations 

ff=0,     <£=«!, 

where  %  is  arbitrary,  then  we  can  associate 

^  =  «2 
with  these,  only  if 

(*,*)-<>; 

and  we  can  associate 

(0,  V0  =  «3 

with  ff=0,  $  =  «],  only  if 

(*.(*,  *))-0; 

and  these  conditions  are  not  always  satisfied. 
Thus  if  the  equation  be 

&=Pl*  +P22  +P32  +Pi*  ~f  W  +  ^22  +  *32,  «4)  =  0, 

integrals  of  the  canonical  system  are  given  by 


and  then 

*  = 
which  leads  to  a  new  integral  of  the  canonical  system.     Now 

H=Q,    <£  =  «!, 
can  be  associated,  because 

(ff,  0)  =  0. 

But  ^  =  a2  cannot  be  associated  with   these  two  equations;    for  though 
(ff,  -v^)  =  0,  we  have 

(05^)  =  X> 
different  from  zero.     Again,  the  equations 

H=0,     +  =  a2, 
can  be  associated,  because 

(#,VO=o. 

But  0=%  cannot  be  associated  with  these  equations  because 

—> 

which  is  not  zero.     Moreover, 
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cannot  be  associated  with  either  pair,  because 

(**)=*,     (**)=-*• 
But 

(ff, 

and  so 

can  be  associated. 

It  thus  appears  that,  while  the  Poisson-Jacobi  combination  of  two 
integrals  of  the  canonical  system  can  provide  a  new  integral  of  that  system, 
the  new  integral  cannot  necessarily  be  associated  with  a  retained  system 
compatible  with  the  original  equation. 

154.  It  will  be  convenient,  for  the  sake  of  brevity,  to  call  the 
Poisson-Jacobi  combination  (<f>,  ty},  of  two  functions  <f>  and  ifr, 
their  combinant.  From  the  preceding  results,  it  is  clear  that  any 
integral  <£  of  the  canonical  system,  which  does  not  involve  x, 
satisfies  the  equation 

(*,  #)  =  0 

identically  :  hence  the  combinant  of  H  with  any  such  integral  <f> 
leads  to  no  new  integral. 

Moreover,  when  the  function  H  in  the  canonical  system  does 
not  explicitly  involve  x  (which  corresponds  to  the  case  in  theo- 
retical dynamics  when  the  total  energy  of  the  dynamical  system 
is  constant),  the  combinant  of  H  and  of  any  integral  <f>  of  the 
canonical  system,  that  does  not  explicitly  involve  x,  vanishes 
identically  :  for  the  equation 

O,  #)=o 

is  then  satisfied  identically,  so  that  (<f>,  H)  provides  no  new 
integral.  Also,  with  the  same  supposition  concerning  H,  the 
integrals  of  the  canonical  system  can  be  so  taken  that  2n  —  1  of 
them  are  relations  among  the  variables  x1}  ...,  ir,,,^,  ...,pn,  and 
the  remaining  integral  can  be  taken  in  the  form 


where  a-0  is  an  arbitrary  quantity.     In  that  case,  the  equation 

(*,  H  )  4-  1  =  0, 

is  satisfied  identically  :  that  is,  (6,  H)  provides  no  new  integral. 
It  therefore  follows  that,  when  the  quantity  H  in  the  canonical 
system  does  not  involve  the  variable  x}  no  new  integral  can  be 
derived  by  combining  H  with  any  other  integral  of  the  system  : 
in  fact,  the  quantity  H  is  useless  for  any  combinant  construction 
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with  any  integral  <£  of  the  system  with  a  view  to  the  derivation 
of  new  integrals. 

It  thus  appears  that,  when  an  integral  of  the  canonical  system 
has  been  obtained,  no  new  integral  is  furnished  by  the  combiriant 
of  H  with  that  integral.  Clearly,  when  H  is  explicitly  inde- 
pendent of  the  variable  x,  it  furnishes  an  integral  of  the  system : 
but  it  is  not  the  only  integral  of  the  system  which,  under  the 
combinant  construction,  leads  to  evanescent  or  unfruitful  results. 
Indeed,  earlier  results  obtained  in  connection  with  the  develop- 
ment of  Jacobi's  second  method  in  Chapter  iv  shew  that,  when  any 
integral  of  the  canonical  system  of  equations  has  been  obtained, 
other  integrals  exist  such  that  their  combinants  with  the  given 
integral  provide  no  new  integral  but  only  an  evanescent  result. 
For  let  0  be  a  given  integral  of  the  system :  and  let  ^  denote 
some  other  integral,  distinct  from  H  in  case  H  should  not  involve 
x  explicitly :  then  (<£,  >Jr)  also  satisfies  the  equations  of  the 
system.  If  (<£,  -fy)  vanishes,  or  is  equal  to  a  pure  constant,  or  is 
not  functionally  independent  of  <j>  and  ty,  then  (<£,  i/r)  is  illusory  as 
providing  a  new  integral.  But  if  no  one  of  these  alternatives  is 
valid,  we  write 

(*,*)=*!, 

and  we  proceed  (as  in  §  62)  to  form  the  series  of  functions 
(</>,  ^i)  =  ^2,     (<t>,  'ty*)  =  y>»,  -•-,  (<k  •*lri-i)  =  ^i- 
Each  of  the  functions  i^,  ijr2,  ...  is  an  integral  of  the  canonical 
system  ;  and  the  set  of  such  functions,  that  are  independent  of  one 
another,  is  limited  in  number  because  the  canonical  system  is  of 
finite  order.     Accordingly,   we   may  assume   that   the   series   of 
functions,  derived  through  combination  with  <j>,  terminates  with 
yfrt :  the  termination  can  come  (§  62)  in  one  of  three  ways. 

(i)     If  ifyi  vanishes  identically,  then  i/ri_l  is  such  that 

fyt*-l)'-0l 

identically,  that  is,  ^^  is  an  integral  of  the  type  indicated, 
(ii)     If  fa  is  a  pure  constant,  say  c,  then 


so  that  as  i  is  greater  than  unity  (for  otherwise  A/T,  would  be  an 
integral  of  the  type  indicated),  then  ^_i  —  2c>/r{_2  is  an  integral 
of  the  type  indicated. 
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(iii)     If  tyi  is  a  function  of  the  integrals  that  occur  earlier  in 
the  series,  say  6,  then  any  integral  (say  W)  of  the  system 


is  such  that 

(*,*)  =  <>, 

identically:    and   so   ^   is    an   integral   of   the    indicated    type 
belonging  to  the  canonical  system. 

The  process  of  combination  is  thus  seen  to  provide  a  number 
of  integrals  :  but,  account  being  taken  only  of  integrals  that  are 
independent  of  one  another,  the  process  cannot  lead  to  all  the 
independent  integrals  because,  as  has  been  seen,  there  are 
integrals  which,  when  combined  with  a  given  integral,  lead  to 
an  illusory  result*.  We  shall  not  pursue  this  subject  further, 
and  shall  be  content  with  referring  the  reader  to  an  important 
memoir^  by  Bertrand. 

Ex.  Prove  that,  when  the  function  H  in  the  canonical  system  does  not 
explicitly  involve  x  and  when  an  integral  <£  other  than  H  is  given,  the 
complete  set  of  integrals  of  the  canonical  system  is  given  by 

ff=h,     </>=  constant, 
and  by 

(i)     an  integral  x,  not  explicitly  involving  x  and  such  that 

(<*>,*)=!, 

(ii)     an  integral  ^-,  where 

such  that 

(0,  *)=0, 

(iii)     other  2«-4  integrals  ai,   ...,  a2»_4,  explicitly  independent  of  x, 
such  that 

W>,a,-)  =  0, 

for  t  =  l,  ...  ,  2«  -  4.  (Bertrand.) 

*  Contrary  to  the  opinion  formed  by  Jacob!  according  to  which  it  can  be  seen 
"in  omnibus  problematibus  mechanicis  in  quibus  virium  vivarum  conservatio 
"locum  habet,  generaliter  e  duobus  integralibus  praeter  principium  illud  inventis 
"  reliqua  omnia  absque  ulla  ulteriore  integratione  in  veniri  posse  ":  Ges.  Werke,  t.  v, 
p.  49.  The  original  theorem  dne  to  Poissou  was  published  at  the  end  of  the 
year  1809  :  it  seems  that  Jacobi's  application  and  development  of  Poisson's  theorem 
were  made  about  1838. 

The  frequently  illusory  character  of  the  combinant  is  one  of  the  causes  which 
limit  the  number  of  the  general  algebraic  integrals  of  the  dynamical  problem  of  » 
bodies  to  the  classical  iutegrals:  see  vol.  m  of  this  work,  chapter  xvn. 

t  Liourille's  Journal,  t.  xvn  (1852),  pp.  393  —  436.  Other  references  will  be 
found  in  Graindorge's  treatise,  already  quoted. 
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CONTACT  TRANSFORMATIONS  AND  CANONICAL  SYSTEMS. 

155.  In  the  last  chapter,  it  was  seen  that  the  theory  of 
contact  transformations  could  be  applied  to  the  integration  of 
a  partial  differential  equation  :  and  it  has  also  been  seen,  from 
various  points  of  view,  that  the  integration  of  such  an  equation  is 
bound  up  with  the  integration  of  a  canonical  system  of  ordinary 
equations.  It  is  therefore  natural  to  suppose  that  the  theory  of 
contact  transformations  can  be  brought  into  relation  with  the 
integration  of  a  canonical  system. 

Let  the  canonical  system  be 

dxi  _  dH      dpi  _     dH 

dx      dpi  '     dx         dxi  ' 

for  i  =  1,  ...,  n\  and  suppose  that  H  does  not  explicitly  involve  x, 
Let  a  contact  transformation  be  given  which  passes  from  x1}  ...,xn, 
p1}  ...,pn  to  Xlt  ...,  Xn,  P!,  ...,  Pn>  such  that 

(X,,PM)=1, 
(Xm,X.)=0,     (Pm,P,)  =  0,     (Xm,P.)  =  Q, 

for  fjb  and  ra  =  1,  .  ..,  n,  with  unequal  values  of  ra  and  /*;  and  let 
it  be  applied  to  transform  the  canonical  system.  We  have 


j_        idXjdxm 
~ 


=i\dxm  dx      dpm  dx 


When   the   variables   in   H  are   transformed,   let   the   resulting 
quantity  be  denoted  by  K  ;  then 

(Xit  H)=2   \(Xt,  Xm)  If  +  (Xt,  PJ  1 

m=i  (  v^m  o 


on   account   of    the    properties   of    the    contact   transformation. 
Consequently,  we  have 

dx      dPi ' 
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and,  by  similar  analysis,  we  also  have 

dPi=_3K_ 

dx          dXi  ' 

Hence  the  contact  transformation  leaves  the  form  of  the  canonical 
system  unchanged.  But  this  is  not  the  limit  of  the  property  :  it 
is  easy  to  see  that  any  transformation,  which  leaves  the  form  of 
the  canonical  system  (supposed  perfectly  general)  unchanged,  is 
of  the  contact  type.  For  taking  any  transformation  from  a^,  ...,arn, 
Pi,  ...,pn  to  Z,,  ...,  Xn,  PJ,  ...,  Pn,  we  have 


if  H  '  be  the  value  of  H  after  transformation  has  been  effected, 
then 


m=l 

(P,,  H)  =  1     (Pf,  Xm)        +  (P<,  P.)      -   - 

m  =  l  (  V^m  V"m) 

If  the  new  form  of  the  equations  is  still  canonical,  the  former 

riff'  /)fff 

of  these  must  be   ^j^  ,  and  the  latter  must  be  —  ^~-  >  f°r  all 
ori  o2L  { 

values  of  i:    hence,  as  H  and  H'  are  supposed   quite   general 

functions,  we  must  have 

(Xm,Pm)=l, 

for  all  values  1,  ...,  n  of  ra,  and 

(Xt,  Xm)  =  0,    (Xit  Pm)  =  -  (Pm,  Xt)  =  0,    (P,-,  Pm)  =  0, 

for  all  unequal  values  1,  .  .  .  ,  n  of  i  and  m.  These  are  the  equations 
which  define  a  contact  transformation.  Therefore  a  canonical 
system  is  unchanged  in  form  by  a  contact  transformation;  and  every 
transformation,  which  conserves  the  form  of  a  quite  general  canonical 
system,  is  of  the  contact  type. 

There  is  an  immediate  practical  advantage  in  such  a  trans- 
formation, whenever  the  form  of  H  '  is  simpler  :  the  equations  may 
be  simpler  to  integrate. 

156.  In  the  next  place,  suppose  that  the  canonical  system  is 
of  the  form 

dxi  =  d£[      dpi=_djl 
dx      dpi  '     dx          dxi  ' 
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where  H  now  involves  x,  as  well  as  xl,  .  ..,  xn,  pl}  ...,pn.     In  this 
case,  we  have 

dH     dff 


dH 


hence  introducing  a  new  variable  p,  such  that 

©  =  H  +  p  =  constant  =  0, 
we  have 

dp  =  _dH_  _80 

dx          dx  dx  ' 

dx_  30 

dx~  dp  ' 

dxi_  dH._     8© 

dx  ~  dpi  -      dpi  ' 

d^  =  _  8#  =  _  8© 

dx          d^i         dxi  ' 

so  that  the  canonical  system  may  be  replaced  by  the  amplified 
system 

dx  _    dp    _  dxi       dpi 

80  "  ^8©  =  80  =  ^80  ' 

dp          dx      dpi          d&i 

for  i=l,...,n.  Now  take  a  contact  transformation  changing 
the  variables  from  x,  xl}  ...,  xn,  p,  p1}  ...,  pn  to  X,  Xlt  ...,  Xn, 
P,  P!,  ...,  Pn:  then  denoting  x,  p,  X,  P  by  ac0,  pv,  X0,  P0  for 
convenience,  we  must  have 

(7<,1><)-1, 
for  i  =  0,  1,  .  .  .  ,  n,  and 

(Xt,Xj)  =  0,    (P{,Pj)  =  0,    (Xi,Pj)  =  0, 

for  unequal  values  of  i  andj  from  the  series  0,  1,  ...,  n.  As  in  the 
earlier  case,  if  4>  be  the  transformed  value  of  0,  the  amplified 
canonical  system  can  be  replaced  by 

dX       dP       dXj       dPj 


__ 
dP      ~dX      Wi         dX{ 

for  i=  1,  ...,  m.     Let  <f>  =  0  be  resolved  so  as  to   express  P  in 
terms  of  X,  X1}  ...,  Xn,  Plf  ...,  Pn;  and  let  the  resolved  form  be 
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Then 


d®     83>  oK 

~  ' 


for  t=  1,  ...,  n.     The  preceding  system  can  now,  in  its  turn,  be 
replaced  by  the  equations 


dX~      d® 

dp 


_ 

dX~      93>~     dX{' 
dP 

for  t  =1,  ...,n,  which  again  are  a  canonical  system:  and  we 
also  have 

dp  _  _aar 

dX~     dX' 

It  thus  appears  that  a  contact  transformation,  applied  to 
a  canonical  system  even  when  the  function  H  involves  the 
variable  x,  changes  the  system  into  another  canonical  system. 

Conversely,  any  transformation  between  x,  xlt  ...,  xn,pl,  ...,pn 
and  X,  X1}  ...,  Xn,  P1}  ...,  Pn,  which  changes  a  canonical  system 

dxi_m      dpi__dH 

dx"dpi'     dx~      da-i'  '  ~"n)' 

where  H  involves  x  as  well  as  xl}  ...,  xn,  p^t  ...,  pn,  into  another 
canonical  system 

dXt_oK      dPt__W 
dX     dPi'    dX         dXi' 

is  a  contact  transformation  in  an  increased  number  of  variables. 
To  establish  the  result,  we  introduce  a  variable  p  such  that 


hence 


__ 

dx          dx  ' 
F.  v.  26 
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We  then  consider  any  transformation  which  changes  the  variables 
from  x,  p,  xlt  ...,  xn,pi,  •••,  pn  to  X,  P,  Zlf  ...,  Xn,  P1}  ...,  Pn; 
and,  for  convenience,  we  write  ac0,  p0,  X0,  P0  for  x,  p,  X,  P  respec- 
tively. Then 

dXi  dXjdxm     dXjdpm 


dx      n^odxm  dx      dpm  dx 


=  (Xt,  0) 


i,  Xm) 


for  i  =  0,  1,  .  .  .  ,  m  ;  and  similarly 


Let  ©  =  0,  after  substitution  has  been  made  for  p  and  in  H,  be 
resolved  so  as  to  express  P0  in  terms  of  X0,  X1}  .  .  .  ,  Xn,  Pl}  .  .  .  ,  Pn  ; 
let  the  resolved  equivalent  be 


where  K  is  a  function  of  X0,  X1}  ...,  Xn,  P1(  ...,  Pn;  then 
9©       80  dK 


for  //,  =  0,  1,  . . . ,  ?w,  and 


80 


dK 


for  //,  =  1,  .  .  .  ,  w.     Then,  for  i  =  1,  .  .  .  ,  m,  we  have 
dXi     dX0 


90 
<,  Pm)  ~-p- 


dX       dx    "    dx 


P  \  r 

>  •*  m}  o 


,  X0)  ^y+   2    \(Xi>  Xm); 
v-A*      m  =  l  I  ' 


+(X   P  }  dK\ 
+  (Ai,  Jrm)^p-> 

0*  m) 


2,    \(X0, 


dK} ' 
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and 


d X  ,  -rr        -rr  x  f)K.  Ji       (  /  -rr         -rr     x    9-tt  .  T.         -„     .      5zL     ] 


We  are  in  quest  of  transformations  which  will  make  the  new 
system  canonical,  and  therefore  the  transformed  equations  should 

be  of  the  form 

dXi_cJf      dPj_     dK 
dX~dP{'    dX~      dXi' 

for  i  =  1,  .  .  .  ,  m.    Hence,  in  order  that  the  preceding  equations  may 
be  of  this  type,  we  take 


where  a  is  a  constant  :  and  the  conditions,  necessary  and  sufficient 
for  the  purpose  when  the  system  is  of  the  most  general  type,  are 

(X.,  P0)  =  (Xl,  PO-  ...  =(Xn,  Pn), 
(Xi,Xj)  =  0,    (Pi,Pj)  =  0,    (PifZ,)  =  0, 

for  unequal  values  of  i  and  j  from  the  series  0,  1,  ...,  m.  These 
equations  are  characteristic  of,  and  define,  a  contact  transformation 
in  the  increased  aggregate  of  variables.  Moreover, 


dX      dx       dx 


Consequently,  even  when  the  function  H  in  the  general  canonical 
system 


dx      dpi  '     dx  dxi  ' 

involves  the  variable  x,  any  contact  transformation  of  the  amplified 
system  leads  to  a  new  canonical  system  ;  and  every  transformation, 
which  transforms  one  canonical  system  of  the  most  general  type  into 
another,  is  a  contact  transformation  in  the  increased  number  of 

variables. 

157.  But  it  may  be  asked  whether  a  contact  transformation, 
involving  only  the  variables  xlf  ...,^.^1,  --^Pn,  will  transform 
one  canonical  system  into  another  when  H  involves  the  variable  x  ; 
it  is  easy  to  see  that  such  a  transformation  is  possible  and  that  it 

26—2 
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is,  in  fact,  a  special  case  of  the  contact  transformation  in  the 
amplified  number  of  variables.    To  verify  this  statement,  we  make 


then,  as  (X0,  P0)  is  unity,  we  have 
(X1,P1)  =  l,  ..., 
Now  the  equations 

(X0iX()  =  0,    (X0,P,)  =  0, 
give 


dp0  dp0  dx0  dxa 

and  therefore  the  other  equations  are 

fjr    PW  v   i^8P*      8^;  SPA 

(-At,  -t  i)  —     2*    I  -^         ^  ^          o  —  1, 

m=i  Vo^m  opm      9^)m  daw 
for  *  =  1,  ...,  TI:  also 

_  _ 

- 


These  equations  clearly  define  a  contact  transformation  between 
Xl}  ...,  Xn,  Pj,  ...,  Pn  and  xl}  ...,  xny  plt  ...,  pn  alone:  and 
they  give  a  special  case  of  the  contact  transformation  in  the 
amplified  number  of  variables  conserving  the  form  of  the  canonical 
system. 

158.  Returning  now  to  the  canonical  system  of  equations  in 
the  simpler  form  in  which  the  quantity  H  does  not  involve  the 
independent  variable  of  the  system  explicitly,  and  denoting  that 
variable  by  t,  we  have  the  system  in  the  form 

dxi  _  dH         dpi  _     dH 

dt  ~  dpi  '         dt  ~      dxi  ' 

for  i  =  1,  ...,  n.  Here,  H  is  the  total  energy  of  the  system  and  it 
remains  constant  throughout  the  motion  ;  and,  with  the  variables 
adopted  for  the  construction  of  the  canonical  system,  H  is  a 
function  of  xly  ...,«•„,  p1}  .  ..,  pn  alone. 

We  have  seen  that  the  most  general  form  of  infinitesimal 
contact  transformation  is  given  (§  129)  by 

Bz  =  e£,     Sxi  =  €&,     Bpi  =  €7r4-,      (i  =  1,  .  .  .  ,  n), 
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where 

dU  dU 


U  denoting  any  arbitrary  function  of  xlt  .  .  .  ,  xn,  plf  .  .  .  ,  pn,  z.  Let 
U  be  chosen  so  as  not  to  involve  z  explicitly  :  then  the  equations 
become 


or,  on  writing  e  =  8t,  the  equations  of  the   infinitesimal  contact 
transformation  may  be  taken  in  the  form 

dxf_dU       dpi__dU 
dt      dpi  '      dt          dxi  ' 
for  i=l,  ...,  n. 

It  therefore  follows  that  the  equations  of  the  canonical  system 
are  the  equations  of  an  infinitesimal  contact  transformation,  applied 
to  the  variables  of  the  system  and  derived  from  the  energy  H  of 
the  originating  system  ;  and  therefore  the  changes  in  the  variables 
of  the  system  can  be  regarded  as  the  changes  caused  by  the 
continued  application  of  the  infinitesimal  contact  transformation 
derived  from  the  energy  of  the  system.  It  is  known,  from  the 
theory  of  groups  of  transformations,  that  the  infinitesimal  contact 
transformations  determine  uniquely  the  finite  contact  transform- 
ations of  which  they  are  the  infinitesimal  expression  :  moreover, 
what  is  the  equivalent  of  this  proposition  for  the  present  purpose, 
we  have  shewn  that  a  finite  contact  transformation  conserves  the 
form  of  the  canonical  system.  Hence,  if  we  denote  the  values  of 
the  variables  of  the  canonical  system  at  any  epoch  t0  by  «i,  ...,  an> 
&>  •••>  ftn,  and  their  values  at  the  epoch  t  by  Xlt  ...,  Xn,  Pl}  ..., 
Pn,  there  is  a  contact  transformation  between  X1}  ...,  Xn,  P1}  ..., 
Pn  and  «!,...,  On,  ft,  ...,  j3n;  and  therefore  the  variables  of  the 
canonical  system  change  continuously  from  their  initial  values 
under  the  continuous  domination  of  the  infinitesimal  contact  trans- 
formation determined  by  the  energy. 

This  result  includes  the  properties  established  by  Bertrand* 
as  regards  canonical  constants;  for  the  equations  defining  these 
canonical  constants  are  the  equations  expressing  the  contact  trans- 

*  Liouville,  t.  xvn  (1852),  pp.  393  et  seq. 
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formation  between  a1}  ...,  aw,  @lt  ...,  ftn  and  xl}  ...,  xn,  plt  ...,  pn, 
viz. 

(Of,  &)=!, 

(af,o,-)  =  0,     (a,,  £,-)  =  <),     (/3»,^)  =  0, 
for  t  and  j=  1,  ...   w,  with  unequal  values  of  i  andj. 

This  stage  will  mark  the  limit  of  our  discussion  of  the  canonical 
equations  of  theoretical  dynamics.  Their  detailed  properties  con- 
stitute a  subject,  distinct  in  many  of  its  developments  from  the 
theory  of  partial  differential  equations ;  for  a  fuller  discussion, 
reference  may  be  made  to  the  authorities  quoted  at  the  beginning 
of  the  chapter. 


CHAPTER   XI. 

SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  ORDER. 

THE  present  chapter  is  a  discussion  of  systems  of  simultaneous  partial 
equations  of  the  first  order,  the  number  of  equations  being  the  same  as  the 
number  of  dependent  variables.  The  operation  of  integrating  such  equations 
is  an  inverse  operation  of  class  greater  than  unity  in  general,  that  is,  it  cannot 
generally  be  resolved  into  operations  of  the  first  order  such  as  the  integration 
of  a  number  of  ordinary  equations  each  of  the  first  order.  General  inverse 
operations  of  class  greater  than  unity  cannot  be  performed  in  finite  terms,  in 
the  present  state  of  analysis ;  those  particular  inverse  operations,  which  can 
be  resolved  into  operations  of  the  first  order,  can  however  be  performed,  in 
the  sense  of  the  methods  given  in  some  of  the  preceding  chapters.  Naturally, 
the  simultaneous  partial  equations  involving  several  dependent  variables, 
which  can  be  integrated  by  these  resoluble  operations,  are  subject  to  corre- 
sponding limitations  as  regards  generality  of  form :  and  consequently,  owing 
to  this  somewhat  particularised  character,  the  theory  of  these  equations  is 
not  so  fully  discussed  here  as  has  been  the  theory  of  equations  in  a  single 
dependent  variable. 

The  subject  appears  to  have  been  considered  first*  by  Jacobi :  as  presented 
in  this  form,  further  developments  of  Jacobi's  theory  are  given  by  Natanit, 
and  ZajacrkowskiJ. 

A  different  presentation,  and  a  completely  different  class  of  equations, 
occur  in  Hamburger's  treatment  §  ;  cognate  investigations  have  been  effected 
by  Konigsbergeri!,  who  also  deals  with  the  existence-theorem  for  a  set  of 
equations,  the  number  of  which  is  equal  to  the  number  of  dependent 
variables;  and  Hamburger's  method  has  been  extended  by  von  WeberlT  to 
the  case,  when  the  number  of  equations  is  greater  than  the  number  of 
dependent  variables. 

*  Get.  Werke,  t.  iv,  pp.  3—15. 

t  Die  hohere  Analysis,  pp.  339 — 341. 

+  Gruntrt's  Archit,  t.  LVI  (1874),  pp.  163—174. 

§    Crelle,  t.  LXXXI  (1876),  pp.  243—280,  16.,  t.  xcm  (1882),  pp.  188—214. 

y    Crelle,  t.  en  (1892),  pp.  261—340;  Math.  Ann.,  t.  xu  (1893),  pp.  260—285. 

T  Crelle,  t.  cxnn  (1897),  pp.  123—157. 
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A  class  of  equations,  the  number  of  which  is  an  exact  multiple  of  the 
number  of  dependent  variables  involved,  has  been  considered  by  Konig* :  an 
account  of  his  method  and  of  his  results  is  given  in  the  course  of  the  chapter. 

Hamburger  has  shewn  that  it  is  possible  to  apply  the  method  to  partial 
differential  equations  of  the  second  order  and  of  higher  orders  in  one  dependent 
variable  and  two  independent  variables.  The  subsidiary  equations  obtained 
as  ancillary  to  the  integration  have  substantial  similarity  with  those  obtained 
in  the  method,  devised  by  Darboux  for  the  integration  of  such  equations 
and  developed  by  Speckman  and  others.  Accordingly,  an  account  of 
Hamburger's  application  of  his  method  to  the  integration  of  equations  of  the 
second  order  and  of  higher  orders  will  not  be  considered  in  this  chapter  but 
will  be  deferred  until  the  stage  when  such  equations  are  being  generally 
considered. 

It  may  be  added  that  some  of  the  geometrical  properties  that  can  be 
associated  with  the  simplest  case,  viz.  when  there  are  two  dependent  variables 
and  two  independent  variables,  are  considered  by  Backlund  t.  As  the  processes 
of  integration  in  this  chapter  are  only  applicable  to  limited  classes  of  equations, 
these  geometrical  associations  are  not  discussed  in  this  connection :  moreover, 
they  belong  more  properly  to  the  theory  of  equations  of  higher  orders  and, 
like  the  extension  of  Hamburger's  method  to  such  equations,  they  also  will 
be  deferred  for  consideration  in  connection  with  that  theory. 

159.  The  investigations  in  the  preceding  chapters  have  been 
concerned  with  the  integration  and  the  general  theory  of  partial 
differential  equations  involving  only  a  single  dependent  variable ; 
no  restriction  was  laid  upon  the  number  of  independent  variables ; 
and,  when  more  than  a  single  equation  occurred,  the  conditions 
necessary  and  sufficient  to  secure  coexistence  were  obtained.  It 
was  shewn  how  to  deduce,  from  a  complete  integral,  other  classes 
of  integrals  of  various  types :  the  aggregate  of  these  classes  was 
completely  comprehensive  for  some  types  of  equations  and  largely 
so  (the  exceptions  being  the  special  integrals)  for  the  remainder. 
The  construction  of  the  complete  integral  was  made  to  depend 
upon  the  integration,  complete  or  incomplete,  of  a  simultaneous 
system  of  ordinary  equations,  formed  from  the  partial  differential 
equations :  the  integration  required  depends,  in  practice,  solely 
upon  the  possibility  of  actually  effecting  general  inverse  processes 
of  the  first  order.  Speaking  broadly,  we.  may  say  that  the  theory 
of  partial  differential  equations  of  the  first  order  in  a  single 
dependent  variable  can  be  considered  a  known  theory. 

*  Math.  Ann.,  t.  xxm  (1884),  pp.  520— 52G. 

t  Math.  Ann.,  t.  xvn  (1880),  pp.  285—328;  ib.  t.  xrx  (1882),  pp.  387—422. 
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The  problems  which,  in  scale  of  difficulty,  lie  next  to  that  of 
partial  differential  equations  of  the  first  order  in  a  single  dependent 
variable,  are  obtained,  on  the  one  hand,  by  increasing  the  number 
of  dependent  variables  and  keeping  the  equations  still  of  the  first 
order,  and  on  the  other  hand,  by  taking  equations  of  a  higher  order 
than  the  first,  still  in  a  single  dependent  variable. 

As  concerns  partial  differential  equations  of  the  second  order 
(and  of  higher  orders)  in  a  single  dependent  variable,  there  is 
a  considerable  body  of  theory :  moreover,  the  frequent  occurrence 
of  such  differential  equations,  in  subjects  such  as  geometry  and 
many  of  the  developed  branches  of  mathematical  physics,  has  led  to 
the  discussion  of  detailed  properties  of  particular  equations  which, 
once  known,  have  pointed  the  way  to  further  developments  of  the 
general  theory. 

But  as  concerns  sets  of  partial  differential  equations  of  the  first 
order  in  several  dependent  variables,  when  these  sets  are  not  the 
equivalent  of  a  single  equation  of  higher  order  in  a  single  dependent 
variable,  the  amount  of  finished  theory  that  has  been  obtained 
is  comparatively  slight.  Thus,  when  the  number  of  equations 
is  equal  to  the  number  of  dependent  variables  and  when  these 
equations  have  a  special  form  which,  among  other  limitations,  is 
linear  in  the  derivatives,  it  is  known  (§§  9 — 14)  that  integrals  of 
the  equations  do  exist,  satisfying  assigned  conditions  of  a  given 
type.  But  when  there  is  a  question  of  constructing  an  integral 
in  some  form  other  than  a  multiple  power-series  as  it  occurs  in 
the  establishment  of  the  existence-theorem,  methods  even  only 
theoretically  effective  for  the  purpose  have  been  devised  solely  for 
very  restricted  classes  of  systems  of  equations.  Accordingly,  before 
passing  to  equations  of  higher  order  in  a  single  dependent  variable, 
we  shall  deal  with  systems  of  equations  of  the  first  order  in  several 
variables,  so  as  to  indicate  such  general  methods  and  results  as 
have  been  obtained. 

As  in  the  early  stages  of.  the  development  of  the  theoiy  of 
equations  of  the  first  order  in  a  single  dependent  variable,  some 
indications  of  results,  which  may  be  expected  to  hold  frequently 
in  simple  cases  though  far  from  universally,  can  be  obtained  by 
proceeding  from  a  set  of  integral  equations.  Let  the  independent 
variables  be 
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and  the  dependent  variables  be 


then  the  m  dependent  variables  will  be  given  by  m  integral 
equations.  These  equations  may  contain  a  number  of  arbitrary 
constants:  let  this  number  be  N,  and  suppose  that  these  are 
essential  constants,  so  that  they  cannot  be  expressed  by  a  number 
smaller  than  N. 

When  the  first  derivatives  of  these  equations  are  formed,  by 
differentiating  with  respect  to  the  independent  variables  in  turn, 
and  are  associated  with  the  integral  system,  the  total  number  of 
equations  then  possessed  is  m  (n  +  1).  Suppose  that  all  the 
arbitrary  constants  can  be  eliminated  and  that  no  peculiarities* 
occur  during  the  processes  of  elimination;  then  the  number  of 
differential  equations  of  the  first  order,  emerging  after  the  elimi- 
nation, is  m  (n  +  1)  —  N.  If  these  differential  equations  are  to  be 
conceived  as  capable  of  determining  the  m  dependent  variables, 
their  number  cannot  be  less  than  m  ;  hence 

m(n  +  1)  —  N  ^  m, 
that  is, 


thus  giving  an  upper  limit  for  N. 

If  N  =  m  (n  +  1  —  r),  where  1  <  r  ^  n,  and  if  the  same  suppo- 
sitions be  made  concerning  the  integral  system  in  the  passage  to 
the  differential  equations,  the  number  of  emerging  differential 
equations  is  rm. 

But  conversely,  unless  conditions  equivalent  to  the  reversibility 
of  the  preceding  process  are  satisfied  by  a  given  system  of  simul- 
taneous equations,  it  does  not  follow  that  their  integral  is  of  the 
assumed  initial  form  :  indeed,  if  the  number  of  equations  in  the 
simultaneous  system  be  greater  than  the  number  of  dependent 
variables,  it  does  not  follow  that  the  system  possesses  any  integral 
at  all.  In  order  that  the  equations  in  such  a  system  may  coexist, 
conditions  will  have  to  be  satisfied. 

*  Such,  for  instance,  as  occur  when  a  partial  differential  equation  in  a  single 
dependent  variable  is  thus  constructed  from  its  general  integral  which  may  contain 
any  number  of  arbitrary  constants.  The  supposition,  adopted  in  the  face  of  such 
an  instance,  is  enough  to  destroy  any  confidence  as  to  more  than  possibility  in  the 
inferences  that  can  be  drawn. 
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KONIG'S   COMPLETELY   INTEGRABLE   EQUATIONS. 

160.  The  conditions  just  indicated  can  be  set  out  in  the  case 
of  certain  classes  of  equations  of  simple  types  :  one  such  class  is 
discussed*  by  Konig.  Let 


for  i  =  1,  .  .  .  ,  77i,  and  j  =  I,  .  .  .  ,  n  :  suppose  that  the  system  contains 
rm  equations  and  that  they  can  be  resolved  so  as  to  express  the 
derivatives  of  the  m  dependent  variables  with  regard  to  one  and 
the  same  set  of  r  independent  variables,  in  terms  of  the  remaining 
quantities  of  the  system.  Let  these  r  independent  variables  be 
Xi,  ...,  xr\  then  the  rm  equations  may  be  taken  in  the  form 

Pf=/«. 

for  i  =  l,  ...,  in,  and  j  =  1,  ...,  r;  the  arguments  of  fy  are  the 
variables  x1}  ...,  xn,  z1}  ...,  zm,  and  also  the  derivatives  p^,  where 

\=1,  ...,ra,     p  =  r+l,...,n. 
Then  Konig's  theorem  is  as  follows  :  — 

When  appropriate  formal  conditions  are  satisfied,  the  system  of 
equations 

PH=fij 

possesses  an  integral  equivalent  zlt  ...,  zm  such  that,  when  initial 
values  Cj,  ...,  cr  are  assigned  to  xI}  ...,  xr  respectively,  the  functions 
z\,  •--,  Zm  become  functions  of  xr+1,  ...,  xn,  which  are  regular 
functions  in  a  certain  domain  and  otherwise  can  be  arbitrarily 
assigned. 

Denote  by  Sj  the  aggregate  of  the  m  differential  equations  in 
which  the  second  suffix  is  j  ;  and  let  2j  denote  the  set  made  up  of 
the  aggregates 

Sj,    $j+i,     ...,    Sr. 

Consider  the  aggregate  Sr:  it  contains  no  derivatives  with 
regard  to  xly  ...,  xr_l,  which  therefore  may  be  regarded  as  para- 
meters during  processes  of  integration.  It  thus  is  a  system  of  m 
equations  involving  the  m  dependent  variables  and  the  n  -  r  -J-  1 
independent  variables  xr,  xr+l,  ...,  xn;  and  it  is  resolved  with 
respect  to 


*  Math.  Ann.,  t.  xxm  (1884),  pp.  520—526. 
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It  thus  is  of  the  class  to  which  Madame  Kowalevsky's  proof  of 
Cauchy's  existence-theorem  can  be  applied,  if  the  formal  condi- 
tions imposed  for  the  theorem  are  satisfied.  Assuming  that 
these  conditions  are  satisfied,  the  system  possesses  a  set  of 
integrals  zlt  ...,  zm  which,  when  xr  =  cr,  become  assigned  functions 
of'acr+1,  ...,  xn,  taken  to  be  regular  in  a  definite  domain  and  other- 
wise arbitrarily  assigned.  The  variables  xl  ,  ...,  xr_^  are  parametric 
throughout  ;  the  integrals  of  the  aggregate  Sr  are  a  set  of  functions 
satisfying  the  conditions  assigned  in  the  theorem  as  stated,  when 
we  make  xl}  ...,  #r-i  equal  to  c1;  ...,  cr_,. 

Next,  consider  the  aggregate  of  equations  represented  by  $,._!  : 
it  contains  no  derivatives  with  regard  to  xl}  ...,  xr_z,  xr,  which 
therefore  may  be  regarded  as  parameters  during  processes  of 
integration.  It  is  a  system  of  ra  equations  in  the  m  dependent 
variables  and  the  n  —  r+I  independent  variables  av_l5  xr+1  ,  ...,  xn; 
and  it  is  resolved  with  respect  to 


OtX/f  _  ]  030  /f  _  j 

Applying  Cauchy's  existence-theorem  to  this  system,  on  the 
assumption  that  the  formal  conditions  are  satisfied,  we  infer  that 
the  system  possesses  a  set  of  integrals  z1}  .  ..,  zm  which,  when 
av_i  =  cr-\  ,•  become  the  assigned  functions  of  xr+l,  ...,  xn.  The 
variables  xlt  ...,  #v_2,  xr  are  parametric  throughout:  the  integrals 
of  the  aggregate  Sr-!  are  a  set  of  functions  satisfying  the  conditions 
assigned  in  the  theorem  as  stated,  when  we  make  #,,  ...,  #<V-2»  xr 
equal  to  cl}  ...,  cr_2,  cr. 

And  so  on,  for  each  of  the  aggregates  in  turn  :  in  the  case  of 
each  of  them,  we  obtain  a  set  of  integrals  which  satisfy  the 
initial  conditions  assigned  in  Kb'nig's  theorem  as  stated. 

But  though  the  integrals  of  the  aggregate  $r_i  satisfy  the  same 
initial  conditions  as  the  integrals  of  the  aggregate  Sr,  it  does  not 
follow  that  they  are  the  same  functions  of  the  variables;  and, 
d  fortiori,  it  does  not  follow  that  the  integrals  of  the  aggregate  Sj 
are  integrals  of  all  the  succeeding  aggregates,  that  is,  are  integrals 
of  the  set  2,-. 

It  may  however  happen  that  the  integrals  determined  for  the 
aggregate  Sj  are  integrals  for  the  set  2j.  When  this  is  the  case 
for  all  values  of  j  and,  in  particular,  for  j=1,  it  is  clear  that  the 
original  system  of  equations  possesses  a  set  of  integrals  with  the 
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properties  stated  in  the  theorem.  In  that  case,  the  system  is 
said  to  be  completely  integrable:  it  will  therefore  be  necessary 
to  determine  the  conditions  which  are  necessary  and  sufficient 
to  secure  the  complete  integrability  of  the  system. 

161.  We  have  assumed  that  the  formal  conditions,  which 
justify  the  application  of  Cauchy's  theorem,  are  satisfied.  These 
conditions  relate  to  the  form  of  the  functions  fa,  and  require  those 
functions  to  be  regular  within  a  domain,  which  belongs  to  the  values 
d,  ...,  cr  of  #a,  ...,  xr  and  to  initial  values  assignable  at  will  to 
av+i,  ...,  xn:  it  is  within  such  a  domain  that  the  functions, 
postulated  in  the  initial  conditions,  are  regular.  Moreover,  the 
determination  of  zl}  ...,  zm,  for  any  aggregate  Sj,  as  regular 
functions  of  the  variables  is  unique  under  the  assigned  initial 
conditions;  so  that  integrals  are,  or  are  not,  possessed  by  the 
system  in  accordance  with  the  initial  conditions  according  as,  for 
all  values  of  j,  the  integrals  of  the  aggregate  Sj  are,  or  are  not, 
integrals  of  the  set  2j+i.  And,  in  particular,  it  is  sufficient,  in 
order  to  secure  that  the  integrals  of  the  aggregate  Sj  are  the  same 
as  the  integrals  (if  any)  of  the  set  2j+1,  that  the  integrals  of  Sj 
should  satisfy  the  equations  in  the  set  2,-+1. 

The  conditions  of  complete  integrability  are  therefore  such 
that  the  integrals  of  Sj  should  satisfy  the  equations  in  2j+1,  for  all 
values  1,  ...,  i  —  1  of  j.  In  order  that  the  integrals  of  Sj  may 
satisfy  the  equations  in  the  set  2j+i,  it  is  necessary  and  sufficient 
that,  when  they  are  substituted  in  those  equations,  they  should 
make  each  of  the  equations  an  identity.  Let  E  =  0  be  any  one  of 
the  equations  in  the  set  2,-+1,  thus  made  an  identity  :  then  we  have 


in  virtue  of  those  integrals  and  of  the  equations  of  the  system. 
Now  in  Sj  and  2,-+1  there  are  no  derivatives  with  regard  to 
xl  ,  ...,  #j_!  ;  consequently,  the  conditions 


can   be   held   over   for  consideration  with   the   aggregates 
(Sj_2,  ...,  $!  respectively.     Also,  the  conditions 
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can  be  regarded  as  satisfied,  on  the  hypothesis  that  S,-+1  possesses 
integrals ;  and  therefore,  at  the  stage  of  considering  whether  the 
integrals  of  Sj  satisfy  the  equations  in  the  set  2/+i,  it  is  sufficient 
to  take  the  conditions 

|?_o, 

where  E  is  any  equation  of  the  set  2j+1.  These  conditions  must 
be  satisfied  in  virtue  of  the  equations  of  the  system :  and  they  are 


_  0 


for  i  =  1,  .  .  .  ,  n,  and  a=j+1,  ...,  r. 

Now,  when  the  integrals  are  substituted,  we  have 


Here 


and 


_ 

dxa      dxj  ' 


while 
hence 


dx.. 


_p.  ,  p»OT     , 

—  X  --  r     ^v    ^         A'Au  T 

-1 


(T=lT=r+1 


v  ,  «  /-     ,  y 

T    **     ^  -    /  Aa  T     -^  •* 

a         A=l  9^A  p  =  l  M  =  r  + 


m      m          n        ^f.. 

+  2    2      2     p 

A  =  l  p  =  l  /*  =  r+l  OjPpM 


m          n          m         n 


, 
-f- 


er  =  l  T=r+l 
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Similarly, 

dfu     a/*  ,    S  9/i.  f    ,    *      v     3/fa  3/d 

-j  —  =  ^  --  r     **  5  -   /A;  T     •£  •£ 


m       n  n         fif.      f)f  . 

+  222    j^%* 

X  =  l  p=l  |i  =  r+l  0R*«  W*A 


••'»»»        rtf.     ?)f  . 
^          ^          ^         ^         0/ui    OJpj 

~r    —i        z<        -~       4*      _         _ 
p  =  l  M  =  r+l  a=l  r=r+l  qPf*  <?P*» 


Consequently,  as  our  condition  is 

dA'     rf/-°  =  Q 
(ir0      rfj?j 

we  have 


p=i  M=r 

2      i 

-|-    .i          Z, 

P=i  M=r 
k5      v      1      I 

-f-  z*       —       ^<       z< 
P=l  ^=r+l  <r=l  r=r+l 

Now 


while  p  and  T  =  r  +  1  ,  .  .  .  ,  /?  in  the  last  summation  ;  and  the 
preceding  condition  is  to  be  satisfied,  either  identically  or  in 
connection  with  the  equations  of  the  original  series 


for  i=l,  ...,  m,  and  j=l,  ...,  r.  The  quantities  fy  involve  the 
quantities  p^,  par,  but  they  do  not  involve  sjj—J  and  no  deriva- 

tives of  the  equations  in  the  original  system  involve  only 
derivatives  of  par  for  T  =  r  +  l,  ...,  n,  with  respect  to  arM  or  only 
derivatives  of  pf(L,  for  p  =  r+I,  .  .  .  ,  TI,  with  respect  to  XT,  because 
such  derivatives  of  the  equations  would  introduce  derivatives  of 
p<ra,  where  a  is  less  than  r  +  1.  The  preceding  condition  therefore 
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must  be  satisfied  without  the  assistance  of  the  equations  of  the 
original  system  :  and  therefore  the  relations 


P=I  ,i= 


df-  df        df- 
+  S     2      2  -I  (  a  —  -—  — )  »x  J-  =  0 

P=I  /*=» 
and 


the  latter  relation  arising  from  the  combination  of  the  coefficients 
of  the  equal  quantities  J-^  and  ^-^.  must  be  satisfied  identically. 

£/#?  C7#? 

/*  "*" 

The  first  of  these  identical  relations  holds  for 

The  second  of  these  identical  relations  holds  for 

a=j+  1,  ...,  r;     i  and  a-  —  1,  ...,  m; 
fj,  and  r  =  r  +  l,  ...,  n; 

the  subscripts  //,  and  T  may  have  the  same  value,  in  which  case 
there  is  a  superfluous  factor  2 ;  or  they  may  have  different  values, 
and  then  only  the  pair  of  values  from  the  series  r  + 1,  ...,  n  need 
be  taken.  Lastly,  as  a  is  greater  than  j,  the  preceding  tale  of 

relations  holds  for 

j  =  l,  ...,  r-  1. 

Note  1.     There  are  three  extreme  cases. 

(i)  Let  r  =  1 :  there  is  no  possible  value  of  j,  and  so  there  are 
no  conditions.  In  this  case,  we  have  a  system  of  m  equations  in 
m  dependent  variables :  they  are  of  the  form 

OZi  .  OZy  .  VZ1n  , 

where  <£1}  ...,  <f>m  involve  all  the  variables  and  all  the  derivatives 
except  those  on  the  left-hand  sides  of  the  equations.  It  is  clear 
that  such  equations  can  coexist  without  the  necessity  of  submitting 
<£j ,  . . . ,  </>m  to  conditions. 
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(ii)     Let  m  =  1,  so  that  there  is  a  single  dependent  variable : 
the  system  of  equations  is 

Pi  =f}(z>  x*>  •"'  x>»  Pr+i*  •->  P*)> 

for  j=l,  ...,  r,   and   thus   it   belongs   to   the  type  of  Jacobian 
systems. 

The  first  set  of  conditions  is 


cz 

««       I  v/i  I  v/a. 
+     2     \^-  Ur- 


for  a  =  l,  ...,j  — 1,  and  j  =  l,  ...,  r;   and  the  second  set  of  con- 
ditions, being 

^r\  + 1/*'   °\  =  0, 


is  evanescent.  The  aggregate  of  these  conditions  constitutes  the 
aggregate  for  a  complete  Jacobian  system. 

(iii)     Let  r  =  n,  so  that  there  is  a  system  of  mn  equations  of 
the  form 

P\j  =Jij  \Pi*  •••>  zmy  x\>  •'•)  &n)) 

for  1=1,  ...,  m,  and  j  =  1,  ...,  n.  As  the  functions  f^  involve  no 
derivatives,  the  second  set  of  conditions  does  not  appear  ;  and  the 
first  set  becomes 


for  i  =  1,  .  .  .  ,  m  :  a  =  1,  .  .  .  ,  j  —  1  ;  and  j  =  1,  ...,n.    This  is  Mayer's 
system  of  completely  integrable  equations*. 

Note  2.     The  first  set  of  conditions  is  sufficient  to  secure  that 

dz- 

^  =  Pij>  for  1  =  1,  ...,  m,  andj=l,  ...,  n; 


and  the  second  set  of  conditions  is  sufficient  to  secure  that 


for  i  =  l,  .  .  .  ,  m  ;  p.  and  r  =  r  +  1,  .  .  .  ,  n. 

*  They  are  discussed  fully  in  vol.  i  of  this  work,  §§  34  —  42. 
p.  v.  27 
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162.  Suppose  that  all  the  conditions  for  complete  integrability 
are  satisfied ;  then  the  theorem  is  established,  according  to  which 
the  completely  integrable  system  of  rm  equations  possesses  a 
set  of  integrals  zl}  ...,  zm;  when  xl}  ...,  xr  are  made  equal  to 
GI,  ... ,  cr,  these  integrals  become  functions  of  acr+1,  ...,  xn  which, 
subject  solely  to  the  condition  of  being  regular  within  an  assigned 
domain,  may  be  arbitrarily  assumed.  As  already  stated,  it  is 
necessary,  in  addition  to  the  conditions  for  complete  integrability, 
that  the  quantities  fy  should  be  regular  functions  of  their  argu- 
ments within  the  domains  considered. 

Moreover,  the  argument  shews  that,  in  order  to  obtain  the 
integrals  required,  it  is  necessary  to  integrate  an  aggregate  of 
in  equations.  In  practice,  instead  of  beginning  with  a  selected 
aggregate,  it  is  convenient  to  effect  Mayer's  transformation  adopted 
(§  43,  Note  1)  for  a  complete  Jacobian  system  in  a  single 
dependent  variable.  For  this  purpose,  we  write 

•BI  =  y\  > 

#2  -  a2  =  (2/j  -  Oi)  2/2, 


xr  -  ar  =  (?/!  -  a,)  yr, 
leaving  the  other  variables  unaltered  :  then,  taking 


for  i  =  l,  ...,  m,  and  j  =  1,  ...,  r,  we  have  an  equivalent  set  of 
equations  in  the  form 

P'ti  =fii 


for  p  =  2,  .  .  .  ,  r,  and  i  =  l,  ...,  n.     The  first  aggregate  is 

p'ii  =  ffn, 

for  i  =  l,  ...,n:  suppose  it  possible  to  obtain  a  set  of  integrals  of 
this  set  of  m  equations  such  that,  when  ya  =  a,,  the  integrals  become 
functions  of  xr+1,  ...,  xn  only.  These  integrals  satisfy  the  other 
equations,  by  the  preceding  argument  :  and  as  regards  initial  con- 
ditions for  those  equations,  we  see  that 

p'ip  =  0,  (p=  2,  ...,*•), 

when  yl  =  Oj,  that  is,  when  yl  =  a1,  the  integrals  are  not  to  involve 
y^  .  .  .  }  yn  —  a  set  of  conditions  actually  satisfied  by  the  form  of  the 
functions  assigned  to  the  integrals  when  yi  =  al. 
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Hence  the  integration  of  a  set  of  rm  completely  integrable 
equations  of  the  resolved  type  indicated  can  be  effected,  if  the 
integration  of  a  set  of  only  m  equations  of  that  resolved  type  can 
be  effected. 

DIFFERENT  KINDS  OF  INTEGRALS:  THEIR  RELATIONS. 

163.  Before  proceeding  to  the  discussion  of  systematic 
attempts  at  the  integration  of  simultaneous  equations  involving 
more  than  one  dependent  variable,  it  is  worth  noting  that  two 
kinds  of  integrals  of  simultaneous  equations  have  been  indicated, 
In  one  kind,  the  arbitrary  element  consists  of  arbitrary  constants ; 
in  the  other,  it  consists  of  arbitrary  functions  introduced  through 
initial  conditions.  We  have  seen  that,  in  the  case  of  equations  in 
a  single  dependent  variable,  it  is  possible  to  connect  the  two  kinds 
of  integrals  organically ;  and  it  is  natural  to  inquire  whether  the 
organic  relation  can  be  extended  to  the  integrals  of  systems  of 
equations  involving  several  dependent  variables. 

It  has  appeared  that,  in  a  general  sense,  mn  is  the  greatest 
number  of  arbitrary  constants  that  can  be  eliminated  from  a 
system  of  m  integral  equations,  in  m  dependent  and  n  independent 
variables,  so  as  to  lead  to  m  partial  differential  equations  of  the 
first  order :  and  conversely,  it  is  natural  to  expect,  also  in  a  general 
sense,  that  mn  is  the  greatest  number  of  arbitrary  constants  that 
can  occur  in  the  integral  equivalent  of  the  system  of  m  partial 
differential  equations.  On  the  analogy  of  the  case  when  m  =  1, 
such  an  integral  involving  this  greatest  number  mn  of  arbitrary 
constants  is  called  the  complete  integral.  Let  mn  be  denoted  by  /*, 
and  suppose  that  the  integral  equations  are  resolved  so  as  to  express 
each  of  the  dependent  variables  explicitly  in  terms  of  the  inde- 
pendent variables  and  the  arbitrary  constants:  the  complete 
integral  then*  is  of  the  form 


To   deduce   other  integrals,   if   possible,   from   the   complete 
integral,  let  the  customary  Lagrangian  method  be  adopted.     The 

*  The   following   discussion   is  partly  based   upon    that   which   is    given    by 
Konigsberger,  Crelle,  t.  CK  (1892),  pp.  303  et  seq. 

27—2 
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quantities  Oj,  ...,  aM  are  made  variable,  subject  to  the  condition 
that  the  m  differential  equations  are  unaltered  in  form ;  and  this 
condition  will  be  satisfied  if  the  expressions  for  the  values  of  the 
derivatives  pij}  for  *'=!,  ...,  m,  and  j=l,  ...,  n,  are  unaltered. 
Hence  we  must  have 

^     uffi  OCLf        _ 
i    ~zc~  "5 —  ==  "> 

for  the  specified  values  of  i  and  j ;  and  these  are  the  equations, 
mn  in  number,  to  be  satisfied  by  the  mn  quantities  a.  As  these 
quantities  a1}  ...,  %  are  variable,  being  functions  of  xl}  ...,  xn,  we 
may  take  n  of  them  as  equivalent  to  xlt  ...,  xn\  let  these  be 
di,  ...,  an>  and  let  the  remainder  an+1,  ...,  a^  be  regarded  as 
functions  of  a^,  ...,  aw.  The  preceding  equations  now  become 

for  i=I,  . . . ,  m,  and  j  =  1,  . . . ,  n. 

Out  of  this  set  of  mn  equations,  let  that  aggregate  be  selected 
wrhich  is  obtained  by  taking  one  value  of  i  and  all  the  n  values 
of  j ;  it  is 


da,     p  da,  p    dan_ 

•*•   tl    o          '          *2  •-)        ^   '  '  '     '          *»  O 


802 


9an 


where 


The  w  equations,  contained   in  this  aggregate,  are  homogeneous 
and  linear  in  the  quantities  Pil}  Pr-2,  ...,  Pin;  hence,  either 


or  else 


!,  ...,  an)  _Q 


The  latter  result  implies  a  functional  relation  between  alt  ...,  an 
without  the  intervention  of  quantities  other  than  pure  constants  : 
let  it  be 

an-F(al,  ...,  an-i}- 
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Multiply  the  n  equations  in  the  aggregate  by  dxlt  ...,  dxn  re- 
spectively, and  add:    then 

Pfrdo!  +  Pi2da.2  +  .  .  .  +  Pindan  =  0, 
so  that,  in  conjunction  with  an  =  F  (a^,  ...,  an-i),  we  must  have 

dF 
p.  .4.  p.  _  —n 

^ndaj~ 

for  j  =  1,  .  .  .  ,  ?i  —  1,  and  t  =  1,  .  .  .  ,  in.     There  are  thus  two  ways  of 
satisfying  the  selected  aggregate  of  equations  :  either 

Pft  =  0,     Pfr  =  0,  ...,Pin=0, 

or 


where  j  =  I,  .  .  .  ,  n  —  1  in  the  latter  set.  And  then,  taking  all  the 
aggregates  which  can  thus  be  selected  so  that  we  use  the  full  set 
of  mn  equations,  we  see  that  the  two  sets  of  equations  in  virtue  of 
which  the  mn  equations  can  be  satisfied  are  (i)  the  system  of 
equations 

Pf-0, 

for  i  =  1,  ...,m,  and  j  =  l,  .  .  .  ,  n  ;  and  (ii)  the  system  of  equations 


for  i  =  1,  .  .  .  ,  m,  and  j=I,  ...,  n. 

The  alternatives  must  be  considered  separately. 

164.     I.     For  the  first  alternative,  we   have   the   system   of 
mn  equations 

Py  =  0, 

where 

P   _8#, 

•*-  i)  —  ^  --  ' 


o         - 

*=»+i\9a, 

These  equations  contain  the  variables  xlt  ...,  xn  and  the  mn 
parameters  a1}  .  .  .  ,  aH.  When  the  variables  are  eliminated,  n  (m  —  1) 
equations  survive  as  the  eliminant  ;  and  these  are  partial  differ- 
ential equations  of  the  first  order,  in  which  an+1,  ...,  aM  are 
n(m  —  1)  dependent  variables  and  alt  ...,  a«  are  n  independent 
variables.  Xow 

n(m—  1)  >m, 
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except  in  three  cases  ;  in  the  first  case  of  exception,  ra  =  1,  and 
then  we  have  the  usual  Jacobian  theory  of  partial  differential 
equations  in  a  single  dependent  variable;  in  the  second  case  of 
exception,  n=l,  arid  then  we  have  a  system  of  ordinary  equations  ; 
the  third  case  of  exception  is  given  by  the  equality  of  the  numbers 
n(m—  1)  and  m,  and  then  the  only  possible  values  are  n  =  2, 
m=2. 

Hence,  when  m  ^  2  and  n  ^  2,  the  derivation  of  the  values  of 
a-n+i,  ...,  dp  through  P^  =  0  exacts  the  integration  of  a  system  of 
simultaneous  partial  equations  in  a  number  of  dependent  variables 
greater  than  the  number  in  the  original  system  of  equations  ;  and 
therefore  the  process  of  deducing  new  integrals  from  the  complete 
integral  by  means  of  the  equations  Py  =  0  is  of  more  elaborate 
extent  than  the  process  of  integrating  the  original  system.  There 
is  one  exception  to  this  result,  and  it  is  given  by  m  =  2,  n  =  2  ;  in 
that  case,  the  two  processes  are  of  the  same  degree  of  difficulty. 

II.    For  the  second  alternative,  we  have  the  m  (n  —  1)  equations 

P..+  P.  ^_o 
tn  da,j  ~    ' 

for  j  =  1,  .  .  .  ,  n  —  1,  and  i  =  1,  .  .  .  ,  m,  together  with  the  relation 
an=F(al,  ...,  «„_!>. 

As  Oj,  ...,  an  are  now  connected  by  a  relation,  they  are  no  longer 
eligible  as  a  set  of  n  independent  quantities.  We  therefore  choose 
some  other  set,  say  an+1,  a^,  ...,  an_1}  as  the  n  independent 
quantities  equivalent  to  xl}  ...,  xn;  and,  instead  of  using  the 
m(n  —  1)  equations  associated  with  an  =  F,  we  return  to  the 
equations,  which  secure  the  absence  of  change  of  form  in  the 
derivatives  and  therefore  conserve  the  form  of  the  differential 
equations.  The  quantities  an,  an+2,  an+s,  ...,  aM  are  now  functions 
of  a-!,  ...,  an_!,  an+l:  so  that,  writing 


.  __ 

dctj       dandaj     g=n+2dag  ddj' 

for  j  =  1,  .  .  .  ,  n  —  1,  and 

dffi  cte, 


j'       8=n+2 
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for/  =  n  + 1,  we  have  these  equations  in  the  form 
"v1  Q    ^±  4.  n     dq/  _  Q 

for  i  =  1,  . . . ,  m,  and  k=l,  ...,  n. 

Proceeding  as  before,  these  equations  can  be  satisfied  in  two 
different  ways.     We  may  have 


for  t  =  l,  ...,  m,  and  j=l,  -•-,  n  —  \,  n+I,  being   a   system  of 
mn  equations;   or  we  may  have  a  relation  of  the  form 


coupled  with  the  equations 


where  f  =  n  +  1  ;  j  =  1,  .  .  .  ,  n  —  1  ;  i  '=  1,  ...,  m. 

In  the  former  case,  we  eliminate  xlf  .  ..,  xn  from  the  system  of 
mn  equations  :  when  the  elimination  has  been  effected,  there 
remain  n  (m  —  1)  differential  equations  in  the  n  independent 
variables  a1?  .  .  .  ,  an^.l,  On+i  and  the  n  (m  —  1)  —  1  dependent  variables 
On+z,  fln+s,  •••,  <V>  tne  value  of  an  being  already  known.  As  the 
number  of  equations  is  greater  than  the  number  of  dependent 
variables  by  unity,  and  as  the  equations  are  formally  independent 
of  one  another,  the  system  can  coexist  only  if  conditions  are 
satisfied  :  it  will  not  unconditionally  determine  the  dependent 
variables. 

In  the  latter  case,  the  quantities  ajy  ...,  an_l5  an+1,  being  con- 
nected by  a  relation,  are  not  eligible  as  independent  variables  ;  we 
proceed  to  choose  a  set  of  quantities  independent  of  one  another  as 
equivalent  to  xl,  ...,#„,  say  aa,  ...,  «,»_!,  an+2,  and  construct  the 
corresponding  equations.  The  equations  can  be  satisfied,  as  before, 
in  two  ways  :  either  by  a  system  of  mn  equations  which,  on  the 
elimination  of  xlt  ..,,  xn,  give  a  set  of  n  (m  —  1)  differential  equa- 
tions, involving  n(m  —  1)  -  2  dependent  variables  and  therefore  not 
unconditionally  determining  those  variables  :  or  by  a  relation 


with  associated  equations. 
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Pursuing  the  latter  alternative  to  the  extreme  end,  we  have,  at 
that  end,  a  number  of  relations 


for  s  =  n,  n  +  I,  ...,  /JL.     Writing 

T    _8^^   £    9#9F« 
ij  —  o        '     2*    "5        ^       j 

<?aj     «=»  oas  odj 

for  t  =  1,  .  .  .  ,  ra,  and  j  =  l,  .  .  .  ,  n.  —  1,  the  equations  to  be  associated 
with  the  n  (ra  —  1)  +  1  relations  are 

T7.  —  0 
*  $  —  v- 

These  ra  (w  —  1)  equations,  together  with  the  n  (m  —  1)  +  1  relations, 
make  up  2mw  —  m  —  n  +  1  equations  to  be  associated  with  the 
original  ra  equations  :  they  are  more  in  number  than  the  mn 
unknown  quantities  a  ;  and  therefore  they  cannot  unconditionally 
be  satisfied,  for  they  are  formally  independent. 

Summing  up  the  various  results  we  see  that,  except  in  the  single 
case  m  =  2,  n  =  2,  it  is  not  possible  with  unconditioned  equations  to 
use  the  Lagrangian  process  of  variation  of  constants  for  the  derivation 
of  integrals  from  the  complete  integral  without  integrating  a  set  of 
differential  equations  of  more  elaborate  extent  than  the  original 
system:  when  this  set  can  be  integrated,  the  integrals  thus  provided 
are,  in  general,  the  only  integrals  that  can  be  derived  from  the  com- 
plete integral.  In  the  case  of  exception,  the  equations  to  be  integrated 
are  of  the  same  order  of  difficulty  as  the  original  system. 

165.  It  is  perhaps  superfluous  to  point  out  that  such  integrals 
as  can  be  obtained  may  belong  to  various  classes.  When  they  are 
derived  through  the  n(m  —  1)  partial  differential  equations  which 
determine  the  n(m  -  1)  quantities  an+J,  ...,  aM  in  terms  of  a  and  6, 
there  will  be  as  many  kinds  of  integrals  of  the  original  equations 
thus  provided  as  there  are  different  types  of  integrals  of  these  new 
equations.  Thus  some  integrals  will  involve  arbitrary  functional 
forms  :  these  will  correspond  to  one  or  other  of  the  classes  of 
general  integrals.  We  know  already  that  all  the  demands  un- 
satisfied by  having  a,,  ...,  aM  constant:  we  then  have  the  complete 
integral.  There  may  be  equations  of  intermediate  types  in  which 
some  arbitrary  functional  forms  occur  and,  at  the  same  time,  some 
of  the  varied  arbitrary  constants  may  survive  merely  as  constants, 
by  arising  as  trivial  constant  integrals  satisfying  the  partial  differ- 
ential equations. 
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Ex.  1.  Such  systematic  processes  as  have  been  devised  for  the  integration 
of  particular  systems  of  simultaneous  equations  will  be  discussed  almost 
immediately.  Meanwhile,  the  special  case  can  be  illustrated  by  an  example 
given*  by  Konigsberger  in  the  form 


where  zlf  z?  are  the  dependent  variables,  x,  y  are  the  independent  variables, 
and 


The  actual  integration  of  the  equations  happens  to  be  easy.    We  have 
dzl=pldx+qldy 


the  right  hand  side  must  be  a  perfect  differential,  so  that 
3  \      3 


that  is, 

1  j^/lSzAl  J5/1S2A 

x  ex  \x  dx)  ~ycly\y  dy)  ' 
and  therefore 

z2=F(x2+y*)-G(x*-y*), 

where  /and  g  are  arbitrary  functions  of  their  arguments.     It  is  then  easy  to 
deduce,  by  means  of  the  values  of  pi  and  qi  ,  that  the  value  of  Zj  is 


Now  a  set  of  integrals  containing  four  arbitrary  constants  (and  therefore 
constituting  a  complete  integral)  is 


where  a,  6,  a,  £  are  arbitrary  constants.  To  deduce  other  integrals  if  possible, 
we  make  a,  ft  a,  b  variable  quantities,  being  functions  of  x  and  y  ;  and,  in 
the  first  place,  we  make  a  and  b  equivalent  to  x  and  y,  and  can  therefore  use 
them  as  independent  variables.  Then  if 


the  values  of  p1}  qlt  p2,  q2  will  be  unaltered  if 

4   9«  ,    ij  f>b  da      „  86 

AI  5-  +  /J15-=0,     A*^-  +  B%~-  =0, 
ox          ox  dx          ox 

.   ca      n  36  3a      „  36 

Al^  +  Bl  —  =0,    425-  +  .63^=0, 
3y        '3y  -cy        *dy 

*  Crelle,  i.  cix,  p.  319  :  the  integral  selected  is  simpler  than  Konigsberger's. 
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which  are  equations  for  the  determination  of  a  and  b.     They  can  be  satisfied 
in  various  ways. 

(i)     They  are  satisfied  if 

aa_0    3a-0    86-o    a6-o- 

^—  —  V,        ~  --  V,        ~  --  \J.        ~  —  —  U  . 

3d?  oy  c#  oy 

then  a,   6   (and  therefore  a  and  /3,  which  are  functions  of  a  and  b)  are 
constants.     We  return  to  the  complete  integral. 

(ii)     They  are  satisfied  if 

^1=0,       -5i  =  0,       ^2  =  0,       #2  =  0. 

From  ^41  =  0,  B2  =  Q,  we  have 


and  from  .5i=0,  -42=0>  we  have 

Hence 

S 
8 

so  that 


where  /  and  g  are  arbitrary  functions  of  their  arguments  ;  and  then  it  easily 
follows  that 

-#  (a-6). 


96 


_a_ 
5P      ' 


Also  from  Ai=0,  .Z?i  =  0,  we  now  have 
2    da     &  i 


-*•-«-/ (•+»>-/<«-*X 


=  2/'  (a  +  6),      _  (^2  _  ysj  =  2g>  (a  _  6). 


so  that 


Hence  a  +  b  is  an  arbitrary  function  of  #2+#2,  and  a  —  6  is  an  arbitrary 
function  of  xz—yz,  say 


Thus 


where  e  and  *  are  arbitrary  functions  of  their  arguments. 
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(iii)    The  equations  necessary  in  order  that  the  forms  of  pi,  q\,  p^,  q% 
may  be  conserved  can  be  satisfied  by 


, 

that  is,  by 

b=h(a\ 

where  h  is  any  function  of  its  argument,  together  with 


As  a  and  b  are  not  now  independent,  we  return  to  the  equations;  and  we 
make  a  and  a  the  independent  variables. 

Proceeding  as  before,  we  find  that  the  alternative  to  the  integral  obtained 
in  the  last  case  is 

a=k(a\ 

where  k  is  any  function  of  its  argument,  with  associated  equations. 

To  deal  with  the  latter  alternative,  we  again  return  to  the  initial  equations  ; 
and  we  make  £  and  a  the  independent  variables.  A  similar  process  leads  to 
the  result  that  the  alternative  to  the  integral  already  obtained  is  given  by 

/3=J(a), 
with  the  associated  equations. 

"We  thus  have 

b=  h  (a),     a=k(a\    0=J(a); 

and  the  associated  equations  are 


'  (a)  +^= 
These  can  coexist  only  in  two  cases.     In  the  first  case, 

A»  =  l, 
and 

V  («)=/'  (a)=- 

the  corresponding  integrals  are 

Zi^Q^+y2),    * 
being  particular  forms  of  the  integrals  already  obtained.     In  the  second  case, 

A»=-l, 
V(a)=-l'(a)=-(^-y^ 

the  corresponding  integrals  are 

«i=*(a*-y*),     22=-*(**-y2), 
being  particular  forms  of  the  integrals  already  obtained. 
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Hence  the  most  general  integrals  that  can  thus  be  derived   from  the 
complete  integrals  are 


Z2  =  0  (of  +yS)  -  *  (o 

Ex.  2.     Generalise  similarly  the  integrals 


of  the  same  equations 

ypi-xq2=0,     xqi-yp.2  =  0. 

(Konigsberger.) 

Ex.  3.     Construct  the  differential  equations  of  the  first  order  satisfied  by 


z2  =  ay  +  b2x  +  ex  +  £2y, 
where  a,  b,  c,  k  are  arbitrary  constants. 

Generalise  the  integrals  so  as  to  deduce  others  from  this  complete  integral. 
In  particular,  shew  that  another  integral  is  given  by  keeping  c  and  k  constant, 
and  by  making  a  and  b  functions  of  x  and  y  such  that 


x3 
where  a  is  an  arbitrary  constant.  (Konigsberger.) 

HAMBURGER'S  LINEAR  EQUATIONS. 

166.  It  has  appeared,  from  the  discussion  of  the  classes  of 
simultaneous  equations  already  considered,  that  the  construction 
of  a  system  of  integrals  can  be  made  to  depend  on  the  construc- 
tion of  the  integrals  of  a  set  of  simultaneous  equations  the 
number  of  which  is  the  same  as  the  number  of  dependent 
variables  involved.  The  only  indication  of  any  systematic  method 
of  obtaining  the  integrals  is  furnished  in  the  proof  of  the  existence 
theorem  ;  they  are  obtained  in  the  form  of  converging  power- 
series  in  the  independent  variables.  What  is  usually  desired  for 
the  purpose  is  an  expression  for  the  integrals  in  some  form  more 
compact  than  multiple  power-series. 

A  method,  which  has  been  found  effective  for  a  limited 
number  of  classes  of  equations,  has  been  devised*  by  Hamburger. 

*  Crelle,  t.  LXXXI  (1876),  pp.  243  —  280,  the  equations  being  linear  in  the 
derivatives  of  the  dependent  variables  ;  ib.t  t.  xcm  (1882),  pp.  188  —  214,  the 
equations  not  being  necessarily  linear  in  those  derivatives. 

See  also  a  paper  by  Konigsberger,  Math.  Ann.,  t.  XLI  (1893),  pp.  260—285. 
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Denoting  the  independent  variables  by  a^,  ...,  xn,  the  dependent 
variables  by  zlf  .  ..,  zm,  and  the  derivatives  of  the  dependent 
variables  by  p{j  as  before,  where 


we  first  consider  a  set  of  m  algebraically  independent  equations 
which  are  linear  in  the  derivatives.  We  also  assume  that  they 
can  be  resolved  so  as  to  express  the  derivatives  of  the  m  dependent 
variables  with  regard  to  one  and  the  same  independent  variable  : 
let  this  variable  be  x1}  so  that  the  system  may  be  taken  in  the 
form 

m      n 

pii  =  TTi  +  2   2  Pjg0jri, 

j  =  l  8  =  -2 

for  i  =  1,  ...,  m:  the  quantities  7r<  and  #/„-,  for  all  values  of  i,j,  s, 
are  functions  of  the  variables  zlt  ...,  zm,  a^,  ...,#„.  Multiplying 
the  equations  by  Xj,  ...,  X^,  a  set  of  provisionally  indeterminate 
multipliers,  and  adding,  we  have 

2  \iVi-  2  \ipil+  2    2  &f  2 

f=l  i=l  j=l    *=2  \t=l 

The  values  of  the  derivatives  must  be  such  that  the  differential 
relations 

dzi  -  pftcfo,  -  ptedxt  -  ...  -pindxn  =  0, 

for  t  =  l,  ...,  w,  must  be  satisfied  :  consequently,  the  relation 


t  =  l  f=l  j=l  *=2 

also  must  be  satisfied.  Comparing  this  differential  relation  with 
the  preceding  composite  equation  and  having  regard  to  the 
ordinary  subsidiary  equations  constructed  in  connection  with  a 
single  partial  differential  equation,  we  construct  the  set 

m 

2  \idzi 
*'=i  j 


2  \0jti 
t=i  <=i 

of  ordinary  equations,  to  hold  for  all  values  of  j  and  s. 
In  this  system  of  ordinary  equations,  let 
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so  that 


for  all  values  of  j  and  *.  Selecting  those  of  the  equations  given 
by  one  value  of  *  and  the  m  values  of  j,  we  can  eliminate 
\,  ...,  \m  determinan  tally  ;  and  we  obtain  an  equation  satisfied 
by  Ht.  For  each  root  p,  of  this  equation  we  obtain  a  set  of  rat  ios 
X,  :  X,  :  ...  :Xw»,  the  values  of  these  ratios  depending  upon  t.lic 
coefficients  #$*,  where  *  is  the  same  for  all  the  co<  t  .  n  t.h«; 

tableau, 

If  there  be  more  than  one  value  of  s,  say  if  a-  be  another  value, 
t.h'-n  certain  combinations  of  the  coefficients  0^  must  be  the  same 

;,.  •.  t.|,o:-.'-  r^mibinat.ion     "i   '''<•  co'-ffin'-nt      (>,..,,  in  order  t.o  s«-(;ur«:  t.he 

same   values  for  the   ratios  X,  :  X,  :  ...  :  X^.     This  requirement 

wouM    iin  •)>""   t)i(:  •-.quatioiiH  which  wonl'l   not,  in 

j/i-n'-/;i.|  I,"  ,:.i.t  i  ,li'  <l  :  liiou^'h  it.  jin^lil.  !>«•  ut'  j;it.i-n-,.,l.  to  construct, 
da«H«:M  (>t  i-(ju;).t,i',n  :  toi  v,  lii'-.h  l)i«-  ;i.j)jii-iij)n;i.l,'-  coii'llt  jnn 

;    .    j,,.<l,    w<:    .-.li;j.ll    fiHHUUM-    l,h;U,    our   '-'jii.-i.Uon.s    ;i.r«-    not,   t.lius    con- 
<lit.ioii«-«l.       A':':or'lin^ly.  l.h'-j-i-  will   I).-  only  oin-  valm-  ol'.v,  .say  ,v  ---,  2. 

107.  Tli  ii  •.  lor  lln-  |<i'-  .'-lit,  imrposc,  we  n-  l.rid  om^.-l  vs  t,o 
i|p.  ,.(,u  jil.-i;!.),  ion  ot  '  i-ijiiat,ion:i  in  l.vvo  ilKlcpcndcnl,  vari:il>li:H,  winch 
will  h,-  i|.-i,oi..  -I  liy  /  :ui'l  //. 


we  may  take  the  equations  in  the  form 


ji,r  7;     .|,   ...,///,.       In  (•...nn.-cl.ioii   wil.h   I,!H-  (lil'liT'-nl  i.il 


we  form  ' 

2  M*< 

'    '      md®-' 

'"  S 

£   X<7Ti  S 

<«1  <"1 

for  «-l w.    Take 
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4-'i  1 


1  =  1 


0, 


for  8=1,  ...,  m,  and  eliminate  the  quantities  X,,  ....  X,* 
these  equations:  then  /*  satisfies  th»-  equation 


aml 


,       <hm    ,       <hm    , 


+  H 


which  in  of  onlt-r  m. 


When  ^  is  ;i  simpl»:  root  of  r.hi*  ••qii;ir.ion  8  =  0,  the  preceding 
eqii;itiona  determine  a  unique  set  of  values  of  X,  :  X*  :  .  .  .  :  A*,  ;  then, 
when  we  take 


i-l 


are   iirii<{ii>-ly  'l--r--nninate.     Hence  we 


the  quantities  a,  ..... 
have 


that  IM.  there  are  two  linear  equation*  for  each  simple  root  of 

e  = 


r,    ler.  ^  h 
ntppone  that  it  o 

" 


he  conation  f)=»0,  and 
of  the  m  equations  that 
inder,  where 


The     Bltioj     A-;    :    A-:    :     ...    '    A.,,,     .:.[•"      no     i'Mij-:       :-'-r:...:..i.'..-        V:; 

qnantitiea  X,,  X,,  ,..,  Xm  are  fcTprewble  in  terms  of  t  arbitrary 
quantitu:y  «,  by  equation*  of  the  form 


for  r  =  I  ,    .  .  .  ,  m,  the  quantities 

. 


/    IH 

r*1!  S  Xr'»rr)  doe 

-•  -'• 
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now  becomes 

in       t  in        t 

2      2    (<yridzr)Ki=    2     2    (jriTTr)  KidtK ; 
r=l  i=l  r=l  i=l 

and  therefore,  as  the  quantities  KI}  ...,  tct  are  arbitrary,  we  have 
the  t  +  1  linear  equations 


2    riridzr=(  2    Jri 
r=\  \r=l 

for   1=1,    ...,    t. 

168.     The  extreme  case  among  multiple  roots  is  that  in  which 


the  quantity  ©  is  then  the  mth  power  of  a  linear  factor:  the 
coefficients  all,  a^,  ...,  amm  have  a  common  value,  say  a;  and  all 
the  coefficients  a^,  for  unequal  values  of  i  and  j,  are  zero.  The 
equations  are 

Pi  =  TTi  +  aqi ; 

and  the  associated  subsidiary  equations  are 
dx  _dy  _  dzl  _       _  dzm 

1          —  «         TTi  7Tm   ' 

The  equations  in  this  extreme  case  were  considered  by  Jacobi*, 
independently  of  the  preceding  mode  of  origin:  he  approached 
them  from  the  stage  of  integral  relations  with  any  number  of 
dependent  variables  and  any  number  of  independent  variables,  and 
the  particular  set  just  given  are  his  equations  when  there  are  two 
independent  variables. 

When  /j,  is  a  multiple  root  of  order  6,  the  most  important  case 
is  that  in  which  t  =  0;  the  conditions-}*  are  connected  with  the 
elementary  divisors  (or  elementary  factors)  of  the  determinant  ®. 
They  will  not  be  set  out  in  detail  because  the  method  devised  by 
Hamburger  will  be  sufficiently  illustrated  for  the  equations,  to 
which  it  can  be  applied,  by  a  discussion  of  the  simplest  cases. 

The  integral  of  the  Jacobian  set  can  easily  be  obtained.  Let 
i*!,  ...,  um+1  be  a  complete  set  of  independent  integrals  of  the 
m  +  1  ordinary  equations 

dx  _  dy  _  dz-L  _       _  dzm 
1       —  a.      TTI  irm  ' 

*  Ges.  Werke,  t.  iv,  p.  7;   Crelle,  t.  n  (1827),  p.  321. 

t  For  this  theory,    see  Weierstrass,    Ges.    Werke,   t.   n,   pp.   19 — 44.     Other 
references  are  given  in  vol.  iv  of  the  present  work,  p.  42,  foot-note. 
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which  are  subsidiary  to  the  system 

pi  =  -n-i  +  aqt, 
for  i=  I,  ...,  m:  then  the  differential  relation 

dur  j       dur  j       dur  j  .  dur  j         n 

__^+_%+_^  +  ...  +  _^n  =  o 

is  satisfied  in  virtue  of  the  above  set  of  ordinary  equations,  and 
consequently 

far        dur          dur  dur 


holding  for  r  =  1  ,  .  .  .  ,  m  +  1. 
Now  take  any  equation 


regarded  as  one  of  a  system  of  m  equations  to  express  m  dependent 
variables  zl}  ...,  zm,  in  terms  of  x  and  y.     We  have 


r=l 


multiplying  the  latter  by  a,  subtracting  from  the  former,   and 
using  the  partial  equation  satisfied  by  the  quantity  ur,  we  have 

>m  -  1Tm  -  Ctqm)  £  \  =  0. 
r=l    (JU-f    ^ 

Now,  when  we  write 


r=l 

so  that  -^-l  is  the  complete  derivative  of  i/r,-  with  regard  to  zt,  this 
equation  is 

dz1  dzm 

Accordingly,  take  m  equations 


p.  v.  28 
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for  i=  1,  ...,  m,  independent  of  one  another  and  determining*  the 
m  quantities  zl}  ...,  zm;  then  the  equation 

/  x  dfa  ,  ,  dfa 

(Pi  -  TTj  -  a^J  -j—  +  . . .  +  (pm  -Trm-  aqm)  -j—  =  0 


is  satisfied  for  each  of  the  values  *'  =  !,  ...,  m.  Also  as  the 
equations  are  independent  of  one  another  and  determine  the 

quantities  z1}  ...,  zm,  the  determinant  of  the  quantities  -~  , 
for  i  and  j  =  l,  ...,  m,  does  not  vanish:  consequently 

f\ 

L/j  ™"  IT'i  "~~       TJ  ~™~       J 

forj  =  1,  ...,  m. 

Hence  the  m  equations 

for  i  =  1,  . . . ,  m,  give  integrals  of  the  Jacobian  set ;  and  this  is  true 
however  arbitrary  the  functions  ^  may  be,  provided  only  that  they 
are  independent  of  one  another. 

It  can  be  proved,  as  in  the  case  of  a  single  dependent  variable 
(§§  31 — 33),  that  the  preceding  integrals  (when  fa,  ...,  i/rm  are 
kept  as  arbitrary  as  possible)  include  all  integrals  that  are  not  of 
the  type  called  special  in  the  simpler  case.  Such  special  integrals 
could  occur  in  connection  with  zeros,  with  branch-values,  and  with 
singularities  of  the  quantities  a,  irl,  ...,  irm. 

*  There  cannot  be  an  identical  relation  between  uit  ...,  uOT+1  which  leads  to 
an  equation  independent  of  zlt  ...,  zm.  If  such  an  equation  were  possible  in 
a  form 

0(«i>  ••-,  «m+i)  =  °. 
then  as 

»»+i  de_  d_Ur      ae_  de  _Q 

rn+1  de  dur       de  de  _. 

we  should  then  have 

'"i1  de  dVf  _  .     m+1  de_  OMr  _  Q 

r=i  dur  dx  ~        r=i  dur  dy  ~ 
Also 

~ dz{~  r=,i  dur  dzi  ~ 

for  f  =  l,  ...,  m :  consequently,  if  some  of  the  derivatives  — ,  ...,   *— —  do  not 

^M!  6um+i 

vanish, 


which  are  not  true  because  wlt  ...,  wm+1  are  a  set  of  independent  integrals  of  the 
subsidiary  system. 
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Ex.  1.     Integrate  the  equations 


The  subsidiary  equations,  taken  according  to  the  preceding  explanations,  are 

dx  _dy  _         dzi  dz* 

~       =  '~ 


Zi—  2a  £•>  —  21 

Three  independent  integrals  of  this  system  are  easily  obtained  in  the  form 


where  a,  b,  c  are  arbitrary  constants ;  and  therefore  a  set  of  integrals  of  the 
partial  differential  equations  is  given  by  the  equations 


where  (f>  and  ^  are  arbitrary  functions.    These  equations  constitute  a  general 
integral. 

Ex.  2.     Integrate  the  equations 

(y-x 


obtaining  a  general  integral  in  the  form 


=g  (z+y), 

2    y 
where  /  and  g  are  arbitrary  functions. 

State  also  a  complete  integral  :  and  from  it  deduce  the  general  integral 

HAMBURGER'S  EQUATIONS  IN  Two  DEPENDENT  VARIABLES. 

169.  The  simplest  case  of  the  general  problem  occurs  when 
there  are  two  dependent  variables  and  two  independent  variables, 
so  that  the  equations  may  be  taken  to  be 


The  subsidiary  ordinary  equations  are 
_  ,    _     —\^dy 

\Ul  +  *-2«2          *•!!   +       - 

28—2 
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Hence,  if 
we  have 


dy  = 


+  n)  +  \2a2  =  0, 


yu,2  +  n  (oj  -H  62)  +  c^&jj  —  a26j  =  0, 


consequently 
and  therefore 

2/Lt  +  ttj  +  62  =  {(#1  —  i 

Thus,  if  the  radical  does  not  vanish,  there  are  two  values  of  //,. 
Denoting  either  of  these  values  by  /*,  we  have  the  subsidiary 
equations  in  the  form 

f  > 

dy  =  /jidx } 
where 

Let 


a2      —  (&1  + 


a27i  -  (Oj  + 

it  (#,  y,  ^a,  ^2)  =  constant 

be  an  integral  of  these  differential  relations  :  then  the  relation 

du  , 


du  ,       du 
-  dx  +  - 


du 


=  p  (a.ldzl  +  a2dzz  —  dx)  +  <r  (dy  — 
must  be  identically  satisfied,  so  that 

du 


du         du 

5-  +  «i  5-  + 


^—  +  02 


du 
^- 

dec 


=  0 


du 

,  o-  =  0 
dy 


It  is  easy  to  see  that  these  two  equations  are  not  generally 
a  complete  system  :    for  if  they  were,  and  if 

u(x,  y,  zl}  z2)  =  constant 
were  an  integral,  we  should  have 


that  is, 


du      du         du 

i  ^    TP\  i  ^  —  Pz  =  ^> 

ic     dzl  r-      dz  f 


du 


.  du      - 
2*J  ;-  =  0, 
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an  equation  which,  in   general,  cannot   be   satisfied   identically. 

Writing 

du  du  du 


du          du  du 

A»u  =  =  --  h  a2  5-  +  «2/i  5-  , 
dz.2          dx  dy 

we  have 

Al  (A«u)  —  A.2  (A-iU) 

=  [A,  («,)  -  A,  (a,)}  ^  +  {^  (a,/*)  -  4f  (a,/,)}  ^  ; 

and  therefore,  if  a  common  integral  of  the  two  partial  equations 
for  u  exists,  we  must  have 


[A,  (a,)  -  A2  («0}       +  [A,  M  -  A2  («^)}       =  0. 

When  this  is  associated  with  the  other  two,  the  three  may  make  a 
complete  system  :  in  that  case,  there  is  one  integral  of  the  com- 
plete system  of  three  equations  in  four  variables,  which  may  be 
denoted  by 

!*-«(*,  y,  *,,«,). 

Similarly,  from  the  other  value  of  /*,  there  may  be  an  integral  : 
let  it  be  denoted  by 

v=v(x,  y,  zlt  zj. 
Then  the  equations 

u  =  constant,     v  =  constant, 
give  an  integral  system  of  the  original  equations. 

It  may  however  happen  that  only  one  of  the  values  of  /*  may 
lead  to  an  integral  equation  of  the  form 

u  =  u  (x,  y,  z^,  22)  =  constant. 

In  that  case,  we  can  use  the  equation  thus  obtained  to  eliminate 
one  of  the  dependent  variables  and  its  derivatives  from  the  original 
equations  :  and  it  appears  as  follows  that,  if  one  of  the  original 
equations  is  then  satisfied,  the  other  also  is  satisfied  so  that,  in 
fact,  the  integral  can  be  used  to  reduce  the  two  original  equations 
to  one  only. 

The  integral  u  =  constant  is  the  one  integral  common  to  a 
complete  system  of  three  equations,  which  may  be  taken  in  the 
form 

1  du  _  1  du  _  1  du  _  du 

0  dy      0  dzl     ty  dz%     dx  ' 
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and  it  also  is  an  integral  of  the  system 

aldzl  +  a^dz2  =    dx) 
dy  =  fjidx  ) 


so  that 

du         du  du 


du         du  du 

5-  +  «2  5-  +  02/4  5-  =  0  ; 
' 


and  therefore 


Now  if  u=  u(x,  y,  z1}  z2)  is  to  be  used  to  eliminate  z,  plt  ^  from 
the  original  equations,  we  have 

du         du         du      _ 

5~  +  Pi  o 1" Pz^~  =  0, 

OX  OZi        '     OZ2 

du  .      9w  .       9w 


as   the   equations   giving    the   values    of    the   derivatives :    and 
therefore 

=  0, 


that  is, 

=  0, 


When  by  means  of  these  two  relations,  we  eliminate  p^  and  ql  from 
the  original  equations,  they  become 

1  \  1  a,  /     d 


8 


respectively  ;  and  these  are  easily  proved  to  be  one  and  the  same 
equation,  in  virtue  of  the  relations  between  the  quantities  a,  a,  7, 
fji.  Eliminating  zr  from  either  of  them,  we  then  have  a  single 
partial  equation  of  the  first  order  involving  only  z2  and  its 
derivatives;  its  integral  can  be  associated  with 

u  =  u  (x,  y,  zlt  z2)  =  constant, 

and  the  two  equations  constitute  an  integral  equivalent  of  the 
original  equations. 
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It  is  an  immediate  consequence  of  this  analytical  investigation 
that,  if  the  two  equations  can  be  combined  in  any  way  with 

u  =  u  (x,  y,  21}  2a)  =  constant, 

so  as  to  lead  to  a  new  integral  equation  independent  of  u  =  con- 
stant, then  the  new  integral  can  be  combined  with  u  =  constant  as 
above  to  provide  an  integral  equivalent  of  the  original  system. 

Ex.  1.     As  an  example*,  consider  the  equations 
Pi  = 


_-x-iry(bzl-'iz.i 

z%  —  2zi 
The  equation  for  p.  is 

-22    , 


so  that  there  are  two  values  for  /t,  viz. 

fj.=z1  +  2z.2,     /i=0. 
Taking  the  value  p=zl  +  2z.2,  the  associated  values  of  a^  and  a2  are 


and  then  the  equations  for  u  are 


Also 
so  that 


and  then  the  other  two  equations  are 

du  _  zi  du 


y  "du 


_ 

cz.,     x  dx  ' 

The  system  for  u  is  complete  :  it  has  the  single  integral 


*  It  is  given  by  Konigsberger,  3/at/j.  Ann.,  t.  XLI  (1893),  p.  264. 
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Next,  taking  the  value  /*  =  0,  (and  this  implies  y= constant,  as  an  integral 
of  the  subsidiary  system),  we  have 


al—~, 

I 

a2=- 

t 

and  the  equations  for  u  are 

du 


E  u  =  —  -  2-i 

&!      5x-y(zl  +  2z^)dx~ 

z~2z        du  -n 

-°' 


clearly  satisfied  by  «=y,  which  however  is  not  an  effective  integral  for  our 
purpose.     Also,  the  equation 


is  satisfied  only  in  virtue  of 

^ 
8* 

and  the  other  two  equations  then  are 


Clearly  no  integral  that  is  effective  can  be  derived  through  /z=0. 
We  thus  have  only  one  integral  of  the  original  system,  viz. 
u  =  x*  +y2  +  Zi2  +  z.?  —  constant. 

As  explained  in  the  text,  this  integral  can  be  used  to  eliminate  one  of  the 
dependent  variables  and  its  derivatives  from  the  two  original  equations  : 
when  this  elimination  has  been  effected,  the  resulting  equations  are  one  and 
the  same  :  and  the  integral  of  this  last  equation  will  complete  the  integral 
equivalent  of  the  original  equations.  Or,  also  as  explained  in  the  text,  it  can 
be  used  so  as,  in  combination  with  the  original  equations,  to  construct  a  new 
integral,  independent  of  u  =  constant.  The  latter  process  happens,  in  the 
present  example,  to  be  the  simpler.  We  have 


When  this  is  combined  with  the  first  of  the  equations,  we  find 


and,  when  it  is  combined  with  the  second  of  the  equations,  we  find 


These  two  are  equivalent  to  one  another  in  virtue  of 


as  derived  from  the  integral  already  obtained  :  and  so  they  can  be  replaced 
by  any  relation  which  is  a  combination  of  the  two.     Such  a  relation  is 
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an  integral  of  which  will  serve  to  complete  the  integral  system.     An  integral 
is 


where  <£  is  an  arbitrary  function. 

Consequently,  an  integral  equivalent  of  the  two  original  equations  is 


where  a  is  an  arbitrary  constant,  and  $  is  an  arbitrary  function. 
It  is  also  possible  to  obtain  the  integral  from 


by  substituting  (a  -  x2  -  y-  -  z.,rf  for  Zi  and  integrating. 
Ex.  2.     Obtain  an  integral  system  of  the  equations 


in  the  form 

where  a  and  b  are  arbitrary  constants.  (Konigsberger.) 

Ex.  3.     Obtain  an  integral  system  of  the  equations 
Pi+x*qi  -  %x  (x—yY  93=0 ' 

in  the  form 


where  a  and  6  are  arbitrary  constants.  (Konigsberger.) 

Ex.  4.     Shew  that,  if  «1}  «2j  «s  are  any  three  functions  of  x,  y,  zit  z^,  the 
differential  equations  for  zl  and  z->  that  correspond  to  the  integral  relations 


where  0  and  ^  are  arbitrary,  are 

01 


(Hamburger.) 

What  are  the  limitations  on  u^,  it.,,  u3,  in  order  that  these  equations  may 
reduce  to  Jacobi's  set  ? 
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HAMBURGER'S  PROCESS  WHEN  THERE  ARE  MORE  THAN 
Two  EQUATIONS. 

170.  When  the  number  of  dependent  variables  is  greater 
than  two,  and  (JL  is  a  simple  root  of  the  critical  equation,  we 
proceed  in  a  similar  manner.  The  subsidiary  equations  are 

aldz1  +  . . .  +  amdzm  =  dx  \ 
dy  =  fj,dx)  ' 

where  the  quantities  a1,  ...,  am  are  determinate.     Let 

u (x,  y,  zl}  ...,  zm)  =  constant 
be  an  integral  of  these  relations ;  then  the  differential  relation 

du  ,       du  ,         ™  du  , 
r-  dx  +  5-  dy  +  2  =-  dzi 
ox          dy    '       imifai 


/  m  \ 

=  p  I  S  <*idzi  —  dx }+  a  (dy  —  fidx) 
\i=i  / 


must  be  satisfied  identically,  where  p  and  a  are  independent  of  the 
differential  elements :  hence 

du         du  du     _ 

=-  +  (Hi  5-  +  OifJt  5-  =  0, 

czi        ex        ^dy 

for  i=I,  ...,  m.  This  is  a  system  of  m  equations  in  m+2 
variables;  according  to  its  character  in  respect  of  completeness, 
it  may  possess  two  independent  integrals,  or  only  one,  or  none. 
The  most  general  integral,  which  it  possesses  and  which  involves 
any  of  the  dependent  variables,  provides  an  integral  of  the 
original  system. 

It  is  possible  that  such  an  integral  may  be  provided  by  each 
simple  root  of  the  critical  equation.  If  each  root  of  the  critical 
equation  is  simple,  and  if  an  integral  can  be  determined  in 
association  with  each  of  the  roots,  the  aggregate  of  all  the  inte- 
grals thus  obtained  is  an  integral  equivalent  of  the  original  system 
of  equations. 

But  an  integral  equivalent  will  not  thus  be  provided  if  it 
should  not  be  possible  to  obtain  an  integral  in  connection  with  a 
simple  root  of  the  critical  equation.  In  that  case,  we  take  such 
integrals,  say  m  —  /*,  as  are  thus  provided :  and  we  use  them  to 
eliminate,  from  the  m  original  equations,  m  —  p  of  the  dependent 
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variables  with  their  derivatives  ;  there  will  then  be  left  a  system 
of  ft  equations,  which  are  of  the  same  form  as  before  and  which 
involve  only  /x  dependent  variables.  The  problem  now  is  similar 
to  the  problem  in  its  initial  stage  :  but  it  is  simpler,  because  the 
number  of  dependent  variables  has  been  decreased. 

Next,  consider  a  multiple  root  of  the  critical  equation,  and  let 
it  give  rise  to  a  system  of  differential  relations  represented  by 

dy  =  fidx 

i  m  \ 

da 


m  i  m 

2  Visdzi  =     2  lisTTi 
1=1  \»=i 


for  s  =  l,  ...,  t,  the  system  thus  containing  t  +  1  relations. 

Let  the  last  t  relations  be  resolved  so  as  to  express  t  of  the 
elements  dz,  say  dzlt  ...,  dzm,  in  terms  of  the  remainder,  so  that 
the  system  may  be  replaced  by  a  system  of  the  form 

dy= 
dzs  = 


for  s  =  1,  .  .  .  ,  t.    The  modified  system  implies,  as  the  former  system 
implied,  that  t  of  the  equations 

m 

Ep  =  2  \iOif  +  fjL\p  =  0, 

1=1 

for/>  =  l,  ...,  m,  are  deducible  from  the  remainder,  the  quantities 
dtp  being  the  coefficients  in  the  original  set  of  equations 

m 

Pi  =  TTi+  2  ailtqp,  (t  =  1,  .  .  .  ,  w), 

P=i 

and  the  quantities  X1}   ...,  Xm  are  such  that  the  t  differential 
relations  arise  from 

m 

2  \  (dzt  —  TTidx)  =  0. 
1=1 

In  order  to  express  the  interdependence  of  some  of  the  equa- 
tions EI  =  0,  .  .  .  ,  Em  =  0,  we  write 


for  i  =  l,  ...,  t;  and  therefore  the  quantities  ej,-  are  such  that 

m 

2    €ij(tj^  =  0, 
j-t+i   ' 
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for  all  values  of  fj,  different  from  i,  t  +  l,  ...  ,  m,  together  with 

m 

2    €idi  =  Q, 


ciy  +    2    eip  apj  +  €y  ( 
p=t+i 

where  the  summation  with  regard  to  p  excludes  p  =j,  while  i  has 
the  values  1,  .  ..,  t,  and  j  has  the  values  t+l,  .  ..,  m.  With  these 
values,  we  have 

M 

B  +  Wi  -  TTi  +      2      €{j  (pj  +  Wj  ~  *}) 

' 

.  .  ,  +  aimqm 

.  .  .  4-  ( 
j=t+i 

=  0, 

because  the  coefficient  of  each  of  the  quantities  qi}  ...,  qm  vanishes 
on  account  of  the  above  equations  in  the  quantities  e^  . 

Thus  the  t  equations 

m 
Pi  +  Wi  -7Ti+      2      €y  (p{  +  pqj  -  TTj)  =  0 


can  be  regarded  as  replacing  t  of  the  equations  in  the  original 
system  :  other  m  —  t  equations  would  be  required  to  have  a 
complete  equivalent  of  that  system. 

Now  let 

<f)  (x,  y,  Zi,  ...,  zm)  =  constant 

be  one  of  the  equations  in  the  integral  equivalent  of  the  subsidiary 
differential  relations  ;  and  assume  that  the  differential  relations 
are  completely  integrable  *,  so  that  there  are  t  +  1  such  integrals. 
Then  the  relation 

d(f>  ,       d(f>,         «  d(f>  , 
52-cte  +  5r-aw+  2  ^-dzi  =  0 
dsc  oy  i=i  dZi 

is  consistent  with  the  t  +  1  differential  relations 
dy  =  pdx, 

m 
dZj  =  TTjdx-\-       2       €ja  (TTydx  —  dza}  ', 

<T=t  +  l 

*  The  assumption  is  a  distinct  limitation,  as  its  justification  requires  that  con- 
ditions should  be  satisfied.  It  must  be  remembered,  however,  that  we  are  dealing 
with  equations,  restricted  in  form  and  in  the  number  of  independent  variables,  so 
that  the  method  does  not  claim  to  be  general  ;  it  is  therefore  hardly  necessary  to 
deal  generally  with  all  the  minutiae  of  alternatives,  when  these  could  be  dealt  with 
in  any  particular  case. 
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and  therefore 


for  p  =  t+l,  ...,  w.     And  these  equations  must  be  satisfied  by 
each  of  the  functions  <f>. 

171.  Let  the  t  +  1  functions,  supposed  to  be  thus  obtained,  be 
denoted  by  fa,  ...,  fa+i',  and  let  t  arbitrary  combinations  of  these 
functions  be  taken  which,  when  equated  to  zero,  may  be  regarded 
as  t  equations  helping  to  express  zl}  ...,  zm  in  terms  of  a;  and  y.  If 


be  any  one  of  these  integral  equations,  then,  on  multiplying  by 

d/" 

~-  the  differential  equations  which  determine  fa  and  on  adding 

the  results,  we  have 


for  p  =  t  +  1,  ...,  m.     But  when  /*•  =  0  is  regarded  as  an  integi-al 
equation,  we  have 

g+l^.ft 

dx      t=i     oz, 

dfi  ,2    a/    A 

f^-1  4-  S  q*  ~  -  0, 
9y      *=i      ^« 
and  therefore 


Substituting   in   this   equation   for   ~  +  a  ^-l  .   and   for   ~    (for 

3a?     ^dy  dzp  v 

/?  =  t  +  1,  .  .  .  ,  m),  we  have 

* 

S 


This  relation  holds  for  i  =  I,  ...  ,  t;  and  the  functions  /1}  ...,  />  are 
independent,  so  that  the  quantity 


*1,  —i 
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is  not  evanescent  ;  consequently,  the  equations 

PS 


for  s=  1,  ...,  t,  are  satisfied.  And  these  equations  are  part  of  the 
system  equivalent  to  the  original  system  :  the  set  of  integrals 
thus  obtained  effectively  satisfy  t  of  the  equations  of  the  original 
system. 

When  we  proceed  in  this  way  with  all  the  multiple  roots  of 
the  critical  equation  and  obtain  the  integrals  associated  with  them 
in  turn,  and  when  we  similarly  retain  all  the  integrals  associated 
with  the  simple  roots  of  that  equation,  we  obtain  an  aggregate  of 
integrals  of  the  differential  equations  :  let  the  number  of  these  be 
r.  Then  these  T  equations  can  be  resolved  so  as  to  express  T  of 
the  dependent  variables,  say  z1}  ...,  zr,  in  terms  of  the  remainder 
and  of  x,  y  ;  and  they  are  such  as  to  satisfy  an  appropriate  set  of 
T  combinations  of  the  original  equations.  When  the  values  of 
zl,  ...,ZT  and  of  their  derivatives  are  substituted  in  the  m  —  T 
other  combinations,  which  (with  the  T  just  satisfied)  constitute 
an  algebraic  equivalent  of  the  original  system,  then  we  have 
a  simultaneous  set  of  m  —  r  equations  having  zr+1,  ...,ZT  for  the 
dependent  variables,  and  x,  y  for  the  independent  variables.  The 
problem  of  obtaining  the  integrals  of  this  new  set  of  equations 
is  similar  to  the  initial  problem  :  but  it  is  simpler,  because  the 
number  of  dependent  variables  has  been  reduced  from  m  to  m  —  r. 

As  already  remarked,  the  easiest  case  is  that  in  which  each 
root  p.  of  the  critical  equation  is  simple.  With  each  such  root, 
two  differential  relations  are  satisfied:  let  w$=  constant,  v;=constant 
be  their  integral  equivalent.  Then 

9i(ui,  O  =  0> 

where  gi  is  arbitrary,  is  an  integral  of  the  original  system  ;  and 
a  full  set  of  integrals  of  the  original  equations  is  given  by 

ffi  Oi  >  »i)  =  0,     g2  (u2  ,  v,)  =  0,  .  .  .  ,  gm  (um  ,  vm  )  =  0, 
where  glt  ...,  gm  are  arbitrary  functions. 

If,  connected  with  a  simple  root  fij  of  the  critical  equation, 
only  one  integral  (say  Uj)  can  be  obtained,  then 

U  =  constant 
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takes  the  place  of  gj  (uj,  Vj)  =  0.  And  if  no  integral  can  be  obtained, 
then  (as  already  explained)  we  use  the  known  integrals  to  reduce 
the  order  of  the  system  and  adopt  the  process  for  the  integration 
of  the  reduced  system. 

It  is  to  be  noticed  that  what  is  wanted  at  each  stage,  in 
connection  with  the  differential  relations  of  the  form 

aldzl  +  ...  +  am  dzm  =    dx] 
dy  =  p.dx) 

for  a  simple  root  p.  of  the  critical  equation,  and  of  similar  relations 
for  a  multiple  root,  is  not  a  complete  equivalent  of  each  set 
regarded  as  a  set  of  Pfaffian  equations  but  only  those  integral 
equations  (if  any),  which  arise  by  forming  an  exactly  integrable 
combination  of  the  differential  relations  or  which  can  be  obtained 
by  some  equivalent  process. 

Further  it  is  clear  from  the  general  argument  that,  if  circum- 
stances make  the  use  of  an  obtained  integral  convenient  at  any 
stage,  the  integral  can  be  used  to  reduce  the  order  of  the  system 
at  once  without  determining  any  further  integral  or  integrals 
connected  with  the  root  in  question,  or  with  any  other  root,  of 
the  critical  equation  in  /*. 

Ex.  1.     Integrate  the  equations 


The  critical  equation  for  the  determination  of  /*  is 

_£    JL      y  =0' 


that  is, 


X 


"„;    *•    * 

0  '    I '     ^ 

HXHSH 

so  that  /*  =  —  -  is  a  simple  root  and  /*  =  -  is  a  repeated  root. 
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Taking  /i=  —  «-,  we  have 


so  that 

The  subsidiary  equations  are 


dy  =  --dx: 

x 

two  integrals  of  these  are 

22  +  £3  =  constant,     xy  =  constant  : 
hence  an  integral  of  the  original  system  of  equations  is 


where  /is  an  arbitrary  function. 

?/ 

Next,  taking  the  repeated  root  p  =  -^  we  find  that  there  is  only  a  single 

Sv 

relation  among  the  three  quantities  X  :  it  is 


The  subsidiary  equations,  on  the  substitution  of  this  value  of  Xl5  take  the 
form 

X2  (dzl  +  dz£  +  X3  (dz, 


X 

hence  as  X2  :  X3  is  undetermined,  we  take  the  subsidiary  equations  in  the 
form 

— —  (dzi  +  dz2)  =  dx 


-  dt/=dx 

y  " 

Three  independent  integrals  of  these  equations  are 

^—^=  constant, 

X 

=  constant, 


-  =  constant; 
x 
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hence  two  integrals  of  the  original  system  are  given  by 


where  $  and  ^  are  arbitrary  functions  or,  what  is  the  same  thing,  two 
integrals  are  given  by 


where  g  and  A  are  arbitrary  functions. 

Hence  an  integral  equivalent  of  the  system  of  differential  equations  is 
given  by  the  three  equations 


where  f,  g,  h  are  arbitrary  functions. 
Ex.  2.     Integrate  the  equations 


ALTERNATIVE  METHOD,  WITH  PARTIAL  SUBSIDIARY  EQUATIONS. 

172.     In  the  preceding  investigation,  the  construction  of  the 
integrals  of  the  system 


was  made  to  depend  upon  the  integration  of  a  subsidiary  set  of 
equations  homogeneous  and  linear  in  differential  elements.  As  is 
well  known  from  many  discussions  in  earlier  parts  of  this  treatise, 
the  integration  of  such  a  set  can  be  replaced  by  the  integration  of 
a  system  of  simultaneous  partial  differential  equations  in  a  single 
dependent  variable  :  and  indeed,  in  §§  169,  170,  the  problem  was 
thus  actually  transferred  from  the  region  of  ordinary  equations 
to  that  of  partial  equations.  The  construction  of  these  partial 
equations  can  be  effected,  without  the  intervention  of  the  subsidiary 
equations  as  follows.  Let 

u  =  u(x,  y,  zl}  ...,  zm)  =  constant 
F.  v.  29 
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be  a  member  of  the  integral  equivalent  of  the  above  system  of 
partial  differential  equations  :   then  the  equations 

du          du 


not  merely  coexist  with  the  system  of  m  equations  but  they 
are  not  independent  of  them,  qua  equations  in  the  derivatives. 
Consequently,  when  substitution  in  the  prior  of  the  last  two 
equations  is  made  for  plt  ...,pm,  so  that  the  original  system 
has  been  completely  used  for  purposes  of  inter-relation  of  the 
whole  set,  the  two  equations 

du      ™  du 


*-i 


are  not  independent  of  one  another  so  far  as  concerns  the  deriva- 
tives. Comparing  the  coefficients  of  qlt  ...,  qm,  and  the  quantities 
not  involving  these  derivatives,  in  the  two  equations,  we  have 


du 


S        du  _          du 
%       du  du 

2i    TTj  ^—  =  —  fJL  =- 


where  //.  is  an  unknown  quantity  and  the  former  equation  holds 
for  t  =  l,  ..,,  m. 


The  m  equations 


du 


du 


for  t  =  l,  ...,  m,  are  homogeneous  and  linear  in  the  m  derivatives 
of  u  with  regard  to  zlt  ...,  zm :  and  these  do  not  all  vanish,  for 
u  —  constant  is  postulated  as  an  integral  equation.  Hence  p  is 
given  by  the  equation 

©  =      On  +  &,  «9i       «mi  =  0, 


,         «22 


.  .  ,    dmm  +  fJ, 
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being  the  same  equation  for  p,  as  in  the  other  investigation  (§  167). 
According  to  the  character  of  ft  as  a  root  of  this  equation  0  =  0, 
the  form  of  the  system  of  equations  for  u  alters. 

Let  fj,  =  a  be  a  simple  root  of  0  =  0;  then  the  former  set  of 
in  + 1  equations  involving  the  then  unknown  quantity  p  and  the 
derivatives  of  u  can  be  replaced  by  the  set  of  m  equations 

du        du\ 


for   i '=  1,  ...,  m,   the   quantity   /*   now   being  known;    and   the 
quantities  alt  ...,  c^i  are  given  by  the  equation 

• 

2   TTjOj  =  -  1, 

and  by  any  m  —  1  of  the  m  equations 

2  ajiCLj  —  —  adi, 


for  i  =  l,  ...,m.  The  set  of  m  equations  for  u  involves  m  +  2 
variables.  It  may  possess  no  integral  at  all  or  no  integral 
involving  any  one  of  the  variables  zlt  ...,  zm;  in  that  case,  no 
integral  of  the  original  system  of  equations  is  derivable  through 
the  root  <r  of  0  =  0.  Or  it  may  possess  one  integral  involving  at 
least  one  of  the  variables  za  ,  .  .  .  ,  zm  ;  in  that  case, 

U  =  constant, 

where  U  is  the  integral  in  question,  is  an  integral  of  the  original 
system.  Or  it  may  possess  two  integrals  U  and  V,  one  at  least  of 
which  involves  one  or  more  than  one  of  the  variables  zl,  ...,  zm; 
in  that  case, 


where  <f>  is  arbitrary,  is  the  most  general  integral  of  the  original 
system  thus  obtainable. 

Similarly  for  each  simple  root  of  B  =  0. 

Next,  let  fj.  be  a  multiple  root  of  B  =  0  ;  then  the  m  equations 


are  not  independent  of  one  another.  Let  them  be  such  that  t  (and 
not  more  than  f)  of  them  can  be  deduced  from  the  remainder,  so 
that  there  will  be  t  relations  of  the  form 


29—2 
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for  s  =  1,  .  .  .  ,  t  :  thus  the  quantities  e  are  given  by 

m 

ass  +  /j,  +     %     esjdjs  =  0, 
j=t+i 

m 

egj  (djj  +  /A)  +  asj  +     2,     esft  ap}  =  0, 


j=t+i 

where  the  first  equation  holds  for  s=  1,  ...,  t:  the  second  holds  for 
s=l,  .  ..,  t,  and  j  =  t  +  I,  ...,m,  and  in  it  the  summation  with 
regard  to  p  is  for  all  values  t  +  1,  ...,m  except  p—j',  and  the  third 
holds  for  the  values  s=l,  ...,  t,  and  for  the  values  1,  .  ..,  t  except 
fj,  =  s.  Proceeding  as  for  the  simple  root,  we  find  that  the  equations 
for  u  are 

du         du       *    I  »  \du 

5-  +  /*  5-  +  Z  I  w,+     Z    egrTT,,  U—  =  0, 

(ft        ^  <ty       s=1  \  „=«+!  /  OS, 

du        *         du  _ 

"2!         **  e*p  5~  —  "» 

d^p      a=1      d^ 

for  />  =  <+!,  ...,  m,  being  the  same  equations  as  in  §  171.  This 
set  of  equations,  being  m  —  t  +  1  in  number  and  involving  m  +  2 
variables,  can  have  any  number*  of  integrals  from  0  up  to  t  +  1  ; 
let  these  integrals  be 

tfi,  V...  u., 

where 

0  <««  +  !. 

Not  more  than  one  of  these  integrals  can  be  independent  of  all  the 
variables  zl}  ...,  zm:  if  there  be  one  such,  let  it  be  UK. 

If  K  >  1,  then  the  equations 


where/j,  ...,/K_j  are  arbitrary  functions,  constitute  K  —  1  integrals 
of  the  original  system  ;  they  are  associated  with  the  multiple  root 
fj,  of  the  equation  ®  =  0. 

If  K=1,  and  if  Ui  involves  one  at  least  of  the  variables  zlf  ..., 
zm,  then 

Ul  =  constant 

is  an  integral  of  the  original  system  :  it  is  associated  with  the 
multiple  root  yw. 

*  The  conditions  as  to  number  depend  solely  upon  the  number  of  equations  in 
the  system  when  rendered  complete.  If  this  number  be  K',  where  K'  ^  m  +  2,  then  the 
number  of  integrals  is  m+  2  -  K'. 
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When  K  =  1  and  CTj  does  not  involve  any  of  the  variables 
&i,  ••-,  zm,  and  when  K  =  0,  no  integral  is  provided  for  the  original 
system  in  association  with  the  multiple  root. 

Similarly  for  each  multiple  root  of  the  critical  equation  O  =  0. 

As  before,  the  integrals  can  be  used  to  eliminate  some  of  the 
dependent  variables  and  so  to  reduce  the  order  of  the  original 
system. 

Ex.     The  preceding  process  can  be  illustrated  by  being  applied  to  the 
equations  in  Ex.  1,  §  171,  viz. 


1 
Pi  = 


i  +  q-2 


Let  it  be  supposed  that 

ttfoy,  *i»  *2,  23)  =  0 

is  an  integral  of  these  equations  :  then  the  preceding  explanations  shew  that 
the  equations 


and 


qua  equations  in  qit  q%  and  q3,  are  one  and  the  same.     Hence 

0^  =  -^^ 

dzi        x  dz1  * 

o«        ydu     ydu 

"  o  —  ==  --  5  --  1  --  5  —  » 
022  X  CZi       X  OZ3  ' 


From  the  first  three  of  these  equations,  we  have 


•*.    °  »    ° 


=0, 


y         y      /, 
£  '    ~i»     * 
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that  is, 


so  that  a  simple  root  is  given  by 

j-y 

and  a  double  root  is  given  by 


6=, 

x' 


W 

I.     Let  6  =  —  .     The  first  equation  gives 


and  the  other  equations  then  are 


du      du  _ 

dz2     dz3 


__= 

x  dy      dx 

These  three  equations  are  a  complete  system  :  they  possess  two  independent 
integrals,  in  the  form 

u=z2+z3,     u=xy; 
hence  the  equation 


where  F  is  an  arbitrary  function,  is  part  of  an  integral  of  the  original 
equations. 

II.     Let  6=  --.     The  first  equation  becomes  evanescent:  the  next  two 
x 

equations  both  become 

du      du      du  _ 
oz-i      oz%     oz3 

and  the  last  equation  is. 

du  .     du     .  .du  .  ,du 


These  two  equations  are  a  complete  system  :  they  possess  three  independent 
integrals,  in  the  form 


hence  the  equations 


where  O  and  H  are  arbitrary  functions,  are  part  of  an  integral  of  the  original 
equations. 
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The  full  integral  of  the  original  equations  is  given  by  combining  all  the 
parts  obtained:   it  is 


being  the  same  as  by  the  other  process. 

HAMBURGER'S  METHOD  APPLIED  TO  XON-LIXEAR  EQUATIONS. 

173.  The  method  of  constructing  the  integral  of  a  system  of 
simultaneous  equations  in  a  number  of  dependent  variables,  as  just 
expounded,  depends  apparently  on  the  formal  property  that  the 
equations  in  question  are  linear  in  the  derivatives  of  the  dependent 
variable.  It  was  only  natural  to  expect  that  the  method  could  be 
extended  so  as  to  apply  to  equations  not  restricted  to  being  linear 
in  those  derivatives;  and  this  extension,  due*  initially  to  Ham- 
burger, was  effected  by  a  device,  (successful  specially  in  connection 
with  equations  of  the  second  order,  as  will  be  seen  later),  which 
replaces  the  non-linear  system  by  an  amplified  linear  system. 

Adopting  the  same  notation  as  before  for  the  independent 
variables,  for  the  dependent  variables  and  for  their  derivatives,  and 
assuming  that  the  number  of  partial  differential  equations  alge- 
braically independent  of  one  another  is  the  same  as  the  number  of 
dependent  variables,  we  take  these  equations  in  the  form 


for  i=I,  ...,  n.  Were  the  integrals  known,  and  the  values  of 
z1}  ...,  zn  and  of  their  derivatives  substituted  in  the  differential 
equations,  the  latter  would  become  identities  ;  accordingly,  when 
we  take 

dfi_V<,    |MD       &-&.$&„ 
dx~dx  +  rfi  d2rPr>      dy~dy  +  rti  ozr  q" 

the  integrals  of  the  equations  are  in  accord  with  the  further 
equations 

|  M^5+  2   <fidp*  =  _dfi 

«~i  dpK  dx      K=l  dqf  dy          dx  ' 

2  M?£f+  2   dfidq*=     dfi 
,^1  cpf  ex      c=1  dqf  ay         dy  ' 

*  For  references,  see  p.  407. 
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deduced  from  derivatives  of  the  identities  by  using  the  necessary 
relations 


Also,  because  of  the  necessary  relations 

a^_        a*.  _ 

fa    p"      3y 

we  have 

|  M^+  !  M^_ 

~o         O        '      •"     "\         o      —    **    I     'K  o         i       K   i  • 

K=I  8pK  cte      K=i  8</K  8y      ,=i  V      opK         dqj 

These  equations  hold  for  i=l,  ...,  n:  they  thus  constitute  a 
system  of  3n  equations,  involving  3w  dependent  variables  zlt  ...,  zn, 
PI,  ••',  Pn>  <?i>  •••,  c[n\  and  they  are  linear  in  the  derivatives  of 
those  3w  dependent  variables.  Hence  this  system  of  equations  is 
amenable  to  the  Hamburger  method  for  linear  equations  already 
expounded. 

To  apply  the  method,  we  introduce  n  quantities  llt  .  .  .  ,  ln,  which 
are  functions  of  all  the  variables  and  which  (as  to  their  ratios)  will 
be  determined  subsequently  ;  and  we  write 


. 

7.  °*  _  Q 
*~         **** 


_ 

i  ~T~  —  •"*  > 

i=i     dx 

I  k^  =  Y. 
t=i     dy 

Then,  multiplying  the  preceding  typical  equations  by  k  and  adding 
for  all  values  of  i,  we  have 


- 

-KO         rV(c~=  —  -> 

«=!         da;      K=1         dy 

V    P  ?£5  +  V    0   ^  -   -  Y 
-    "        +         V-         - 


S  P,p+  2   ft'--  2 

K=i         ox      K=i         oy      K=i 
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Again,  we  have 


and  therefore,  if  \,  ...,  X^  denote  another  series  of  quantities, 
which  are  functions  of  all  the  variables  and  which  (also  as  to  their 
ratios)  will  be  determined  subsequently,  we  have 


**  *•*-- 


2  x,+  2  xjedt/=     x.efc,. 

«=i      of         K=i      oy          K=i 

In  connection  with  these  two  sets  of  equations  and  as  a  generalisation 
of  the  corresponding  step  in  the  earlier  process,  we  construct  a  sub- 
sidiary system  of  equations 

n  n  n 

2  \KdpK       2 

«=1  Jt=l 


'     Qi     ' 

Take 


then 

Qr 
J.-JT, 

for  r  =  1,  ....  n,  that  is, 


458 
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for  r  =  1,  . . . ,  n.     Hence  /z  must  satisfy  the  equation 


dql 


W 


=  0. 


Jn  dpn '       ' '  dqn  dpn 

When  /A  is  determined  as  a  simple  root  of  A  =  0,  the  ratios 
li :  12 :  . . . :  ln  are  those  of  first  minors  of  the  determinant.  When 
//.  is  determined  as  a  multiple  root  of  A  =  0,  say  of  multiplicity  $, 
then  the  quantities  11}  ...,  ln  can  be  expressed  linearly  and  homo- 
geneously in  terms  of  t  independent  quantities,  where  t  <  6. 
Moreover,  when  /a  and  the  ratios  of  the  quantities  11}  ...,  ln  are 
known,  the  ratios  of  the  quantities  \1}  ...,\n  can  be  considered 
known;  for  we  have 


and 


these  two  sets  being  the  same  in  virtue  of  the  relations 


for  r  =  l,  ...,  n.  Being  concerned  only  with  ratios  of  X1}  ...,  \n, 
for  it  is  only  the  ratios  that  occur  in  the  subsidiary  system,  we 
take 

A!  =  Jr  i  ,  .  .  .  ,  A,n  =  fn  ', 

and  then  we  have  the  subsidiary  system  in  the  form 


PKdpK  =  —  Xdx, 


2 

K=l 


2  PKdzK=        [PKpK+QKqK}dx 


=  2 
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The  last  equation  can  evidently  be  replaced  by 


for  K  =  1,  ...,  n :  and  so  we  take  the  final  form  of  the  equations  of 
the  subsidiary  system  to  be 

A  =  0,     dy  =  pdz 

dzK  —pK dx  +  qKdy,     (/c  =  1,  . . .,  n), 


This  set  includes  n  +  3  total  differential  relations,  which  involve 
the  3n  +  2  variables  x,  y,  zlt  ...,  zn,  p,,  ...,  pn,  qlt  ...,  qn.  For 
each  simple  root  of  the  equation  A  =  0,  one  such  set  arises  ;  and 
there  is  a  corresponding  set,  similar  in  form  but  larger  in  number, 
for  any  multiple  root  of  A  =  0.  The  application  of  the  method 
will  be  sufficiently  indicated  for  a  system  of  equations  such  that 
all  the  roots  of  A  =  0  are  simple  :  it  is  given  by  the  theorem  :  — 

Assuming  that  all  the  n  roots  of  A  =  0  are  simple,  let  v  =  c  be 
an  integral  of  the  subsidiary  system,  distinct  from  f^  =  0,  ...,fn  =  0, 
and  associated  with  a  root  p,;  and  suppose  that,  on  taking  the 
n  roots  fj,  in  succession,  the  successive  subsidiary  systems  give 
integrals 

v1  =  c^,  ...,  vn  =  cn, 

these  eq  nations  being  distinct  from  /i  =  0,  ...,/„  =  0,  qua  functions 
..,pn,  q\,  •••>  qn-     When  the  2n  equations 


are  resolved  for  pl,  ...,  pn,  q1}  ...,  qn,  and  the  deduced  values  are 
substituted  in 

dzK=  pKdx  +  q*dy, 

for  K  =  l,  ..,,  n,  the  latter  n  equations  become  a  completely  integrable 
aggregate.  The  integral  of  this  aggregate  is  an  integral  of  the 
original  system  which,  as  it  contains  2n  arbitrary  constants,  is  a 
complete  integral. 
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174.     This   theorem,   which   is   due   to   Hamburger,   can   be 
established  as  follows. 

When  v  =  c  is  an  integral  of  the  subsidiary  system  associated 
with  a  root  //.  of  A  =  0,  then  the  relation 


is  satisfied  in  consequence  of  that  system  :  that  is,  the  relation 


j        v 
—  dy  +  2,     ^-s     ^-s     =— 

dy    '       g=1  \dzs  dps  *       dqg 

must  be  a  consequence  of  the  n  +  3  equations.  When  the  n  +  3 
equations  are  used  to  remove  dy,  dz1}  ...,  dzn,  dp1}  dq±  from  the 
differential  relation  dv  =  0,  the  coefficients  of  the  remaining 
differential  elements  must  vanish  ;  and  therefore 


—  —  ?•  —  =  0 
dqs      Pj  dqj,  " 


dps     P1 
dv 
dqs 
for  s  =  2,  . . . ,  n,  together  with 

where 

dv      dv       £   dv 
j-  =  5-  +  2  5-  pi, 
dx     dx     i=i  ozi* 

dv      dv       "   dv 
-j-  =  5-  -f  2  ;=—  c/f. 
ay     c>2/      ,-=1  d^ 

We  thus  have  2w  —  1  equations,  homogeneous  and  linear  in  the 
derivatives  of  v,  and  the  number  of  arguments  occurring  is  3n  +  2 : 
hence  the  number  of  integrals  common  to  the  system  may  be 
anything  from  zero  to  n  +  3,  according  to  the  extra  number  of 
equations  required  to  make  the  system  complete.  We  shall 
assume  that  the  conditions  securing  the  existence  of  a  variable 
non-trivial  integral  are  satisfied :  and  we  shall  make  this  assump- 
tion for  each  of  the  roots  of  A  =  0 :  so  that  there  thus  will  arise 
n  equations 

II      —  /*  91        —"  f* 

vi  —  PII    •••>    vn  —  ^ri' 

Now  let  the  2w  equations 
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be  resolved  so  as  to  express  #,,  ...,  pn,  q1}  ...,  qn  in  terms  of 
x,  y,  z-i,  ...,  zn.  When  their  values  are  substituted  in  the  2n 
equations,  each  of  these  becomes  an  identity  ;  and  therefore,  from 
each  equation  Vi  =  c»  thus  changed,  we  have 

dv{+  |  9t>i^+  |  ?^i?£f  =  0 
dx      s=i  dpg  dx      8=i  dqg  dx 


= 

dzj      g=i  dpg  dzj      8=1  dqs  dzj 

for  j  =  1  ,  .  .  .  ,  n.     Writing 

A  =  A  ,  v     A    A_l     v     A 

dx     dx  +  j^^dzj'  dy~dy+  j^^dzj 
we  have 

dvi+  $dvj  dpt  |  3^.-  dq,=  Q 

dx      s=l  dpg  dx  s=i  dqg  dx 

<hi+  £dvi_dpg      |  ^i^i  =  Q 
dy      8=\  tys  dy      ,=1  dqg  dy 
and  therefore 

*'  +  „*!+  I  ^f$S  +  /.*.)+  i* 

a«         rfy      g=\ops\dx          dy  )      t=id 

When  the  formal   equations   satisfied   by  Vi   are   used,  and  the 

•     ,  ,  ~  dv{         dvi       ,  dvi     dvi  .         , 

equivalent  values  of  ~  +  u.  -=-  and  ^—  .   ^  ,  as  given  by  those 
dx      ^  dy  dpg     dqg 

equations,  are  substituted  in  the  last  relation,  it  becomes 


and  this  relation,  when  regard  is  paid  to  the  equations 


can  be  transformed  so  that  it  becomes 

^  fr-u  T   /'p  d^*-uO  dP»\\  -u^  TTJ.  T  /'P  dq*+ 

^  —  \  JL  +  2,    I  x^,  -j  --  H  y«  -j—  I     +  ^  —     Jr  +  2<  I  x^s  -j  —  h 

dpi  L      «=A    d«       ^y^J    &&L      *=A    »• 

Further,  each  of  the  equations 

//=<>, 
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for  j  =  1,  ...,  n,  becomes  an  identity  when  the  values  of  plt  ...,  pn, 
qly  ,..,  qn  are  substituted  therein.     Hence 


=\ 


M+  I  M§P*+  |  §&fy.=0 


for  fj,  =  1.   ...,  w;  and  therefore 


Multiplying  these  equations  by  lj,  and  adding  the  respective 
equations  for  all  values  of  j,  we  have 

X+  I  Psp+  I   ^^=0, 
«=i        aa;       s=i        &x 

Y+  I  P8^+  I  Qs^  =  0. 
s=i        «3/      *=i        dy 

When  the  values  thus  given  for  X  and  F  are  substituted  in  the 
earlier  equation  which  is  homogeneous  and  linear  in  =-1  and  »—  *  , 
it  becomes 


i          n  i          p        f__0 

9^;  ,=i  rs  (dy  ~      +        s  - 

and  therefore,  as 

for  s  =  1,  .  .  .  ,  n,  we  have 

«     p        .  _o 


It  is   impossible,  owing  to  the  independence  of  vl,   ...,   vn> 
fi,  •••,/«>  qua  functions  of  plt  ...,pn,qi,  ...,  qn,  that  the  quantity 

dvj      dvj 
^  dpi     9?! 
shall  be  evanescent.     For  let 
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so  that 


and  therefore,  on  account  of  the  equations  satisfied  by  v», 

for  s  =  2,  . . . ,  n :  then,  if 
we  should  have 
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and  therefore,  on  account  of  the  equations  satisfied  by 


for  5  =  2,  ...,  n.     Now 


consequently,  we  should  have 


dpi  '       ' 


h '  '"  dq» 


=  0. 


Hence  v,-,  regarded  as  a  function  of  p^,  ...,  pn,  qit  ...,qn,  would 
not  be  functionally  distinct  from  fl}  ...,  fn,  contrary  to  the 
hypothesis  as  to  the  actual  construction  of  vlt  ...,  vn.  Thus 

u,  ^  —  ^  is  not  evanescent ;   and  therefore 


that  is, 
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The  quantities  11}  ...,  ln  are  proportional  to  the  first  minors  of  any 
row  of  constituents  in  A,  which  has  n  distinct  roots ;  and  thus, 
taking  the  n  sets  of  quantities  llt  ...,  ln  associated  with  the 
n  roots  of  A  =  0  in  succession,  we  have  n  independent  sets 

such  that  the  quantity 

7  (i)  7  (i) 

1-1      ,    ... ,    i/n 


does  not  vanish,  where  /Vr),  ...,  ln(r)  are  the  set  associated  with  the 
root  jjif. 

We  thus  have  n  equations,  homogeneous  and  linear  in  the 
quantities 

dp1_dq1  dpn     dqn 

dy      dx'  '    dy       dx  ' 

The  determinant  of  their  coefficients  is 


Pl, 


neither  of  the  factors  in  this  quantity  vanishes  :  and  therefore 

dps     dqs  =  Q 
dy      dx 

for  s=  1,  ...,  n.     Consequently,  the  n  equations 
dz-i  =  pidx  +  q-idy  \ 


where  the  values  of  p1}  ...,pn,  q^,  ...,  qn  are  given  by 


are  a  completely  integrable  system  :  their  integral  equivalent 
contains  2n  arbitrary  constants  :  and  it  constitutes  a  complete 
integral  of  the  original  system 


Hamburger's  theorem  is  thus  established. 

Note  1.     When  the  complete  integral  has  thus  been  obtained, 
the   customary   Lagrangian   process   of  varying   the   parameters, 
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subject  to  the  conservation  of  form  of  the  equations,  can  be  used 
in  order  to  deduce  other  integrals  from  the  complete  integral. 

Note  2.     If  only  a  number  of  integrals 

^i  =  Cj  ,  .  .  .  ,  Vm  =  Cm  , 

where  m<n,  of  the  various  subsidiary  systems  are  known,  they 
can  be  used  to  eliminate  m  of  the  dependent  variables,  say 
2i>  •••,  zm,  and  also  their  derivatives,  from  /a  =  0,  ...,/n  =  0. 
The  integration  of  the  surviving  equations  is  a  problem  of 
simpler  extent  than  the  original  problem. 

Note  3.     The  preceding  theorem  requires  an  integral 

Vi  =  Ci 

of  a  subsidiary  system.  That  subsidiary  system  may  have  a 
number  of  functionally  independent  integrals 

?..U)     7..  (2) 

<-t      >    vl      >  •  ••  > 

the  number  not  being  greater  than  n  +  3  :  if  the  number  is  greater 
than  unity,  we  replace  the  equation 


by  the  equation 

*<*»,«*»,  ...)  =  0, 

where  <£t-  is  arbitrary.     The  argument  then  proceeds  as  before. 

Note   4.     The   case,   when   the  equations   are   linear   in   the 
derivatives  and  are  of  the  form 

n 

fi  =  -  Pi  +  TTi  +  2  aigqg  =  0, 
»=i 

for  i=1,  ...,n,  being  the  case  treated  in  the  earlier  sections  of 
this  chapter,  is  included  simply  in  the  general  case.  The  critical 
equation  A  =  0,  being 


becomes 


=  0, 
.    =0, 


that  is,  Q  =  0,  being  the  critical  equation  for  the  simpler  case. 
F.  v.  30 
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Note  5.     When   no   one   of  the   dependent  variables   occurs 
explicitly  in  the  original  system,  then 


dx      doc  '     dy      dy  ' 

for  i  =  1,  ...,  n,  so  that  the  equations  are  simplified.  In  that  case, 
it  may  be  possible  to  construct  vl}  ...,  vn,  so  that  no  one  of  them 
contains  any  of  the  dependent  variables  explicitly:  each  of  the 
equations 

dzr  =  prdx  +  qrdy,  (r  =  1,  .  .  .  ,  n), 

is  then  completely  integrable  by  itself  without  reference  to  the 
other  equations. 

175.     Sometimes  a  member  of  the  final  integral  equivalent  can 
be  obtained  more  directly  as  follows.     Let 

u(x,  y,  zlf  ...,  zn)  =  0 
be  one  integral  relation  in  the  integral  equivalent  of  a  system 

/1=0,  ...,/»=0; 
then  the  equations 

du       »       du 
=-+  2  pi  —  =  0, 
das     i=i     dzi 

•  du       5,       du 
^-+  2  q{  =-  =  0, 
ty      i=i      fai 

are  satisfied  in  connection  with  the  system.  If  then  the  quantities 
p-i  >  •  •  •  »  Pn  are  eliminated  from  the  equation 


du      %       du 
—  +  2  ft*-  =  0, 
f 


by  means  of 


the  resulting  equation  must  effectively  be  the  same  as 

du       2,       8w 
-  +  2  o<  -  *  0. 


When  the  latter  equation  is  used  to  eliminate  any  of  the  quantities 

o,,  ...,  9n,  say  gn  (on 
transformed  shape  of 


^\ 

o,,  ...,  9n,  say  gn  (on  the  supposition  that  ^-  is  not  zero),  from  the 


du  ,    "       du 

=-  +  1  ^  -  =  0, 
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the  result  must  be  an  identity:  the  necessary  conditions  that  it 
should  reduce  to  an  identity  are  a  number  of  relations  among  the 
derivatives  of  u,  which  accordingly  are  a  set  of  simultaneous  partial 
equations  for  the  determination  of  u. 

It  is  clear,  however,  that  the  process  is  only  of  limited 
application ;  for  instance,  if  u  be  a  function  of  x,  y,  z^  only,  it 
can  be  only  in  the  case  of  equations  of  exceedingly  special  form 
that  the  transformation  of  the  equation- 

du 
dx 
will  lead  to  the  equation 

du         du      - 

T~  +  *?i  ^~  ==  ^' 

oy         oZi 

in  a  way  that  gives  useful  relations  between  the  derivatives  of  u. 
Moreover,  just  as  in  the  classical  problem  of  the  three  bodies*,  it 
is  not  a  fact  that  any  integral  leads  to  an  identically  satisfied 
equation :  it  may  only  lead  to  a  relation  merely  compatible  with 
the  others. 

Should  the  method  fail,  then  it  is  necessary  to  fall  back  upon 
the  method  given  in  Hamburger's  general  theory. 

Ex.  1.     Let  it  be  required  to  integrate  the  equations 

v2  —  yql  —  xq*>) = 0  > 

/  » 

s  -  *y) + 93  (y~  -yq\  -  ^2) = o  J 

To  test  the  method  just  suggested  in  §  175,  we  assume  that 
is  an  equation  in  the  integral  equivalent :  then  we  have 


which  must  be  consistent  with  the  given  equations,  and  therefore 

,  .  3«         du  . 

(xy  -  xqi  -  yq.,}    -  +  ?1    -  (y  2  -  ygl  - 


*  See  vol.  in  of  this  work,  §§  265,  266. 

30—2 
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This  effectively  must  be  the  same  as 

du        du         du         du 

9y+?'8^2¥2+?39T3=0' 

and  therefore  the  equation 

.  du        du  .  „  . 

(xy  -  xqi  -  yq2)      +  q2     -  (x*  -yql  -  ag-2) 


quk  equation  in  g^  and  g-2>  niust  be  an  identity.     Hence 


du        dn 


from  the  terms  independent  of  qv  and  ^j  from  the  coefficient  of  qlt  and  from 
the  coefficient  of  qz,  respectively  :  the  other  terms  in  qi  and  qz  disappear  of 
themselves.  These  three  equations  are  equivalent  to  the  two 

du     du 
#~r-  +  ~-=0, 

9«2    oy 

du      du 

^2+9ir0' 

which  are  a  complete  Jacobian  system  :  they  have  three  independent 
integrals,  viz. 

*u     zz-xy,     za, 

and  therefore  we  should  take 


where  /  and  g  are  arbitrary  functions. 

It  is  conceivable  that  there  should  be  an  integral  in  the  full  integral 
equivalent  which  does  not  involve  z3:   let  it  be 


Then  the  two  equations 

dv         dv         dv 


dv         dv         do 
>f-+ji5-  +  g'25-=0, 
dy     z  dzl     *  ftfc 

must  be  treated  in  a  similar  manner.    We  substitute  in  the  first  for  pi  and  p2 
by  means  of  the  original  equations  and,  after  substitution,  we  eliminate  y2 
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by  means  of  the  second:  the  result  should  be  an  identity.     The  necessary 
conditions  are  easily  found  to  be 

d°        <h>      .  „       a   dv 
V  ~  --  x  ~-  +  (*r—  x*) 
y  cy        ftr     w         ' 


v       1   /    dv        dv\  dv 

HT-  I  y  ~  --  x  o~  )  5—  =0» 
zi      cv  \  y  dx       dyjdz^ 


dv   ydv   1  /  dv    dv\  dv 
dx    dy   w  \  dx   dy )  dy 


The  second  of  these  gives  either 

dv   dv 
y  ~  —  x  o-=0> 
*  dx   Cy 

or 

dv    dv  . 


Using  the  latter  alternative,  the  first  condition  can  be  transformed  to 

(dv      dv\  /    dv        dv\ 
9K-$)(9%-*&r* 

If  we  could  have 

dv      dv 


together  with 

dv      dv 
a;5-  +  5-=0, 
dzg     dy 

then  completing  the  system,  we  should  have 


and  so  »-  =0,  ^—=0:  no  integral  would  be  obtained.     When  we  take 
dy          dz2 

dv        dv 
Vdy-*^ 
together  with 

dv      dv 

x^~  +  5-=°' 
9z2     dy 

they  become 

dv     dv 

Xj-  +5-  =  0, 

8*2     ty 

dv      dv 
yd^  +  dx=Q> 

the  system  already  used.      Thus  we  obtain   no    new   integral    from    the 
alternative 

dv     dv 

X~T  +5-=°- 
dz2      dy 

Using  the  prior  alternative 

dv        dv 
y~  —  .r  ^-  =  0, 
y  dx        dy 
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the  first  equation  becomes 

30       30     ,  „  30 


the  two  equations  can  be  replaced  by 

30      dv  _ 

X  ~   •        «     ^  U, 
OZi       CX 

30      30 

y^  —  a-=0' 

•  3*i     3y 
These  are  a  complete  Jacobian  system  :  they  have  two  independent  integrals 

z\-  tf-\    z-2'> 
accordingly,  we  take 


where  k  is  an  arbitrary  function. 

Thus  an  integral  equivalent  of  the  original  equations  is 

*i  -  \  (**  +y*}  =  k  (z2),     zz-xy=g  (23),     zl  =f  (z3), 
where/,  g,  Tc  are  arbitrary  functions. 

Had  it  been  impossible  to  obtain  a  third  integral  by  the  preceding  process, 
the  known  integrals  could  have  been  used  as  follows. 

Owing  to  the  relation 

*i  =/(%)> 
we  have 


so  that,  when  this  integral  is  retained,  the  third  differential  equation  is  a 
consequence  of  the  first  and  can  therefore  be  neglected.  Again,  eliminating 
23  between 

z2-xy=g(z3),    zi=f(z3), 
let  the  result  be 

It  is  easy  to  verify  that 
Pz  (xq\ 


so  that  the  second  differential  equation  is  satisfied  if  the  first  is  satisfied  ;  it 
need  not  be  retained  when  the  first  is  retained.  Substituting  the  value  of  zz 
in  the  first  equation,  we  have 


as  the  one  equation  to  be  satisfied,  or  neglecting  ^1=0,  we  have 

Pi  {x+yff  (»i)}  -  91  {y+*6l  (zi)}=**-y2- 

This  is  an  equation  of  Lagrangian  form.     To  integrate  it,  we  construct  two 
integrals  of  the  ordinary  equations 

dx  dy  dz\ 

~ 
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these  are  obtainable  in  the  form 

zi  ~  k  C^8  +#2)  =  constant, 
xy  +  6  (zi)  =  constant  ; 
and  therefore  a  general  integral  is  given  by 


where  k  is  an  arbitrary  functional  form.     Hence 

%-4(«»+3^)-*(%X 

agreeing  with  the  former  result. 

Ex,  2.  As  an  illustration  of  the  general  method,  we  still  consider  the 
same  system  as  in  the  last  example.  It  is  easy  to  see  that,  as  the  equation 
for  p.  is 

=  0, 


0  0  ,     y*- 

where  6  denotes  zq\+yq2-xy,  one  root  is  given  by 

P*—3?-99i-*9*' 

The  corresponding  sets  of  quantities  £1}  12,  13  are  such  that 


i\(p\y-  %q\)  +  1-2  (p-iy  -  ^2)  +  £3  (pay  -  xq*)  =  o  : 

hence  we  may  take 


But  by  the  given  equations 
so  that 
and  then 


li        Pz        93  ' 
Again 


in  the  present  case.     Hence  the  equations  for  v  are 


«      *        —  V. 


cv      9l  d-v 

5  —    '  --  5  —      "> 
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We  make  the  system  complete  :  it  then  is 

—  -n    ^—  n    8v-n    8v_n 
3p»~      fy2~  '  3*      '  fy      ' 

*     Q,   £-0,   |^=0, 
ozi          dz2          oz3 

dv      «!  8v_       8v      ft  9w 

—  ^  —  —  v,     ~  --  1  ---  ~  —  =  \J. 

°P3     Ps°Pi          cq3     (f3  dq! 
The  two  integrals,  independent  so  far  as  these  equations  are  concerned,  are 


,  . 

Pi  9i 

But,  from  the  original  system  of  equations,  p^  -plqs=0  -.  hence  we  take 


Then 


—  a 
=  adz1; 


and  therefore 

z3 

an  integral  of  the  complete  type. 

The  discussion  for  the  other  values  of  p  is  left  as  an  exercise. 
Ex.  3.     Integrate  the  equations 

(#2  -#2)  2-2) 


[The  equation  for  /*  is 

?2  -  y)  - 


=  0; 
and  the  two  values  of  /*  are  given  by 

•fc-y)--j 

•q-2-y)=-- 

Integrals  of  the  complete  type  are 


and  integrals  of  the  general  type  are 


where  /  and  g  are  arbitrary  functions.] 
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Ex.  4     Integrate  the  equations 


where  X  denotes 

.£#.  5.     Merely  as  an  indication  that  the  general  method  is  not  always 
effective,  consider  the  comparatively  simple  pair  of  equations 

/i 


2  -1=0) 
i-l=Q)  ' 

The  equation  for  /*  becomes 

/*2-l=0; 

the  relation  between  the  quantities  ^  and  12  is 


Also 


The  differential  equations  for  v  are 

dv  _  I2y  dv  _    y  dv 
~i: 


cg2 


__ 

dx        dy          x     cpi          x      ^qv 
First,  let  /*  =  !,  so  that  the  equations  are 

to__ydv__Q     <h>  _y  to  _Q 
3pa     ^8pi~  '   9^2     ^%i~ 

dv         dv          dv      dv         dv          dv 

i  dv 


When  we  complete  the  system,  it  becomes 

^=0    —  =0    —  -0    —  -0    —  -0     8v-0 
'  '         ~  '        ~  '         ~  '         ~  ' 


=    : 
da;     dy 

the  only  integral  is 

v=v1=x-y, 

and  it  is  useless  for  the  application  of  the  process. 

Similarly,  when  /i=  -1,  it  appears  that  the  only  derivable  value  of  v  is 
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and  it  is  useless  for  the  application  of  the  process.     In  fact,  jOj,  qlt  p2,  q2 
cannot  be  deduced  from 


It  may  be  remarked  that,  if  we  write 


and  eliminate  z2  between  the  two  equations,  then  z  satisfies  an  equation  of 
the  second  order  which  (in  the  usual  notation)  is 

r+P  =  t-i. 
x          y 

This  equation  (as  may  easily  be  verified)  does  not  possess  an  intermediate 
integral.     When  we  take 

the  equation  becomes 

3%  u      dz          v      dz 


du  civ     u2  —  vz  du     u2  —  v2  dv 

which  is  of  Laplace's  linear  type  having  equal  invariants^  hereafter  to  be 
considered. 


CAN  THE  JACOBIAN  PROCESS  BE  GENERALISED  ? 

176.  The  preceding  investigations  of  Hamburger  shew  that, 
for  limited  classes  of  equations*,  it  is  possible  to  construct 
auxiliary  systems  suggested  by  the  analogy  of  the  subsidiary 
equations  constructed  in  association  with  a  linear  equation.  And 
it  is  precisely  this  linear  form  which  has  made  the  process 
effective  for  the  appropriate  equations.  Moreover,  when  the 
original  simultaneous  equations  propounded  for  integration  are 
not  linear,  Hamburger's  method  is  to  change  the  set  into  an 
amplified  set  with  an  amplified  aggregate  of  dependent  variables, 
the  new  set  being  linear. 

It  is  natural  to  enquire  whether,  as  the  Lagrangian  subsidiary 
equations  for  a  single  linear  equation  in  a  single  dependent 
variable  have  thus  been  generalised  so  as  to  be  associable  with  a 
number  of  linear  equations  in  the  same  number  of  dependent 
variables,  there  is  any  corresponding  possibility  of  generalising 
the  Jacobian  method  of  proceeding  with  a  single  equation.  It  is, 
however,  possible  to  see,  from  even  the  simplest  case,  that  the 

*  The  limitations  are  imposed  by  the  hypothesis  that  the  equations  in  the 
auxiliary  systems  are  so  far  consistent  with  one  another  as  to  possess  one  or  more 
integrals  :  also,  there  are  only  two  independent  variables. 
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generalisation  of  the  Jacobian  method  requires,  in  order  to  be 
effective,  a  process  which  is  of  too  high  an  order  for  the  applica- 
bility of  analysis  in  its  present  stage  of  attainment. 

Thus  let 

/=  /(*i,  *»,  PI>  qi>  P*>  ?2,  x>  y)=  0, 
9  =  9  On  z2,  pi,  qi,  pz,  q*,  x,  y)  =  0, 

be  propounded  as  a  couple  of  equations,  algebraically  independent 
of  one  another  ;  and  let 

h  =  h  (X,  z.2,  pl}  qlt  pi,  qi}  x,  y)  =  constant 

be  an  equation  compatible  with  them.  Then,  denoting  the 
second  derivatives  of  zx  and  za  by  rl}  sl}  ti,  and  ra,  «2,  t2  respec- 
tively, we  have 

df         df          df         df         df 
5Lr1  +  ^-s1  +  ^-r2  +  ^-s.2+-f=Q, 
dpl         dql         dp.2         dq»         dx 

da          da          da          da          da 

y    r     i       *L.  o   j_  _  £_  r     I      "    o   j  __  yL  _  O 
•a       'i'-i       *i"o       •§  •  o       *2    i    ~j~  —  "> 

9j!>i        9ft        9/>2       3g2        rfy 

9A         9^         dh         dh        dh 

^~~  ri  +  s~  *i  +  ^~  r2  +  o-  *2  +  j-  =  0  ; 

a/>!      a?,      a/>2      a^2      «y 

the  elimination  of  rx  and  r2  leads  to  the  equation 


3  (/?.*)  .  ,  a(/.^.A)  ,  f  d(f,g,h)  ^ 
'       s,  ^2)  2  d(pl,p.2,  x) 


Similarly,  we  have  the  equation 

,A)  .  ,  9(/>ff^)  ,  , 

'  2 


It  is  generally  impossible  to  eliminate  Sj  and  s2  between  these 
two  equations.  Thus,  by  associating  only  a  single  equation  with 
a  given  pair,  it  is  not  possible  to  generalise  Jacobi's  process. 

If,  however,  a  second  equation,  say 

k  =  k  (zlt  z*,  pl,  qlt  p2,  q*,  x,  y}  =  constant, 

can  be  associated  with  the  first  pair  and  with  the  equation 
g  =  constant,  so  that 

dk          dk         dk          dk          dk     _. 
^—  n  +  5—  *i  +  5—  rz  +  £—  s2  +  -T-  =  0, 
dp!         dqi         cp.2         8^2         da; 
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we  find 

,   |    d(f,g,h,k)  _Q 

l 


p2,  q*  h,  #,  P2, 

d(f,g,h,k)    £   |     d(f,g,h,k)   _Q 

£2)    2 
Similarly,  we  should  have 

,    , 

* 


9  (Pi,  9i,  PS>  9a)   *      9  (y,  g1(  p2,  gs) 
Consequently, 


d(f,g,h,k)    c   t    d(f,g,h,k) 

9  (Pi,  9i,  P2,  ^2)    2 


| 


9  («,  Pi  ,  p2  , 

d(f,g,h,k) 


i 


= 
9  (ar,  ja,,,  jp,,  90     8  (y,  g2,  p,  ,  pj 

which  may  be  regarded  as  two  equations  for  the  determination  of 
h  and  k.     The  first  of  them  secures  the  relation 


the  second  secures  the  relation 


and  the  two  equations  are  thus  the  necessary  and  sufficient  condi- 
tions for  integrability. 

The  two  equations  are  also  two  equations  for  the  determination 
of  h  and  k,  being  lined-linear  in  the  derivatives  of  these  quantities. 
They  are  simpler  in  form  than  the  original  equations  f  =  0,  g  =  0  : 
yet,  even  so,  the  integration  of  the  two  equations  appears  to  be  an 
operation  of  the  second  order,  which  is  not  resoluble  into  opera- 
tions of  the  first  order. 

Thus  the  Jacobian  process  cannot  be  generalised  when  there 
are  two,  or  more  than  two,  dependent  variables  without  requiring 
for  its  completion  operations  of  higher  order  than  are  required  for 
Hamburger's  generalisation  of  Lagrange's  process. 

Note.     It  may  happen  that  three  equations 
f  =  0,     g  =  0,     h  =  constant, 
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are  given  :  conditions  as  to  coexistence  must  be  satisfied.  The  two 
preceding  equations  can  be  regarded  as  simultaneous  equations 
for  the  determination  of  one  dependent  variable  :  the  conditions 
that  they  possess  a  common  integral  will  be  the  conditions  for  the 
coexistence  of  the  three  equations.  When  these  are  satisfied,  k 
can  be  determined  by  the  usual  processes:  and  then  the  equations 

/=  0,     <7  =  0,     h  =  constant,     k  =  constant, 
give  values  of  p1,  q1}  p2,  q»  which  make 

dzl  =  p^dx  +  q^y,     dz^  =p2dx  +  q^dy, 
a  completely  integrable  system. 

Ex.  Shew  that,  if  n  dependent  variables  2l5  ...,  zn  are  to  be  determined 
in  terms  of  two  independent  variables  x  and  y  by  means  of  n  partial  differential 
equations  of  the  first  order 

71=0,  ...,/n=o, 

and  if  other  n  equations 

Vl=C1,    ...,    t7B  =  CB, 

where  Cj,  ...,  cn  are  constants,  can  be  associated  with  them,  then  the 
equations 


?>(x,pr,Pi,  ?i,  •-,pn,qn)      d  (y,  qr,  plt  qlt  ...,pn,  qn) 

for  r=l,  ...,  n,  derivatives  with  regard  to  qr  not  appearing  in  the  first 
expression  and  those  with  regard  to  pr  not  appearing  in  the  second  expression, 
are  satisfied. 

177.  In  a  preceding  example  of  very  simple  type  (§  175, 
Ex.  5),  it  was  seen  that  the  elimination  of  one  of  the  dependent 
variables  and  its  derivatives  led  to  an  equation  of  the  second 
order.  This  result  is  partly  due  to  the  special  form  of  the  equa- 
tions there  given  :  that  it  is  not  true  in  general  for  two  equations 
of  the  form 

/(*i,  *2>  Pi>  £2,  qi,  q2,  x,  y)  =  0, 

9  (*i,  z*,  PI,  p2,  qi,  qi,  x,  y)  =  o, 

can  easily  be  seen.  Taking  the  derivatives  of  the  first  order  of 
both  equations,  we  have 

?£_o,   |£-o.   *-o,   ^=o, 

dx  ay  dx  ay 

which,  with  /=  0  and  g  =  0,  are  six  equations  :  and  as  regards  z.2 
and  its  derivatives,  the  quantities  that  occur  in  them  are  £2,  p2, 
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<].2,  r2,  s2,  tz>  in  the  usual  notation.  Six  quantities  cannot  usually 
be  eliminated  between  six  equations;  and  therefore  we  cannot 
infer  that  zl  is  usually  determined  by  an  equation  of  the  second 
order.  But  if/=0  and  g  =  0  do  not  explicitly  involve  the  de- 
pendent variables,  then  only  five  quantities  occur  for  elimination  : 
in  that  case,  there  survives  a  single  equation  of  the  second  order. 

In  the  more  general  case,  when  the  dependent  variables  do 
occur  explicitly,  we  associate  with  the  preceding  six  equations 
the  set 


dx2  '          dxdy  dy*~         da?~         dxdy~         dy*~ 

thus  making  twelve  in  all.  There  are  ten  quantities  to  be 
eliminated  ;  and  therefore  two  equations  will  survive  after  the 
elimination,  being  two  equations  of  the  third  order  satisfied  by  zlt 

Ex.  Prove  that,  if  there  be  m  dependent  variables  and  two  independent 
variables,  and  if  there  be  m  partial  differential  equations  of  the  first  order 
involving  the  dependent  variables  explicitly,  then  usually  the  lowest  order  of 
differential  equation  satisfied  by  a  single  variable  is  2m  —  1,  and  that  usually 
the  number  of  equations  of  that  order  satisfied  by  the  single  variable  is  m. 

We  shall  return  to  the  discussion  of  this  matter  in  Chapter  xxi. 
Meanwhile,  these  results,  as  well  as  other  considerations,  indicate 
that  we  require  the  theory  of  equations  of  order  higher  than  the 
first  ;  accordingly,  we  proceed  to  the  consideration  of  that  theory. 
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